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- Additive Number Theory for all Quadratic 
Functions. 
By L. E. DICKSON. 


°1. Introduction. We consider only those quadratic functions q(«) 
which take integral values = 0 for every integer s = 0. The general sach 
q(x) is found in § 2. a 

One statement of our problem is to find the maximum error committed 
in affirming that every positive integer p is a sum of s such values of q(x). 
Or, if m(p) denotes the minimum of the differences between p and all such 
sums, what is the maximum of m(») for all p? The answer is evidently 
4g or 3(g — 1), according as g is even or odd, where g is the maximum gap 
in a table of all sums by s of values of g(x) for integers = 0. 

Write e;s—=g—1. Then every p is r plus a sum of s values of 
g(x), where r is chosen. from 0, 1, ---, es. For example, let g(ic) be 
1 (2 -— 2) (a2?— x) +a; then e, —n—4, as first proved by Cauchy. In 
words, every p is a sum of n polygonal numbers of n sides, all but four ot 
which are chosen from 0 or 1. The case n= 4 states that every p is a sum 
of four squares. However perfected, the method of Cauchy is usually applic- 
able only when s — 4. 

For the case s = 5 there is developed here a new method of remarkable 
power and simplicity, which leads readily to the determination of ec, for all 
q(x). The two effective methods for s — 4 (§§ 9, 10, and 21) are not only 
more laborious, but unfortunately require direct verification for very numer- 
ous initial values of p (unlike the method for s > 4). While this would 
seem to require a table for each g(x), the theory has been so developed that 
a few such tables suffice. 

for each q(x) we find the minimum L of s + es for all s = 5; this sum 
is the total number of summands sufficient for every p. We readily detect the 
cases in which 4 + e,= L. It is only in the remaining cases that we discuss 
the difficult problem * to find es. Whenever 4 + e, is less than Lit is exactly 
L—1. By examining also the cases s = 2 and s = 3, we find that the mini- 
mum of all s+ es is either L or L— 1, except (§ 11) when q(x) = 


* To be treated in Chicago theses. 
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m(x? — x) + tz, where m and t are positive integers such that m Si. 
Then e, == t — 1 for all s = 3. 

An interesting case is that in which both 0 and 1 are values of g(x). 
Then every p is a sum of values of g(x). For this case the present problen? 
was solved completely in the Bulletin of the American Mathematical Society, 


November-December, 1927; January-February, 1928; March-April, 1928. 


These are cited here as Bulletin, I, II, III. 

Aid was provided by the Carnegie Institution for constructing tables and 
using them to verify the theorems for the cases below the limits obtained in 
the proofs. 

~ 


2. THEOREM 1. The following and no further quadratic functions q(x) 
have integral values = 0 for every * integer x = 0: First, 


(1) f(x) = Em — s) + te + 0, 


where m, t, c are integers and m >0,t>0,c20. Second, f(x —k), where 
k is an integer = 1, and m = t. 

Since y = q(z) is a parabola whose vertex is its lowest point, there f 
is either a single minimum g{#) of g(0), g(1),- - -, or just two equal minima 
g(k— 1) ==q(k). Hence there is a unique integer k = 0 such that g(2)> 
g(k) for every integer x Z 0 distinct from # and k— 1; while q(k—1)= 
qlk) if k= 1. 

Write f(z) for q(x + k). Then f(x) is an integer = 0 for every integer 
~=—k. Also, f(x) > f(0) for every integer x = — k distinct from 0 and 
— 1; while f(—1) =f(0) if k= 1f It will be useful that æ = 0 gives the 
minimum of f(z) for all integers t = — k. 

Write f(z) = us? + vs +e. Take z—0, 1, 2. Thus c, u+v—t, 
and 4u -+ 2v are integers, and u > 0, c= 0. Hence 2u is a positive integer 
m. Thus f(z) is of the form (1). Since f(1) —=t+e¢>/(0) =c, t>0. 
Conversely, this f(z) is evidently an integer = 0 for every integer «= 0. 

In case k > 1, f(—1) =m — t -+ e = f(0) = c implies m = t, and con- 





* It is only an apparent generalization to employ a function g(æ) which is an 
integer => 0 for every integer æ => r, since g{@) =g(æ +r) is then an integer = 0 
for every integer x => 0. T 

+ Arithmetically, if q’(£)—= 0, then k == 0 if £< 0, k = if £ is a positive integer, 
while if £ lies between p — 1 and p, where p is an integer > 1, k = p if g(p — 1l) and 
q(p) are equal, but, if they are distinct, k = p— 1 or p according as q(p—1)} or 
g{p) is the lesser. 


= | 
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versely.. Then f(— p) >f(0) for every p > 1. This is evident geometric- 
ally, and follows also from 


(2) f(@+1)=f(2) + me+t, f(—p)=f(—p t1) + mp—t. 


3. Symbols Hs, es; Reduction to c—0. The least value of g(a) =- 
f(æ— k) for integers x = 0 was seen to be f(0) =c. Hence the least sum 
of s values of q(v) is sc. Let N be any integer = sc. From N we subtraci 
the maximum sum = VN of s values of g(x) for integers æ = 0 and denote 
the “lifference by Fs(N). In case E(N) has a finite maximum for all 
integers N = sc, we shall denote that maximum by es. In other words, evarv 
integer N = sc is then a sum of es numbers 0 or 1 and s values of g(x) for 
integers & Z 0. For example, since every integer = 0 is a sum of four squarer. 
es = 0 for g(z) =g + 7. 

Write A(x) for q(x) — c, and employ summations over s integers r = 0. 
If N =r -+-3q(x), where N Z sc, 0 Sr es then A = N — sc = r+Ih (z), 
À = 0, and conversely. Hence g(x) and h(a) have the same es. Without 
loss of generality, we shall therefore take c = 0 henceforth. Then 


(3) g(x) = f(e—k) = m3? + 4nz + O, 
(4) n = 2t—m(1+ 2k), C= imite LE) —ik. 

The case s > 4 will be seen to depend on facts required in the harder 
case § == 4, 

4. Formulas for the Case s = 4. 


We investigate the existence of integers ¢4, &, B, y, à, all Æ 0, such that 


(5) A=q(«) + q(B8) +4(y) +9(8) +7, 0S7rSa, 
for every integer A= 0. Write 

(6) a = 307, b= Xe. 

Then (5) is equivalent to 

(5) D = ma + 4nb +r, D= 4—40. 


We shall use two lemmas * due to Cauchy. 
Lemma 1. If a and b are positive odd integers such that b? < 4a and 
(8) b? + 2b +4 > 3a, 


then equations (6) have solutions a, B, y, 8 in integers = 0. 


* Cf, Legendre, Théorie des nombres, ed. 3, vol. II, Nos. 624-30. 
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Lemma 2. If a and 6—2B are positive even integers 
holds and a — B? is a sum of three squares, then equations (6) 
a, B, y; 8 in integers = 0. 


In particular, let a==2 (mod 4) and b? < 4a. Then a- 
and is ==1 or 2(mod 4), whence it is a sum of three so 
Lemma 1 holds also when a and b are positive even integers s 
(mod 4). 

By (7), (8) is equivalent to 


ee mb? + 3mb + 4m > 6D — 3nb — 6r, 


which follows from the inequality obtained by suppressing 67. 
by 4m yields 


(9) (2mb +7)? DU, U =r + 4m(6D — 4m), 
where r == 2m + 3n. This inequality holds if 
(10) b> (U2%—7)/(2m), UZO. 


In m? (b? — 4a) < 0, replace ma by its value from (7). | 
follows from that with r replaced by e, and hence from 


(11) (mb + 3n)? < 4V, V =n? + 2mD—2me,. 
This inequality holds if 
(12) b < (2V%—2n)/m, V Z0, 


and if mb -+ 2n Z0. When n = 0, the latter holds if b > 0. 
it holds by (10) if 


(13) 4n + 7% —r Z 0, 
and hence if | 
(14) 38D = 2m — 2n— nr? /m 


Finally, b > 0 if U* =r. If n < 0, this follows from 
n = 0, whence r > 0, it holds if and only if U = 7° and hence 


(15) D = Rm 


There will be at least d positive integers between the limits 
for 6 if 


(16) 4V%2—U%>P, P— 2md—R8m + n. 


The left member is = 0 if 
(17) 16 = U. 
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Then (16) holds automatically if P < 0, and always if its square holds and 


hence if 
(18) F=(2y + WY — UV >00, 8W= U — P. 


By the minor conditions we shall mean U = 0, (17) and either (14) or 


(15). We have 


(19) 16V — U = 8mD — domes + à, 
p = 12m? — 12mn + Yn? = 4n? + 8(2m — n)’. 


o 


By (9) and (19), U = 0 and (17) holds if 
(20) D Z gm, D Z 4e, 


The reduced minor conditions are (20) if n = 0, but (14) and (20) ifn < 0. 


Part I. Tue Case k= 0, $$ 5-12. 


We investigate sums of s values of f(æ). The case s = 5 is treated in 
$$ 5-7, the case s == 4 in §§ 8-10, the case s==3 in § 11, and the case s=-2 
in § 12. 


5. THEOREM 2. If k==0, m = (s—2)t, s=z5, then e, — 
m — (s —3)i— i1. 


No smaller value of es will serve. For, if B = 2m + 4t — 1, the maxi- 
mum sum = B of s values 


(21) 0, t m+2t, 3m +3t, 6m + 4t, 10m + 5, - -- 


of f(x) is H =m + (s-+1)é In fact, no summand exceeds m + 2t. If 
one summand is m -+ 2t, the others are 0 or ¿, and the largest such sum is 
m -+ 2i +- (s—1)i = M. The largest sum of s values 0 and 7 is st < M. 
Hence E(B) — B— M has the value stated for es. 

We are to prove that every integer N = 0 is a sum of s values of f(z) 
and €, numbers 0 or 1. Write N == A + R, where 


(22) A= f(z), R—r+Sf(x), OS rSe. 


We can find a value = 2m — 1 of À which is congruent to any assignea 
integer modulo m. We add 0,1,---,#—1 es to each of 0,%,--:, (s—4)é. 
But we add 0, 1,°°:, es to m -+ 23t + (s—5)t. We obtain m integers E 
which are congruent modulo m to the consecutive integers 0, --', m—1. 
The largest such È is 2m—1. | 


[AN 


6 Dickson: Additive Number Theory for all Quadratic Functions. P 


We shall treat the first equation (22) by the method * of § 4 with e, = 0. 
By (4) with k = 0, n = 2t— m, C = 0. Then D= A and (7) becomes 


(23) A = j3m(a—b) + tb. ə 


Let the difference between the limits (10) and (12) on b exceed d= 2. 
Then there is an odd value of b between these limits. We proved that we can 
choose R = 232m — 1 so that A = N — R is congruent modulo m to any as-° 
signed integer. As the latter we take {b. Then (23) determines an integer 
4(a— b) and hence an odd integer a, which is positive since 4a > b’. « By 
(%)-(18). 
> P= QWn+n, W=3mD—2m? + mn + nè, 
(24) F == m (D — 2m — 5n — 4e)” — 6m (n + e,) (2m + n)’, 
(if d == 2). 


Since m = 3t, n is negative. Hence F > 0 for every D= A. Here 
(14) becomes 34 = 3m — 4t°/m. This and (20) hold if A Èm. 

Hence if N = 2m—1-+m, N is a sum of es numbers 0 or 1 and s 
values of f(z). We next verify this also when N < 3m-—1. We employ the 
sums by s of 0 and t; m -+ 2t plus their sums by s— 1; and 2(m-+ 2i} 
plus their sums by s— 2. Hence sums by s of values of f(z) include. 


0, t,- st; m+2t,-'-,m+(s+1)t; 
2m -+ 4t, © +, 2m + (s+ 2)8. 


To the last number in each of these three sets we add 0, 1,---, és; to all 
others we add only 0, 1, >+, ¿— 1. We obtain the consecutive integers from 


0 to 8m + 5§—1. 

6. THEOREM 3. If k==0,m < (s—2)t, s = 5, then es = t — 1. 

No smaller es will serve since 0 is the only value < t of f(x). To 
0,4, "+, (s—4)t, m+ 2¢-+ (s— 5), we add 0, 1, -:-, ¿— 1 and obtain 
(s—2)t > m integers R which are congruent modulo m to the consecutive 
integers from 0 to (s—2)¢—-1. The largest such R is p = m+-(s—2}i—1. 


First, let m = 2t. Then n0. As in $ 5, every integer N Z p + m, 
is a sum of #-— 1 numbers 0 or 1 and s values of f(z), and the same is true 
if N<p+m. 








* After the paper was in type, I found that it is better to take as e, the maximum 
R, add R at the end of (23), and choose R so that tb + R = 4 (mod m). A like 
remark applies to all theorems with s > 4 (§§6, 13, 14, 29, 30, 33, 34). 


$ Dıcxsox: Additive Number Theory for all Quadratic Functions. 7 


Second, let é = m < Rt. Values of R include 0, 1, +*+, £— 1 and the 
sum of ¢ and 0, 1, +, m—tSt—1. These m +1 values =m of À 
include a complete set of residues modulo m. We replace n by its value 
"at —m in (24) and note that D — A. We get 


F = mw — 48mt — 24m°t? + 12m%t + 6m, w= À + 3m — 108. 


Let A = Im +10. Then w = 10m, mw? > 96m = 96m, 
F = 24mt?(2t—m) > 0. 


Hence every integer N = 8m +-10¢ is a sum of es numbers 0 or 1 ane s 
values of f(z). To verify this also for N = 9m + 11é, note that tfe sums 
by four of the values (21) of f(z) include 


0, £, 2t, 34, 4t; m+ 3t, 4t, 5t; 2m -+ 4t, 5t, 6t; 
(25) 3m + bt, 6t, Yi; 4m + 6t, Yt, 8t; Dm 7t, 8t; 6m- VE, Bt, Ji; 
Ym + 8t, 9t; 8m -+ 8t, 9t, 10t; Om -+ 9t, 10t, 


whose successive gaps are ¢ or m —t < t. 

Finally, it remains only to prove the following theorem: If m < t, every 
integer N Z0 is a sum of five values of f(x) and t— 1 numbers 0 or 1. 
We seek five integers + = 0 such that 


N=4+R, A=Df(x), R=f(e) +7, OSrSt—1, 


To the value 0 of f(x) we add all values of r. To the value ¢ of f(z) 
we add only the values 0, 1,--+, 2m—i—i<t—1 ofr. We obtain the 
consecutive integral values 0, 1,°+:, 2m — 1 of R. Hence we can choose 
E < 2m so that A is congruent modulo 2m to any assigned integer. 

If b is odd, we take A = tb (mod 2m). Then (23) yields an integral 
value of 4(a@— b) and hence an odd integral value of a. But if b is even, 
we take 

b= 2B, A= UB + m(1—B) (mod 2m). 


2 


Then A —2tB + mB is the product of m by an odd integer «. Write a == 2e. 
Then (23) holds. Since a==2 (mod 4), Lemma 2 is applicable. 

Since we may use either an even or odd value of b, we may employ $ 4 
with d = 1, e, = 0, C = 0, D = A. Then P ==n is positive. We have 


RW — 6GmA — 3m? + 3mn + 2n?, 
and find that 


AF = m (RA + 3m — 3n — 8e,)? + 12mn°(m—n—R8e,). 
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Replacing n by its value 2t — m, we get 
F = mw? + 6(— 4mt3 + 8m? — bmi + mt), w= À + 3m — 3t. 


First, let 2m Zt If A Z bm + 9t, then w = 8m + 6t, | ° 
mw = 8m? + 6mt = 2P + SE, mw? = 25i* > Rémi, 


since >m. Then #>0. Hence the theorem is proved for integers, 
N =%m-+9t. To verify it for N = 9m + 116, we omit from (25) the initial 
values m + 3t, 2m + 4t,:-:, 9m + 9t from each block and see that all gaps 
are now tor M < t. | 
There remains the case 2m < t Then 3m7t? > m't. Hence F > 0 if 

mw? = 24mit? — 30m7?. Let 5m = t. Then 180m°t? = 24m. Thus F > 0 
if mw? = (120 — 30) m7??? and hence if w Æ 104, i. e, if À =: — 3m + 18t. 
This holds if A =—3m-+18¢+ 2(5n— t) = %m+11t, and hence if 
N=9m+11t. For the smaller W’s, the theorem was verified above. | 

There remains the case 5m < t. Then m7? > m't, so that F > 0 if 
mw? = 24mt? —42m7t?. To dispose of the subcase pm = t, we proceed as 
follows. Then 24pm PZ 24mt3. Thus F>0 if mw’ =9?m7l*, where 
gq? = 249 — 42, and hence if A = — 3m + (q + 8)é, or 
(26) NZ=—m- (¢4+ 38). 
Since 2(pm—t) = 0, (26) holds if 

NE (2p—1)m+ (q+ 1)t. 

Take p==18. The least g is 20. It remains to investigate the integers 
N < 35m + 21t. Those S 9m + 11t were discussed above. It suffices to 
employ the following sums by four of numbers (21): 
9m -+ 104; 14m + 106, 114, 12t; 19m + 124, 184, 14t; 24m + 144, 15t, 164; 

29m + 164, 17t; 34m -+ 174, 18¢; 38m + 184, 194; 48m + 194, 208, 
whose gaps are t, 4m and 5m < t. 

There now remains the case 18m < t We now proceed by induction on 
l from the case 2m < t to the case 2(7 + 1)m <t. Hence let 2m < t, 
pm = t, where p= 2(1-+-1), and J is an integer = 9. We may take q = 
21 + 3 since q? = 24p—42 for /=9. Then 

f(2l) = 1(21—1)m + 2lt È (RI + 6)t, 
since 
12(1-+1)m = 6t, 1(21—1) > 12(1+1), 

forl = 9. Hence f(27) exceeds the limit (26), whence the theorem holds for 
all integers = f (21). 
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To verify it for integers < f(21), we apply the following result for À = 21, 
o 2lm < A | 


Lemma 3. In a table of all sums by two of values of f(x), all gaps are 
st to f(A) tf A—1)mSt. 


For a given g, the sums gt + sim, gt + səm, ' > > , arranged in ascending 
order of magnitude, will be said to form the block of rank g. That of rank 4 
is composed of 4t + 2m, 4t + 3m, 4t + 6m. The block of rank 2& is com- 
posed of | 


D 


(27) f(€+8) + f(E—8) — 28 + (P+ E— Em (= 0, 1,5). 


When ô is changed to à + 1, the increment to this sum is (28 + 1)m. Hence 
the largest number of the block is evidently f(2é)}, whence 2£= à. Hence 
the maximum gap within this block is (R£— 1)m S t. The numbers of the 
block of rank 2é— 1 are 


(28) f(E-+8—1) + f(E—8) — (RÉ DE (PIE RE $1) m 
(è= 1, Wate) 


When 8 is changed to è -+ 1, the increment to this sum is 26m. Hence the 
largest number of this block is given by 5==€ and is f(2§—1). Thus 
2@— 14, and the maximum gap within this block is 2(€—1)m S12. 

Subtracting the largest number f(2£— 1) in the block of rank 26—1 
from the least number 2f(é) in the block of rank 2é, we get t— m(é—1)*, 
which is either = 0 or is positive and = 4. Hence either these blocks overlap 
or the gap between them is =. Likewise, if we subtract the largest number 
f(2&— 2) of the block of rank 2£— 2 from the least number of that of rank 
RÉ— 1, we get {— (E—1) (E—2) mt for E Z 2. 


7. THEOREM 4. Let k — 0 and write L for the least s + e; for s = 5. 
Whent=1,L—m-+2tfm23,L—5 if m=1or2 When t >1, write 
m= ut +v, Sv < t; then LD=utit+ifv—0,023, Lu+i+2 
if v Z 1, u Z 3, L = t + 4 if u = 0, 1, or 2. 


First, let m= (s—2)t, s= 5. By $5, 
s + es = m —s(t— 1) + 84 — 1. 


If ¿= 1, this is m + 2 and is independent of s. But if ¢ > 1, the sum is a 
minimum for the maximum permissible value u + 2 of s, since u = s— 2. 
The minimum is Av+u+i+lifuzs. 
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Second, let m < (s—2)t, s=5. By §6, ste,—s+t—1 is least 
for the least permissible s. If ¢—1, the least s is 5 if m < 8, but is m+8, 
if m= 3. Let {51 Then u=s—3 When u—0, 1, or 2, the least 
permissible sis 5. When u = 3, the least permissible s is u -+ 3, and the least 
steisu+t-+2 This is =Aif 1< "1. 


+ 


CASES IN WHICH k = 0, 4 + e, < L, §§ 8-10. 


8. When t= 1, it is known (Bulletin, I) that 4 + eis m +- 2 if m = 2, 
but is 4 if m == 1. Henceforth let $ > 1. 


@ 
Tuxorem 5. If k—0,t>1,m > 2t, then4+e,=L. But if m= 2, 
then 4 -+ e, = t 4- 38 = L — 1. 


No sum of four values (21) of f(x) lies between m + 5¢ and 2m ~- 4t, 
since the value 3m -4- 3t exceeds the latter. Write m = ut +v. Then u = 2, 


4 + E (23m + 4—1) =4+m—t—l=ut Hott En 


First, let v = 0, u = 3. Then p— L = (u—2)(t—1) > 0. 

Second, let v È 1, u = 3. Then p— L = (u— 2?) (t— 1) +v—1>0. 

Third, let u == 2. Then p— L= v— 1. There remains only the case 
u = 2, v = 0, whence m = 2t. Then f(x) = {x°, whence every multiple of ¢ 
is a sum of four values of f(z). Evidently e, = t — 1. 


9. Tueorem 6. If k=0, mS t, then e, = t— 1. 


If m =t, f(x) is the product of the general triangular number by 7. 
Hence every multiple of ¢ is a sum of four (in fact, three) values of f(x). 
Hence &4 od t — 1. 


For k = 0, (4), (7), (9), and (11) give 
(29) n = 2t —m, C=0, D = A= m(a—b)/2 + tb +r, 
(30) U == 24mA + 861? — 12tm — 15m?, . 
(31) V == RmA + 4P — btm + m? + 2m. 

For convenience write d = 28 By (16) and (18), we get 


F = mo? — Jtôm — Ktm? — Lim’ — Mmt 
+ 24t2m + (968 — 72) im? -+ (968? — 1445 + 54) m3, 
(32) w= A — 148i — (1487 — 2151 4)m+4, J — 488 + 24, 
K == 2408? — 1208—72, L = 3848? — 6248? + 1808 + 54, 
M = 1929: — 5765 + 5408? — 1628. 


3 
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(I) Let 2m=2t>m. Since the values 0, 1,°::,{—1 include a com- 


, plete set of residues modulo m, the same is true of the values of tb + r for 


any fixed b. There will exist an odd 6 between its limits if d—2. We take 
t6+-rs=A (mod m). Then (29) determines an integer (a—b)/2 and 
hence an odd integer a. 

Since 8 = 1, the last three terms of F in (82) are positive. Here 6 == 1. 
Then L—M—— 6. Hence F > 0 if 


mo? = 728m + 48m, w= À — 14t + 3m + 4. 


Multiply 2m Z t by 720m. Thus FP >0 if ma = (144 + 48)? p ang 
hence if w = 14i, and therefore if 


A ÈZ 13(2m — t) + 28t — 3m = 23m + 151. 


But the gaps are = # to 23m + 15t in a table T, of sums by four of values of 
f(z). Such a table is derived from Table I in Bulletin, I, by multiplying all 
terms free of m by t. 


(II) Let 2m < t. We may employ a single odd b as in (I) or a single 
even b. For, if b =}? (mod 4), tb + r==A (mod 2m) holds for one of the 
available values 0, 1,: © <, ¿— 1 ofr. Then (29) determines an even integer 
(a—b)/2, whence @==2 (mod 4), and Lemma 2 is applicable. But, if 
b=0 (mod 4), 6-+r=:4--+m (mod 2m) holds for one of the available 
values of r. Then (29) determines an odd integer (a —b)/2, whence a= 2 
(mod 4). 

Hence d = 1, ô= 4. By (82), 





F = m?o? — 481m + 72m? — 36im? + 6m* + 6m° + 24tm(t—m), 


where o == A— Yt + 8m +4 Since 187m? — 36im? == 18im?(t— 2m) > 0, 
F > 0 if mao? Z 48m — 54t?m?. 

Consider the case 5m = t. Then 240¢?m? = 48m and the preceding 
condition holds if m?w? = ht°m?, h == 240 — 54 — 186 < 14°? and hence if 


o = 144. Thus F > 0 if 


AZ 6(5m— i) + 21i — 3m — 4 = 27m + 154 — 4. 
For À = 27m + 164, E,(A) = t— 1 by table To. 


(IIT) There remains the case 5m < t. Then 8é°m? > 40im3, and F > 0 
if mo? = 48m — 64m. Consider the subcase pm = t. Then 48ptm? = 
48i%m and F > 0if o Z gt, where qg° = 48p — 64, and hence if 


(33) Aza, a=—(¢+7)t—3m—4. 
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Take p= 34. The least g is 40. Then (33) holds if 
À = 6(84m — t) + a = 201m + 4it— 4. 
For smaller A’s, #,(A) = t— 1 by table To. ° 


(IV) For the final case 34m < t, we proceed by induction on J from 
the case 2lm < t to the case pm < t, p—R(l+1). Hence let 2m <i, 
pm =t, 1Z17 We may take g—21-+7 since g? = 9614 32. Then 
FD = (21+14)t >a. In fact, 


2 1(21—1)m > 14(21 + 2)m = 144, 


since” (41 — 29)? == 39? > 297 + 8:28. This proves the theorem for numbers 
=. f(2l). It follows from Lemma 3 for numbers = f(2!). 


10. THEOREM 7. If k—0, t<im, tiZ4m, then e—t—1 If 
Yi < 4m < Bt, then e4(A) = t— 1 for AS 400m + 581, 


First, let t < m, 2m = 3t. We assign to r the values 0, 1, + + *, ¢—1, 
and to b two odd values 8, 8+ 2. Then the residues modulo m of the values 
of tb + r include t8 + j (7 =0,1,° - +, m — 1) and hence a complete set of 
residues. In fact, t(8 +2) =i8 +h (mod m), where h == 2t— m is posi- 
tive and <. ‘The values of r and h+ r together include 0, 1, 7+, 
8t -— m — 1 = m-—~I1. The desired two odd values of b will occur between 
the limits for 6 if their difference exceeds d— 4. Since 8— 2, F > 0 by 
(32) if 

mo = 120m + 648m- 990im° + 300m*, 


where w == A — 28t — 18m +4 Multiply m >t by 120¢%m, 3t= 8m by 
495 tm?, and 917 = 4m? by 5m’. Hence F > 0 if 


mew? = gt?m®, g= 120 + 648 + 1485 + 675 — 2928 < 55°, 
and hence if o = 554 This holds if 
A = 5Y(m—t) + 83t + 18m — Y5m + 264. 


Here n > 0 and the reduced minor conditions (20) hold if A = 4t. Using 
only m < 2t, we see that all gaps are = ¢ down to 75m + 25¢ in table To 


Second, let 2m > 3t, Yt = 4m. Give to b the odd values 8, B + 2, B + 4, 
B+6. Then the values of tb + r are congruent modulo m to the sum of tg 
and the values of r, k + y, 2h + r, 8h + r, which include the consecutive 


t Dicxson: Additive Number Theory for all Quadratic Functions. 13 


numbers from 0 to 3h 4- t— 1 = m—1. Thus d—8, §=4. By (32), 
oF >0 if 
mw? = 216m + 3288m? + 153866im? + 20280m, 


where o = A — 56t — 144m +4. Multiply 2m > 3t by 724m, Yt 4m by 
3842tm*, and 4947 = 16m? by 1268m*. Hence F > 0 if o = 305, since 


52 > 92458 — 144 + 3288 + 26894 + 62132. 
Thus F > 0 if 
A = 3614 + 144m + 103 (2m — 3t) = 350m + 52t. . ° 


When m < 2t, we saw that all gaps are S¢ in Te to 75m -+ 25t; this 
is true also to 115m + 27t. From thence to 354m +-55t, we employ only 
m < 3t and find that all gaps are & ż¿ in T, and the following extension of it. 


TABLE To 


All Sums of Four Polygonal Numbers. 
200m+25—27, 29, 30, 32—35, 37—42; 201m+27, 28, 31—37, 39—42; 
202m -+~-28-—42 ; 2038m-+-28—33, 35—41 ; 204m-+30, 32—42 ; 205m+26-— 28, 
31—37, 39—42; 206m+-28—31, 33—35, 37-—42; 207m-+28—33, 35—41; 
208m +-29-—42 ; 209m+-31—37, 39—42; 210m--21—24, 30—39, 41—43; 
211im+23—25, 27—33, 35-41, 43; 212m+25, 26, 29, 30, 32—43; 
213m+24—27, 31—37, 39—43; 214m--26, 27, 30—43; 215m+28, 31—33, 
35—41, 43; 216m-+25—31, 383—43 ; 21%m-+-27—29, 31—37, 39—43; 
218m+28—30, 33—43 ; 219m-+28—33, 35—41, 43; 220m-+-26—28, 30, 
32—44; 221m+28, 29, 31—37, 39—44; 222m-+-29—31, 33—35, 37—44; 
223m-+29—31, 35—41, 43, 44; 224m 43144: 225m-+27—29, 31—37, 39—44; 
226m + 29—39, 41—A4: 227m +31—33, 35—41, 43, 44; 228m-4-30, 31, 
33—44 ; 229m-+-32—3", 39—44; 230m-+31, 32, 34—44; 231m--22—25, 
28—33, 35—41, 43—45; 232m+24—26, 30, 31, 33—45; 233m+-26, 27, 32, 
34—37, 39—45; 234m+25—28, 31, 32, 34—43, 45; 235m+27, 28, 30—33, 
36—41, 43—45 ; 236m-+29, 3872—39, 41—45 ; 237m-+26—29, 31—37, 39—45; 
238m+28—31, 33—35, 37—45; 239m-+-30—32, 35—41; 43—45; 
240m+29—45 ; 241m+27—29, 31—37, 39—45; 242m+29, 30, 34—39, 
41—46; 2483m+30—32, 35—41, 43—46; 244m-+30—46; 245m-+-31—37, 
39—45: 246m+28—46; 247%m+-30—33, 35—41, 43—46; 248m+32—35, 
37—46; 249m-+31—34, 36, 37, 39—45; 250m+-33—43, 45, 46; 251m-+32, 
33, 85—41, 43—46 ; 252m-+-29—46; 2538m-+-23—26, 31, 32, 34—37, 39—45, 
475 254m+25—27, 33, 35, 37—47; 255m-+-27, 28, 31—33, 35—41, 483—47; 
256m+26—29, 32—47; 257%7m-+28, 29, 34—37, 39—45, 47; 258m-+30, 
33—39, 41—47; 259m+27—32, 35—41, 43—47; 260m+29—33, 3%7—47; 
261m+31, 34—37, 39—45, 47; 262m-+30—47; 263m+-28—30, 32, 35, 36, 
38—41, 48—47; 264m+30, 31, 37—48; 265m-+31—37, 39—45, 47, 48; 
266m+31—48, 45—48; 267m+31—33, 35—41, 43—48; 268m-+-29—21, 
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33—48; 269m+31—37, 39—45, 47, 48; 270m+33—35, 3748; 271m-132, 
33, 35—41, 43—48; 272m-+34—36, 38—48 ; 273m+33—37, 39—45, 47, 48; 
274m+30—39, 41—48; 2%5m+32, 33, 35—41, 4348; 276m-+24—27, ° 
32—43, 45—49; 277m-+26—28, 33—37, 39—45, 41—49; 278m-L28, 29, . 
34—47, 49; 279m+27—30, 35—41, 43—49; 280m-29, 30, 34—49? 
281m+81—37, 39—45, 47—49; 282m+28—31, 33, 34, 36—43, 45—49: 
283m30—32, 35—41, 43—49; 284m4-32, 34—38, 40—49; 285m-4-31—33, 
36, 37, 39—45, 47—49; 286m+29—31, 33—35, 37—49; 287m-+31, 32, 
35—41, 43—49; 288m+32—50; 289m-+32—37, 39—45, 47—50; 
290m-+-34, 35, 37—39, 41—50; 291m-+30—32, 35—41, 43—49; 
292m+32—50; 293m-+-34, 35, 37, 39—45, 47—50; 294m-+33, 34, 36, 
38—47, 49, 50; 295m+35—41, 43—49; 296m+34, 35, 37—50; 

ym- 31—36, 39—45, 47—50; 298m-+33—43, 45—50; 299m-+-35—88, 
40, 41, 43—49; 300m+-25—28, 34, 35, 37—39, 41—51; 301m-4-27—29, 
35—37, 39—45, 47—51; 302m+29, 30, 37—51; 303m+28—31, 35—41, 
43—49, 51; 304m-+-30—84, 37—51; 305m+32, 34, 35, 39—45, 4Y—51: 
306m+29—82, 36—39, 41—51 ; 307m+31—33, 35—49, 51; 308m-+33—51; 
309m+32—37, 39—45, 47—51; 310m-+30—32, 34, 36—47, 49—51; 
311m+32, 33, 37—41, 43—49, 51; 312m+4+33—35, 37—52; 313m-+33—36, 
39—45, 47— 59 ; 314m+35, 37—43, 45—52; 315m+31—33, 36—41, 43—49, 
51, 52; 316m4-33—36, 38—52; 317m-+-35, 36, 40—45, 47-52: 318m-L34, 
35, 37—52; 319m35—41, 43—49, 51, 52; 320m+35—38, 40—47, 49—52; 
321m+32—37, 39—45, 47—52; 322m+34—39, 41—52; 323m+36, 38—41, 
43—49, 51, 52; 324m435—52; 325m+26—29, 36, 37, 39—45, 47—53; 
326m-+28—30, 37—39, 41—47, 49—51, 53; 32%m-+30, 31, 36—41, 43—49, 
51—53; 828m+29—35, 38-53; 329m-+31, 32, 35, 36, 40—45, 47—53; 
330m+33, 36—53 ; 331m—-30—33, 35—40, 43—53 ; 332m-+32—34, 37—53; 
333m-+34, 39—53 334m—-33— 35, 37—53; 335m+31—33, 35, 39—41, 
43—49, 51—53; 336m+33—53; 337m+4-34—37, 39—45, 47—54; 
338m—-34— 36, 38, 39, 41, 42, 44—54; 339m+36—38, 40, 41, 43—54; 
340m—-32—34, 37, 39, 41—43, 45—54; 341m4+34— 37, 40—45, 47—53; 
342m+36—54: 343m-435—41, 43-49, 51—54; 344m+37—54, 
845m35—37, 39—54; 346m—-33-—48, 45—54; 347m-+35, 36, 38—49, 
51—54; 348m-+37—54; 349m-+36, 37, 39—45, 4754; 350m+37, 38, 
41—55: 351m-+27—30, 38—41, 43—55; 352m+29—31, 37—55; 

353m-+31, 32, 34—36, 39, 40, 42—45, 47-55; 354m—30— 833, 36—39, 
41—55. 


Third, let 7t < 4m < 8t. Is e, —t—1? Let l be the least integer 
for which t(21—1) = ml. By using the odd values 8, 8 + 2, =- , B4+21—2 
of b, we get d == 21, and the method of § 21 gives the same d. The resulting 
limit for À is beyond our table. An incomplete extension of the latter to 
400m + 58t was made quickly by adding 0, 1, and * occasionally m -+ 2 to 
the tabulated sums by three of values of f(z). When m < 8t, the gaps are 
= t in this extension. 


* Also 3m +3 to 383m - 40 and 397m + 49, 50; and 6m-+-4 to 386m + 44, 
394m + 50. 


à Dickson: Additive Number Theory for all Quadratic Functions. 15 


All the results in §§ 8-10 may be combined into 


: THEOREM 8. Lei k= 0 and L be the least s -+ es fors=5. If m > 2t, 
then4+e20L. But 4- e, = t +- 3 = L—1 if m—2t or 4m = Ti and 
doubtless also if tt < 4m < 8t. 


11. THEOREM 9. If k= 0, m Dt, 3 + es is not less than the minimum 
ste, fors=4. But if m =t, e = t— 1, while if m < t, e(A) S t—1 
for À = 400m +- 584. 


The sums by three of the values of f(x) are 


0, t, 2t, 3t; m+ 2t, m+ 3t, m + 4t; 2m + 4t, 2m + 5t; 9? 
am + 3t, " * +, 8m +- 6t; 4m + 5t, 4m + 6t; 5m + Yt; 

6m + 4t, -, 6m -+ Yt; Tm + 6t, -321m + Yi, + +, 281m + 121; 
22m + 9t, Bm + 10t, Rèm + 126, 22m + 13t; 

23m + 11t, 28m +- 13t; 24m + 106, : +. 


If m = 31, there is a gap m + ¢ from 4m + 6t to 5m + Yt, which is less 
than all later entries. Thus 8+ Es(5m + 7t— 1) =m +t +2=a. If 
t= 1, then m È 3, a = L + 1, for L—m +R of Theorem 4. If #4 > 1, 
write m = ut +ov, 0& v < t, whence u=3. Since m >u, « > L. 

Next, let 2t < m < 3t, whence u— 2, t > 1. There is a gap 2m— 2i 
from 4m + 6t to 6m -+ 4t, and 8 + E; = 23m — 2t + 2 > L =t- 4. 

Next, let t< ms 2t. There is a gap m from ?2im + 12t to v= 
22m + 181 Consider 8 = 3 + #H3(v—1) =m +2. If i= 1, then m = 2, 
and 8B = 4 = 4 -+ e, Lett > 1 Iim>t+1,thn B=L—t+4 There 
remains the case m — t -+ 1. Then 4m =27t and 8 = 4 + e, by Theorem 7. 

When m = t, f(x) is the product of ¢ by the triangular number 4(2°+x). 
Hence every multiple of ¢ is a sum of three values of f(z), so that e, = t — 1. 

The methods of this paper do not apply directly to the remaining case 
m <t. An extension of the above table of sums by three was used to verify 
that e,(4) St—1 for À = 400m + 50. 


12.° Comparison of 2 +- e, with s + es- 


First, let m = t. There is a gap from 39m + 12¢ to a = 42m + 13t in 
the table of sums of two values of f(x), and o = 2 + E: (a— 1) = 3m+t-+1. 
In all cases, e = L of Theorem 4. Also, o > t+3 in the last part of 
Theorem 8. If m = t, c > 8 -+- e, = t -+ 2 of Theorem 9. 


Second, let 2m = t >m. There is a gap from 3m + 4t to 4m + 5t, 
whence t = 2 + E, =m +t +1. Ifm22,72t+3 of Theorem 8 In 
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the remaining case m—1l, t= 2, there is a gap 4 from 27m + ilt = 
29m -+ 104 = 49 to 31m + 11¢— 53, and 2 + E,(52) = 5 =t + 8. 


Third, let 8m =t > 2m. There is a gap from 84 + 21m to 9¢ + 22m, 
and 2 -+ #,=={-+m+12#-+3 unless m == 1, whence ¿= 3. In ‘the lat- 
ter case, there is a gap 5 from 70 = 114 + 3%m = 12i + 34m to 75 = 107 
+ 45m == 12¢ + 39m = 13t + 36m, and 2 + #,(74) = 6 =t +3. 


Fourth, let 4m = t > 3m. There is a gap from 9¢ + 18m to 9t + 22m, 
and À + E, == 4m + 1 Z= t+3 unless 4m==tort-+1. When t= 4m, the 
(first) gap 6m is from 394m to 400m, and 2+ H,=—6m+-121+3. 
Final, let 4m =-t-+ 1. Since 4m = t and 7m SS 2t, there is a gap 5m from 
16¢ + 60m to 16t + 65m. Here 2+ F.—=5m+12t+3. | 


Fifth, let 5m =t>4m. There is a gap 5m from 10t + 24m to 
10¢ + 29m, and 5m+1=27-+3 unless bm—t or t+1. When { — 5m, 
the (first) gap 8m is from 962m to 970m. Finally, let 5m—t+1. Since 
5m = t, 9m S2t, there is a gap 6m from 17t + 70m to 176 + 76m, and 
6m+izt+s. 


Sixth, let 6m Z= t > öm. Write t = 5m + g, 0 <g=m. If mS 29, 
there is a gap 6m from a = 15t + 55m to B = 154 + 61m, and 6m+1Z=i+8 
unless 6m == $ or +1. If m > 2g, y= 13t + 66m is the only entry be- 
tween & and B, so that there is a gap 2t — 5m == 5m + 2g from y to 8. It is 
= t + 2 unless g — 1. Hence there remain only three cases: 


(34) t= G6m; i—6m—1,m>1l; t=im-+1, m>2. 


When t= 6m, the first gap > 6m is from 952m — 41t + 706m to 
960m = 491 + 666m. In the last two cases (34), we have found a gap t + 1, 
whence 2 + #,==-t-+2. That this is the value of 8 + es is plausible * by 
the last part of Theorem 9. 


seventh, let 7m > t > 6m. Write t= 6m + g. The only possible en- 
tries between g == 32i + 249m and B= 32t + 256m are y = 29t + 268m, 
è = 252 + 800m, e — 28t + 282m. If 3m = Yg there is a gap 6m + 3g 


* If we do not admit this, we need gaps = t+ 2. There is a gap 6m — 3g from 
17t + 70m to 14¢ + 91m; in the third case (34), it is = t +2 if m > 6. For m =3, 
t = 16, the first gap 18 is from 1664 = 32t + 384m to 1682 = 29t + 406m = 38t+358m. 
For m == 4, t = 21, the first gap > 23 is from 3516 == 40t + 669m to 3540—48+-+633m. 
For m == 5, t = 26, the gaps > ¢ below 7000 are 28 == 4413 — 4385, 29 — 4847 — 4818, 
41 == 4899 — 4858, 36 — 5397 — 5361, 33 = 5726 —— 5693, 30 = 5799 — 5769, 

30 = 6503 — 6473, 31 — 6582 — 6551. 
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= t +2 from y to 8. If 2m < Yg, m = 3g, there is a gap 8m — 4g = t +] 
from y to à. If m < 3g, there is a gap z = 9m — Yg from «a to 6, and z > f 
if 3m > 8g. Next, the only possible entries between a — 36/ + 315m and 
b= 36t + 32m are c == 32t + 340m and d = 30t + 354m. If m = 2g, there 
is a gap Ym > t from a to b. If m > 2g, there is a gap w — 4m + 6g from 
d to b, and w > t if 5g > 8m. We have now found a gap > t except when 
both 3m = 8g and 5g = 2m. These imply 2g = m = 6g, which are the con- 
ditions for a gap 6m + 3g > t from 39i + 601m to 42i + 589m. 


THEOREM 10. At least when t < Ym, 2 -+ e, is not less than the mini- 
mum s -+ és fors = 3. a 


Part IT. Tas Case k > 0, m = 2t, §§ 13-27. 


13. THeorEu 11. If k>0, s25, m= (s+ 2)t, then 
es = Mm — (s +- 1)t— 1. 


No smaller value of es will serve since no number between sé and m — t 

is a sum of s values of q(x) —f(x—k) for integers v = 0. To show that 

= f(0) and t == f(1) are the only such values < m — t = f (— 1), we recall 
from $ 2 that 


(35) f(—p) >f(—1), fle) >f) ifp>t. 


If N is any integer = 0, it remains to prove the existence of s integers 
s = 0 such that 
(36) N =r 4 5 qls), STS es. 
8 
We shall first prove this for k — 1. Then the summands are chosen from 
f(— 1) and f(z), z= 0. Since these are values of f(y) when y Z — k, 
(36) will hold also for k > 1. Write N — À + R, where 


(37) A=Sg(t), R=r+ X ga), 0£r£e. 


We can find a value of À congruent to any assigned integer modulo m 
such that R S p==1llm—i—1. 
If s = 5, we employ m — t and the first six values 


(38) 0, t, e==m-+ 2t, A= 38m + 3t, p — 6m + 4t, v= 10m + Bt 


of f(z). To 10m + 5t we add 0,1,---,e,;—m—6t—1. To the remain- 
ing six we add only 0, 1,:-:,%?—1¢;. We get m integers R £ p which 
are congruent modulo m to the consecutive integers from — £ to m — t — 1 
inclusive. 

2 


Ad 
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If s= 6, we add 0,1,:°-,¢—1¢e, to the s—3 sums by s—4 of 
0 and ż, and also to (s—5)t+ x, (s—6)t-+ 2x, 2(m—t), and m—t. 


But we add 0, 1,° - `, es to ġ = (s—6)t+rk+aAa We obtain m integers ° 


& which are congruent modulo m to the consecutive integers from — 24 to 
m—2t—1. The maximum such E is ¢ + es == 5m — 2t—1 < p. 

We shall treat the first equation (87) by the method of $ 4 with e,—0. 
By (4) with k == 1, and (7), 


(39) n = 2t — 3m, C—m—i, 
440) D = A — 4C = m (a — 3b) /2 + tb. 
+ 


Let d= 2. Then there is an odd value of b between the limits (10) and 
(12) onb. We proved that we can choose À Æ p so that A == N — R is con- 
gruent modulo m to any assigned integer. As the latter we take 4C + tb. 
Then (40) determines an integer (a — 3b)/2 and hence an odd integer a, 
which is positive since 4a > b”. By (16), P==2t—m <0. Hence it re- 
mains only to satisfy the minor conditions in $ 4 In (9), (19), and (14), 
we replace n by its value (89) and D by À — 4m + 4t, and get 


(41) U == 24mA — 63m? + 12mt + 368 > 0 if AZ 3m, 
(42) 16V—U — 8mA + 79m? — YGmt + 288 — 32me, > 0 if AZO, 
(43) 3A > 11m — 4t — 4t? /m. 


The last holds if A = 4m — 3t. Hence (36) holds for every N = 15m—4i—1. 
We next verify (86) when N S 15m +t—1. We employ the abbrevia- 
tions (88) and 8—m—t1. Consider a sum & of p of 8, k, À, p, v, where 
ps5. To Z add the sums by s— p of 0 andi. Hence 3, 3 + +, 3 + Ré, 
‘+, o= J + (s—p)t are sums by s of values of q(x). To each we add 
0, 1, ---, 1—1<e,. We get the consecutive integers from X to M 
== X -+ (s + 1— p)t— 1 inclusive. We readily verify the following table: 


3 M +1 5 M +° 
0 (s+ 1)¢ Ô + À 4m + (s+ 1)# 
5 m + (s—1)t Kk —+ À 4m -+ (s + 4)t* 
K m + (s + 2)t* 28 — À 5m —+- (s—1)t 
28 2m + (s—3)t -trà 5m t- (s+ 2)¢ 
8-+« 2m + st RK +d 5m + (s + 5)t* 
K zm + (s + 3)t* 28 + k + À 6m “+ st 
28 Lk 3m + (s—2)t à 6m + (s + 4)t 
À 3m + (s + 3)4 2A 6m -+ (s + 5)i" 


3K am + (s + 4)t* + ym + (s+R)t 
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>> M +1 > M +1 
K-t- u Ym + (s + 5)” ô + y lim + (s-+ 3) 
28 + u 8m + st Kk+y lim + (s + 6) 
© S8txetw 8m-+(s+3)t 2 +A+pw Lim + (s+ 8)é* 
"Qk + pw 8m + (s + 6)i* Sixty 12m + (s+4)t 
28 kw 9m+(s+l)é Ru 12m + (s+ 7)t* 
28 +k+ 2x 9m- (s+2)t 28 +k+y 18m<+(s+2)t 
D 2k tu  Im+(s+4)éi 8 + 2p 13m + (s + 5)t 
3X 9m + (s+ 7)t* K+ 2p 13m + (s + 8)¢* 
y 10m + (s+ 5)t 28 + Ru lám + (s+8)t 


etrAtp 10m+ (s<+7)# 
€ 


Except for the cases marked *, M + 1 is = the 3 in the next life, since 
s= 5. For the cases marked *, m — (s + 2)t + M +1 is = the & in the 
next line. This addition to M + 1 is permissible since we may add es instead 
of i—1tooe. Making the same addition to the final entry, we see that (36) 
holds for every N =Œ 15m + t— 1. This completes the proof of Theorem 11. 


14. Tueorem 12. If k > 0, s Z5 32t&m < (s+ 2)t, then es==t—1. 


No smaller value of e, will serve since (35) and f(—1)—m—{zt 
show that no value of g(x) lies between 0 and 7. 

We can find a small value of À in (87) which is congruent modulo m to 
any assigned integer. 

If s— 5, we add 0,1,:--, —1 to m— t and the six numbers (38). 
We get Yé integers À congruent modulo m to the consecutive integers from 
— 1 to 64—-1 inclusive. They include a complete set of residues modulo 
m<%t. The maximum such È is 10m + 6t— 1. If s=6, we proceed as 
in § 13, except that we add only 0, 1,: --,—1Ltod. We get (s+2)t>m 
integers À congruent modulo m to the consecutive integers from — 2é to 
st— 1 inclusive. The maximum such # is 4m + st —1. 

It suffices to prove (36) for &—1. We study (37,) by the method of 
§ 4 with e, = 0, d—?2 We have (39)—(43). Also F is given by (24). 
Since n is negative, F >0 for every D. Since m= 2t, (48) holds if 
AE 4m — 2t. Adding to this the above maximum of R, we conclude that 
(36) holds if N = the larger of 14m + 4t — 1 and 8m + (s—2)t—1. 

For the remaining values of N we proceed as at the end of § 13. Each 
entry M + 1 marked by a * in the table exceeds the 3 in the next line since 
(s+ 2)t>m. 


15. THEOREM 13. Let k > 0, m = 2t, and write L for the least s + e, 
fors=5. Whent=1,L—=m—2if mZ, b=—sif 2sm<% When 
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t > 1, writem=—ut+v,0S0 < t, whence u Z2. Then L= u -+ t—3 if 
u ÈZ 1, v= 0; L =u 4- tm if uZ oZ L—i+k4aiÿfr£us 6. 


First, let m = (s + 2)t, s Z5. By Theorem 11 of § 13, the least s + ese 
is m—2 if t=1, mZ 7; but is utv+i—3 if t>1, uZ 7, since 
Y= s+227 and the maximum s is u— 2. 


Second, let 262m < (s+2)t, s25. By Theorem 12, es = t — 1. 
If t= 1, the least s -- e; =s is 5 if 2S m < 7, but is m— 1 if m=. 
If ¿> 1, then s Z u— 1 and the least s + e; is u— 1 -+t—1i if uz, 
bi is 5 + i—1 if wuss 6. 

Note that m < t if and only if u=6. Then 4+e, = L if and only 
if e4 = t and hence if and only if there is a gap > t in table Ty of sums by 
four of values of f(s — k) for «= 0. 


16. Case s= 4, t= 1. First, let m = 7. Then 0 and 1 are the only 
values < m—1 of f(w-—-k). Hence to obtain the sum m—2, we must 
employ m—2 values 1. Thus #,(m—2) = m — 6, and m— 2 is the mini- 
mum s-+ es for s Z4. Second, let m < 7. We employ the following results 
proved in Bulletin, II. If k= 1, 4 + e, is 6 if m—6, 5 if m=—4 or 5, 
4ifm=3. Ifk 22, 4- e, is 5 if m—6, 4 if m= 3, 4, or 5. When 
m = À, f(x) = z? and e,==0. This proves 


THEOREM 14. If k > 0, t= 1, the minimum of s -+ es for sZ 4 ts 
m — R when m = Y, 5 when m = 6, 4 when m = 2 or 3, but when m == 4 or 5, 
vis 5 tf k=l, 4 if hk = 2. 

17. Cases==4,>1,h—1,m=22t. A table T, of all sums by four 
of values of f(æ-— 1) for integers x = 0 is derived from Table II of Bulletin, 
IL, by multiplying the terms free of m by i. We employ the notations of 
Theorem 13. If u = 6, there is a gap m— 5t from 4¢ to m—-t, whence 


g=4 + E,(m — t — 1) = ut + v — 5i + 3. 


If uZ, v= 0, g— L= (u—6)(t—1)>0. If uz, v21, g—L 
= (u — 6) (t— 1) +v—-1>0. If u=6, g—L=v—1=0 unless 
v = 0. But if m == 6t, there is a gap 2t > t from 5m + 2t = 4m + 8t to 
öm + 4i < 6m. If u= 5, there is a gap 2t—v >t from 4m — 4t to 
8m + 3t. If u= 4, there is a gap t + v from 2m + 6t to 3m + 84 But if 
u = 4, v = 0, there is a gap 2¢ from 5m + 5t to 5m + 7i. If u= 3, there 
is a gap € + v from 5m -+ bé to 6m + 81; if also v = 0, we apply the following 
with h == 8. 
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If m = ht, f(x) = tp(s), where p(x) is a polygonal number of order 
h-+2. Forh = 2 or 3, every integer = 0 is a sum of four values of p(s — 1) 
by Bulletin, IT. Then every multiple of ¢ is a sum of four values of f(s — 1). 

"Hence e, = t — 1. 

This covers the case u= 2, v—0. There remains only the case 

atL<m < Bt. 


18. THeorem 15. Jf k= 1, t >1, 2m = bt, m < 3t, then e, = t — 1. 


No smaller e, will serve since ¢ is the least value > 0 of f(æ—1}). Here 
n and C have the values (39). By (7), eo 


G 
(44) D = A — 4C = mq + bt +r, g—4(a—3b). 


Assign to b the odd values 8, 8 + 6, B + 4, B +2, and to r the values 
0,1,:::,t—1. The residues modulo m of bt +r are Bt plus 


O,:°:,t—1; 66— 2m, t, Ti — 32m — 1; 4t — m, t, 5t—m—1; 
2t,- , 3t — 1. 
Here 0 < bt — 3m St, 0 < 4t —m < Tt — Dm, 2t < 5{—m. JIlence these 


four sets include the consecutive integers from 0 to 3t — 1 > m— 1. Tence 
d= 8. We have U in (41) and 


V = 2mA + 4P — Gim + m + èm, P —Ri+ 11m, 
F = mw? — 216m — 2664m? — 9702tm — 8712m* + 241°m 
+ 264im* + 726m*, 


where o = A — 52t — 96m +4. Multiply 2m = 5t by 440m, 3t > m by 
9702im*, and 9% > m? by 8712m?. Hence F > 0 if mo? = him’, 


h == 88 + 2664 + 29106 + 78408 — 110266 < 333.2 
Hence F > 0 if w = 333¢ and therefore if 
A = 69(2m — 5t) + 385¢ + 96m = 234m + 401. 


Then the reduced minor conditions in § 4 are satisfied. For, (14) holds if 
3D = 8t — m — 417/m and hence if D = 2t, A Z 4m — 2t. Also, (20) hold 
if AZ [= 4m — 4. 

The gaps in table T, are all = é down to d= 27m -+ 92, and from 
b= 25m + 15t to the limit 54m + 19%, when m < 8t. AON 6t — 2m is 
positive and S ¢; adding it to d we get b. 

We employ ‘table Po, cited in § 9, of sums by four of values of f(x). 
To it we'annex the sums ~-i. 


ty | 
ta 
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m—t + 2(21m + Ti) + 45m + 10t — 88m + 23t, 
m— i-t- m -+ 2t + 10m + 5t -+ 105m + 15t — 117m -+ 21t = g 


of four values of f(x — 1). Using only m < 3t, we see that all gaps are now, 
< À from 54m -+ 194 to either 112m-+382t or o and (§ 10) from r—115m+276 
to 2834m + 45t. But r is the sum of o and 6t — 2m S t. This completes 
the proof of Theorem 15, which covers the case 2v Æ ¢ in the notation of 
Theorem 16. 


19. TurorEM 16. If k—1, m =t 4v, 0< 20 <t, then uzit 
evéept when 8v St or 4w = t, and then e, ts probably t— 1, with certainty 
that e (A) = t— 1 if À = 400m + 58t. 


In § 18 we cited the entries b, d, of table 7,. They may be written as 
b == 65t + 25v, d= 63t -+ Vu All entries involving gm, where g = 29, 
exceed b. Those involving Im, where l = 23, are < d. Also, 24m + 15€ < d. 
From the entry e == 24m + 16t and the entries involving 25m, 26m, 87m, 
28m, we eliminate m and see that e = 64t + 24v and f = 64t + 28v are the 
only possible entries between d and b. 

If 3v = t, then e = d, f = b, and there is a gap 2¢ — 2v > t from d to b. 
Hence let 3v < t Then e— d= b — f = t — 3v, and there is a gap 4v 
from e to f. 

There remains only the case 4w = ¢. As just noted, the gaps from d to e, 
e to f, and f to b are all & t. Then by § 18, the gaps in T, are St to 
a = 112m +- 32i = 256¢ + 112v, and from 8 = 113m + 31t = 257i + 1130 
to r and thence to 234m + 454 and (§ 10) on to 400m + 584. We employ 
the following extension of table T,: ° 
113m+17, 20, 21, 23—29, 31, 32; 114m419, 22—27, 29-32; 115m-+-20—22, 
24, 25, 27—82; 116m-+19, 20, 22, 23, 25—32; 117m+18, 21, 23—29, 31, 32; 
118m-+22—32 ; 119m-+22—25, 2732; 120m+16—19, 21—33; 
121m+15—21, 23—29, 31—33; 122m+-14, 15, 1723, 25—33: 
123m-+13,°--, 


in which the terms free of m are to be multiplied by t. ° 
The only possible entries between « and B are 


y = 117m + 21t = 2558 + 11%, 8 = 120m + 164 = 256¢ + 120v. 
In fact, 


118m + 29¢ = 255¢ + 1130 <a, 114m + 274 — 2554 + 1140 < a, 
114m + 29t = 2578 + 1140 > B, 115m + 27t = 257t + 1150 > B, 
115m + 25t = 255¢ + 1150 <a, 116m + 23t = 2554 + 1160 Sa, 


¢  Drcxsox: Additive Number Theory for all Quadratic Functions. 28 


116m + 25t = 2571 + 1160 > B, 117m + 181 = 252+ 11liv < z, 
117m + 23t = 257i + 1170 > 8, 118m + 22i = 2587 + 118 > B, 
120m + 17t = 2571 + 1200 > 8, 121m + 15i = 257% + 1210 >B, 
” 122m + 14t = 258t + 1220 > B, 123m + 13t = 259 + 1280 > B. 


Hach entry gm + ht with g = 124 exceeds 8 since h > 18. 


First, let 5ut. We drop y=a. If w =t, we drop also 8 = B and 
have a gap t+ v > t from g to 8. Hence let Yv < t. Then there is a gap 
8v from @ to 6, and a gap t— Yv from 8 to 8. There remains only the case = 
Sut. If we attempt to prove that e, — t — 1, we see that d — 20 by either” 
of our methods and that there remain numbers far beyond our tables. ° 


Second, let 5v > t, 4v=t. We drop 8 > 8. There is a gap õv-—t 
from @ to y and a gap w == 2t — 4v from y to B. Since w >t? if t> iv, 
there remains only the case {==4v. If we then attempt to prove that 
e, = I — 1, we may take v = 1 and see that d = 12 by either of our methods. 
We find that F > 0 if A = 6098. The limit at the end of Theorem 16 is 
now 3832. 


Combining Theorems 15 and 16 with the results in $ 17, we get 


THEOREM 17. If k=1, > 1, m Z 2t, the minimum of s+ e, for 
s=24 is L of Theorem 13 if m > 3t or if m==2t+4, 0< Ru <t, and 
neither 8v = t nor 4w =t. But it is 4 + e, =t + 3 = L— 1 if m= 2t or 
m == 3t or m = i + 0, 0 <v < §S 2p, and also up to 400m + 581 if either 
8v = à or 4v =t. 


20. Ifs—4,¢>1,4 22, m > 64, there is a gap from 4¢ to m — t and 
the first part of $ 17 shows that 4-++e,= L. 


21. The Case s = 4, k = 2, t D> 1, m2 2t. If 5i S m= 6t, there is a 
gap from 9m + 5t to 10m + t in T, and the gap exceeds ¢ unless m == 5t. 
In that case, e, — £ — 1 by the end of § 17 and Bulletin, II, Theorem 4. 


Let’m = 4¢-+-4,0S0<t. If 3v > 84, there is a gap 2t — v > t from 
28m + 2t to 27m + 8t. If 3v = 2i, there is a gap 3w from 25m + 166 to 
27m + 8t. There remains only the case w= t We shall prove that 
€, == ¢— 1. The use of only odd values of b leads to d — 18 and hence to a 
limit for A beyond our tables. That we may take d= 9 is shown by the 
following method to be applied frequently in the sequel. 

For any k, (4) and (7) give 


(45) D=mH +tb+r, H =4la—(1 + 2k)b]. 
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Lemma 4. If b==2 (mod 4), the choice D==tb +r (mod 2m) yields 


an integer a==2 (mod 4) which satisfies (45). The same is true of the . 


choice D = tb + r+ m (mod 2m) if b==0 (mod 4). If b is odd, either o 
these two choices yields an odd integer a satisfying (45). ° 


In the first case, H is even, whence a==b==2 (mod 4). In the second 
case, m == mH (mod 2m) and H is odd, whence a— b = 2, a? (mod 4). 
If b is odd, either choice makes D == tb + r (mod m), whence H is an integer 
and @ is odd. In all these cases we may apply Lemma 1 or 2. 


We seek the smallest set * of consecutive values 8, B + 1, : + : of b such 
at, when r takes its values 0, 1,: +--+, ¢—~1, the values of D computed by 


Lemma 4 shall yield a complete set of residues modulo 2m. Then every 
integer D can be given the form (45) by use of permissible values of a and b 
for which Lemmas 1 and 2 are applicable. 


TABLE T'a. 
All Sums by Four of Values of f(a— 2). 
(terms free of m are to be multiplied by t) 
0—4; m—1, 0—5; 2m—2, —1, 0—6 ; 3m—8—1, 0, 1, 3—7 3 4m—4-—-1, 0—8; 


5m—4, —3, —1, 0—5, 7, 8; 6m—5—2, 0—9; ¥m—5, —4, —2, —1, 0, 1, 3—9; 


8m—6, —3, —1, 0, 2—10; 9m—6, —5, —1, 0—5, 710; 10m—Y, —4, —2, 
1—11; 11m-L0, 3—9, 11; 12m—8, —3, 0—12; 18m—1, 2—5, 7—12; 
14m-+2, 3, 5—12; 15m—2, 1, 3, 4, 6—9, 11—13; 16m+1, 2, 5—13; 
1¥m+0, 3—5, 7—13; 18m-3—Y, 9—14; 19m—1, 3, 4, 6—9, 11—14; 
20m-+2, 5—14; 21m-+2, 3, Y—13, 15; 22m-+-1, 4—15; 23m-+5, 6, 8, 9, 
11—15 ; 24m+0, 4—16 ; 25m-L4, 5, 7—13, 15, 16; 26m-L3, 6, 8—11, 13—16; 
2Ym-+3, 4, 6, 8, 9, 11—16; 28m-+25 5, Y—17; 29m-+-7-—13, 15—17; 
30m-+1, 6, 7, 9—17; Blm--5—8, 11—17; 32m-+5, 6, 8—18; 33m-1-4, 7, 
9—13, 15—18; 34m+4, 5, 9—18; 35m-13, 6, 8, 9, 11—17; 36m+8—19; 
8%m-+2, 7—13, 15—19; 38m--?—15, 17—19; 39m-+6—9, 11—17, 19: 
40m-+-6—20; dim—+5, 8, 10—13, 15—20; 42m-L5, 6, 9—11, 13—20; 
43m+4, 7, 9, 12—17, 19, 20; 44m+9, 11—20; 45m-+-8, 8, 10—13, 15—21; 
46m+9—21; 47m+8, 9, 11—17, 19—21; 48m-+7—10, 12—21; 49m--7, 
8, 10—13, 15—21; 50m-+6, 9, 11, 12, 14—22; 51m-+6, Y, 11—17, 19—22; 
52m-+5, 8, 10, 13—22; 53m-12, 13, 15—21; 54m-+4, 9, 12—14, 17—19, 
21, 22; 55m+11—17, 19—23; 56m+10—23; 5%m-+9—13, 15—21, 23: 
58m+8—11, 13—23; 59m-+8, 9, 11—17, 19—23; 60m—-7, 10, 12—24; 
Gim-L7, 8, 11—13, 15—21, 28, 24; 62m-+6, 9, 11, 12, 14—24; 63m-+12—17, 
19—24; 64m-+5, 10, 13—24; 65m+12, 15—21, 23, 24; 66m+12—25; 


6%m+11—17, 19—25; 68m-+10, 11, 13—25; 69m+9—13, 15—21, 23—25; 


%O0m-+9, 10, 12—15, 17—19, 21—25; 71m+8, 11—14, 16, 17, 19—25; 
V2m+8, 9, 13—26 ; 738m-+7, 10, 12, 15—21, 28—26; 74m-+-14, 16—23, 


* This was true for a single b in the simple case of (II), §9. 
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RD, 26; T5m-+6, 11, 14—17, 19—25; 7Gm13, 15—26; 7%7m+15—21, 
23—26; T8m+138—27; T9m+12—-17, 19—25, 27; 80m-+11, 12, 14, 15, 
17—27; 8lm-+-10—138, 16—21, 23—27; 82m-+10, 11, 183—27; 83m-19, 12, 
FU, 19—25, 27; 84m-+9, 10, 14-28: 85m--8, 11, 13, 15—21, 23—28; 
s$m-L15—I18, 21—28: 8m+7, 12, 14—17, 19—25, 27. 28 : 88m 14, 
17—28; 89m-+15, 17, "48, 20, 21, 9328: 90m--13, 16—23, 25-—28; 

91m 14—17, 19—25, 27 —29 : 92m-+13—-29 : 93m-+-12, 13, 15, 16, 18—21, 
23—29; G4m+1L1I—14, 17—29; 95m-+11, 12, 14—17, 19—25, 27—29; 
96m+10, 13, 15—18, 21—29; 99m+10, 11, 15, 16, 18—21, 23—29; 
98m—+9, 12, 14, 17—27, 29, 30; 99m+15, 16, 19—25, 27—30 ; 100m- 8, 
13, 16—30; 101m—L15, 18—21, 23—29; 102m+18, 19, 21—30; 103m+14, 
17, 19—25, 27—30; 104m+17—19, 21—30; 105m-+-15—21, 23—29, 31; 
106m+14—-238, 25—81; 107m+18—17, 19—25, 27—31; 108m-+-12—15, 
17—22, 24—31; 109m+12, 18, 15—21, 23—29, 31; 110m+11, 14, 16—31; 
11lm11, 12, 16, 17, 19—25, 27—31; 112m-+10, 13, 15—32; 113m+17, 
20, 21, 23—29, 31, 82; 114m-+9, 14, 17—27, 29—82; 115m+16, 19—25, 
21—32; 116m+18—23, 25—32; 117m+15, 18, 20, 21, 23—29, 31, 32; 
118m+17—19, 22—32; 119m+17, 20, 22—25, 27—32; 120m-+-16—19, 
21—33; 121m+15—21, 23—29, 31—33 ; 122m+14, 15, 17—23, 25—38; 
1238m+13—16, 19—325, 27—383; 124m+13, 14, 16—19, 21—33; 125m-+12, 
15, 17, 18, 20, 21, 23—29, 31—33 ; 126m-12, 13, 17, 18, 20—31, 33; 
127m-+11, 14, 16, 19—25, 27—33; 128m-+18, 20—-34; 129m+10, 15, 
18—21, 23—29, 31—34; 130m-+17, 19—27, 29—834; 181m+20, 21, 23—25, 
27-—33; 182m+16, 18, 19, 21—34; 133m-L19, 20, 23—29, 81—34; 
134m+18, 21—34; 135m+21—25, 27—33; 136m+17—35; 137m+16—21, 
23—29, 31—35; 1388m-+-15, 16, 18—22, 25—835; 139m+14—17, 19—25, 
27—33, 85; 140m+14, 15, 17—24, 26, 27, 29—35; 141m+-18, 16, 18, 19, 
21, 23—29, 81—35; 142m+138, 14, 18—31, 33—35; 148m+12, 15, 17, 
20—25, 27—33, 35; 144m+19, 21—36. 


Write [7] for the set 7,7 -+1,---,7-+%¢—1. 
(I) Bæ1 (mod 4). For b=£, B+2, B+4, B+6, B+8, the 


values of D computed by Lemma 4 are congruent modulo 2m to the sum of 
t8 and 


(46) = [0], [m] [2t], [2+ m] [4], [4¢-+ m] [66], [66 + m] 


[86], [8¢ + m]. 
For b=8 +1, 8 +3, 8+5, B +7, we get 
(47) [1 [+a] [1 +l 


In the present problem, 4t = m S 5t. We subtract the modulus 2m 
from 7t + m and 8t-+-m. The sets. 


[0] [é] [2t] [7i — m] [8t — m] [4t] CE] [64] [2t + m] [8t + m] [4¢+ m] 
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overlap and are arranged in ascending order, since the first number of any set 
is = 1 plus the last number of the preceding set. The largest number of the 
final set is 5t +- m — 1 = 2m—1. Hence the sets include a complete set of 
residues modulo 2m. ° 


(II) B==3 (mod 4). We again have (46). But (47) is replaced by 
(48) tm] [34] [Stm] [vil 
‘The following are overlapping sets in ascending order: 
I [5¢—m] [6t— m] [24] [36] [44] [m] [t+ m] [2b m] [ve] [8t]. 
The largest number of the final set is 9 ~12=2m—1 since w £ t 
(III) B==0 (mod 4). For b=f6+1, B+3, B-45, B+, we get 
(49)  [élé-m] [3t], [34-+ m] [5t], [5t+m] [Yt], [Yt + m]. 
For b=, B+2, 8+4 8+6, B+8, we get 
(50) [m] [2] [tpm] [6] [8t+ m]. 


The set [44+ m] terminates with 5i + m — 1 = 5t —m—1 Z0 
(mod 2m) and hence contains the residues 0, 1, : ©», 5t—m-—1. We em- 
ploy these and the following overlapping sets in ascending order: 


[5t— m] [t] [24] [36] [8t—m] [n] 
[t+ m] [6¢] [74] [8¢+ m] [4t + m]. 
(IV) 8==?2 (mod 4). We again have (49). But (50) is replaced by 
(51) [0] [2¢-+m] [4] [6t+m] [8t]. 
Overlapping sets in ascending order are 
[0] fé] [6t—m] [7ri— m] [3] [4t] 
[5t] [t+ m] [Rt+ ml] [8t + m]. [84]. 
Since in all four cases we obtain a complete set of residues modulo 2m, 
we have d= 9. Then 


n = 2t — 5m, U = 24mD + 864? — 156tm + 153m?°, 
C == 38m — 2t, V == 2mD + 40? — Rim + 25m? + 2m, 
P == 2t + 11m, W = 38mD + 402 — 25tm + 4m’, 
F == me? — 24002 m — 2856¢?m? — 9636tm> — 6534m* 
+. 2407m + 264im? + 7265, 


o 
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where w == D—63t-——-7im-+- 4. Multiply m Z 4t by 60m, 9t = 2m by 
4818im’, and 811? = 4m? by 16834m. Hence F>0 if mo? = pt?m?, 
p = 60 + 2856 -+ 43362 + 132314 — 178592 < 4232, and hence if o = 4234. 
This holds if 


A = 109(m— 4t) -+ 12m — 8 + 423¢ + 63t + 75m = 196m + 42t. 


The gaps are Æ & in T; to 122m -+ 33¢ and thence to 196m + 41¢ in To 
after annexation of 


164m + 28t = m — t + 38m + 3t + 55m + 11t + 105m + 154, 
164m + 294 = m— t + 6m + 4t + 66m À 124+ 91m + 14é, 
194m + 33t == m — t + 28m + 8t + 45m + 10t + 120m + 164. 


Next, let 3t & m < 4i. To prove that e, = t— 1, give to b the values 
B, B+1,:::,B+7%7 We suppress the final pair in (46), and the final 
entry in both (50) and (51). If @==1 (mod 4), the sets 


[0] fé] [Ré] [6t— m] [vé—m] [4t] [5¢] [6] [3t + m] 


overlap and are in ascending order. The largest number in the last set is 
4t -+- m — 1 > 3m — 1. If B==3 (mod 4), the sets 


[0] [4t—m] [5t—m] [2t] [36] [4t] [é+m] [2t+m] [66] [vt] 
overlap and terminate with 8i — 1 > 2m —1. If 8=0 (mod 4), the sets 
[4t— m] [t] [2] [3t] [m] [t+ m] [5t] [6t] [v4] 





overlap and terminate with 8łt— 1 == 8t — 23m —1 Z 4t—m (mod 2m), 
and hence include a complete set of residues modulo 2m. If 8 =}? (mod 4), 
the sets 


[0] [é] [5t—m] [6t—m] [3t] Tail [5t] [2t +m] [3t + m] 


overlap and terminate with 4t + m — 1 > 3m—-1. In every case, d = 8. 
Using the above U and V, we get 


F = mu? — 216¢9m — 2040m? — 5238tm3 —1944m* + 486m? 
+ 244?m + 216tm?, 


where o= D — 56t — 40m -+ 4. Multiply m= 8t by 720m, 4t>m by 
5238im?, and 164? > m? by 1944m?. Hence F > 0 if 


mo? = gt?m®, g= Y2 -+ 2040 + 20952 + 31104 — 54168 < 2332, 
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and therefore if 
A = 56i + 40m + 233¢ + 12m — 8t + 82(m— 8t) = 134m + 35t. 


The gaps are = # to 77m -+ 26¢ in T. and thence to 184m -+ 34¢ in To after 
annexation of m -—t -+ 15m + 61 + 2(86m + 9t). 

Finally let m = 2t +v. In view of $$ 17, 18, it remains to consider 
only the case 0 << 2u<t In Ts, the gaps are S# from 27m + 9t to 
R8m + 17t. Hence by $ 18, the gaps are = ¢ down to a == 112m + 32t and 


> een B=113m + 31t to 400m + 58%, We employ the entries 


c= 117m + 208 = 254i -+ 1170, p= 118m + 18t — 254t + 118v, 
o = 118m -+ 194 — 2558 + 1180, r= 119m + 174 Q5BE + 1190. 


(i) Let 5u>% Then the gaps from «& to B are all < t For, if 
bu = 2t, then e— «x = 5v—2i < $ since 5y < 60 < 3t, p—e—v, y—p 
= t—v, B—y=—2t— 4v < t since 8v > 5v = 2t, and these differences are 
all = 0. But if bu < 26, then y—a = 5v — t, o— y =v, B— o = 2t — By 
are all positive and < #. 


Gi) Let 5v¢. Then ô, c, and r are the only possible entries between 
g and B in Ta 
First, let {= 7v. We drop 8 = 8. If 6v < t, we drop also g < « and 
have i 
r— a= Ww —t Z0, B— r= 2t— 60 >t 


But if 6v = t, then o — a = 6v — t, r—o = v, B — r = 2t — 6v are all Z 0 
and © #, whence the gaps from g to B are Si. 


Second, let 7v < t. We dropo<a,r<a. Then 8—-8 = t— Ww and 
there is a gap 8v from «@ to à. 

In summary, there is a gap > t if and only if 6v < ¢ < 8v, while the gaps 
are all = ¢ to 400m + 58t if t = 6v or t = 8v. 

IE v = 1, then t= 3,» -, 6 or Z8. Is e, =i— 1? | 

For {== 8, m=", e, —®, either of our methods gives d—10. Then 


F == m*D* — 6250mD — 2658761 > 0 if MD = 6650, 


and hence if A = 1010. But the gaps are 5 t to 180m + 34i == 1012... ° - 
For t==4, m = 9, e, == 3, either method gives d—=12. Then 


F = m?D® — 41940mD — 9573714 > 0. if mD-= 42168, ` ` 
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and hence if A = 4762. This exceeds the limit 400m + 58¢ == 3832 of our 
tables. 

= Fort=5, m= 11, or t= 6, m = 13, or t= 8, m = 17, the use of odd 
b’s only gives d == 14, 16, or 20, respectively, and leads to values of A beyond 
our tables. 

When v = 2, let first ¢ be even, f==27. Then m—2M, M —RT +1. 
Then f(z) = 2F (x), where F(x) has the parameters T and M. In certain 
cases we just proved that its e, is T— 1, so that every positive integer is 
a sum of r and four values of #’(a—2) where r — 0, : : -, T—1. Hence 
every even integer is a sum of 2r and four values of f(#—2). Thus every 7 
odd is a sum of 2r -+ 1 and four such values. Hence every integer is a sum 
of R and four values, where R= 27—1. Thus e, = t— i for f(z). 

For v = 2, t= 5, m = 12, e, = 4, either method gives d—10. Then 


F = m° D? — 42000mD — 23263488 > 0 if mD = 42547, 


and hence if A = 8650 == 300m -+- 104, and the proof is complete. 
But for v = 2, t = 7 or 9, d = 12 or 14 and A is too large. For v= 3, 
t=, d= 10. 


THEOREM 18. If k == 2, t > 1, m = 2t, the minimum of s + es for s Z 4 
is L of Theorem 13 when 2m > 9i, m Æ 5t, and when m—=2t+ 2, 
6v < t< 80; but is 4 -+ e, =t + 3 = L—1 when m=2t, m = 5t, 
5t = 2m S 9i, and for certain (and probably all) cases of m =t + v for 
which either t & 6v or t = 8v. 


22. The Case s= 4, k—3, t>1, m= 2t. If m> 6t, see 820. We 
need the following part of table 7: 


38m + 2, 5, 7 — 15, 17 — 19; 39m — 2, + 5 — 9, 11 — 17, 19; 
40m + 1— 3, 6 — 20; 


all entries gm + ht with g = 37 have h = 19; all with g = 41 have h =1, 
except for 46m — 1. Hence if 5t < mS 6t, there is a gap m — 4¢ > t from 
88m + 15¢ to 39m + 11t in T} If m = 5i, e, —t—1 by § 21. 

Let m = 4t +v, 0Zv<t We shall prove that e,==f—-1. Since 
this is true by § 21 if w SZ, let 2v > t, whence 2m > 9%. If B==1 (mod 4), 
we employ § 21 unchanged. If B==3 (mod 4) we employ after [8¢] the 
set [4¢-+-m] there ignored; it terminates with 5t + m = 1 > 2m —1. If 
8==0 (mod 4), we must use the new value b == 8 + 9, which gives the set 
[9é— m]; we insert it before [m]. If B==2 (mod 4), we must use also 
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b==8-+-9; we place the new set [9¢] at the end; it terminates with 
10: — 1 > 2m—1. In each case we may take d == 10. Then . 


F = mo?’ — 264m — 30241°m? — 9306im° — 3630m* + 240m ° 
-+ 264tm? + 726m, 


where w==D—70t—5im-+4. Multiply 2m > 9t by 30m, 5t > m by 
9306im*, and 25 > m? by 3630m*. Hence F>0 if mo? = tm, 
l == 60 + 3024 +. 46530 +- 90750 — 140364 < 375% But A = D+ 40, 
C = 6m — 3t. Hence F > 0 if 


A Z Yöm + 433t + 44(2m — 9t) = 163m + 374. 


To 7, we annex 27m + Yt == 6m — 3i -+ 6m + 4t -+ 15m + 6t, which is 
a sum of three and hence of four values of f(s — 3). Hence by $ 21 the gaps 
in T, are St to 163m +- 874. 

Next, let m = 2t +v. The only possible numbers between & and £ in 
T}, but not in T,, are 120m -+ 14f and 128m -+- 6t. They are both < & in 
the case 6v < & < 8v in which there was a gap > t in Ta. 


THEOREM 19. If k= 3,t > 1, m Z 2t, the minimum of s -+ es for s Æ 4 
is L of Theorem 13 when m > 5t, and when m = 3t + v, 6v < t < 8v; but 
is 4 -+ e, = t + 3 = L— 1i when m = 2t, Bt S 8m S 10t, and for certain 
(and probably all) cases of m = 2t + v for which either t = 6v or t Z 8v. 


23. THEOREM 20. In k= 4, t> 1, m = 26, the minimum of s + es for 
sZ 44s L of Theorem 13 when 2m>111, and when m == 2t -+ v, 6v < t < Bu. 
But it is 4+ e, = t -+ 3 = L— L for certain (if not all) cases of m==2t+, 
t= 6v or tZ 8v, for m==2t, for BKS ?m& 10t, and probably for 
10t < 2m S 11t since then E,( A) =t—1 if AS 354m + 55i and tf 
A = 689m + 754. | 


If m > 66, see §20. If 5t = ms 6t, there is a gap 2m—10¢ from 
B= 69m + 21¢ to C=Vim-+11t in TA: 


69m-+4, 7, 9—13, 15—21, 23—25; YOm-L3, 8—10, 12—15, 1719, 2125; 
Y1m—1, -3—8, 11—17, 19—25; Y2m-L8, 6, 8—26; 738m-+2, 1—13, +. 


Any entry gm + ht with g = 68 has k = 25 and is < B; any with g 274 
has k = — 2 and is >C. Also, 70m -+ 156, TIm -+ 8t, and 72m +- 3t are 
= B; 69m + 23t, Om + 17t, 72m + 6t, and 73m -+ 2t are Z0. This 
proves the theorem if 2m > 11t. 

Let m = 2t-+v. In the case 6v < ¢ < 8v in which there is a gap ># 
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in T; (and T3), table T, contains no entry, not in T, which is between a and 
B of § 21, whence there is a gap > € in T4. 

j It remains only to consider the case 10t < 2m S 114. Is e, = t— 1? 
We obtain d == 16 by using only odd values 8, B+2 -:, B+14 of b. 
Write [7] for the set j, 7 -+1,-°-,j+¢—1. Take b— B, B+ 6, 8+1, 
B +2, 8+8, 8 +14, B +4, B+10. We obtain the overlapping sets 


[0] [6t — m] [126— 2m] [2t] [8t— m] [14€— 2m] [4t] [104 — m]. 


The final number of the last set is 11i{— m — 1 = m — 1. The same d == 16 
is obtained by the method of § 21 and also by the use of modulus 8m instead 
of 2m. We get 


F == mu? — 408m + 472t2m? — 65142tm° — 105840m4 
41. 2442m + 504¢m? + 2646m°?, 


where w= D — 112: — 300m +-4. Then F>0 if 021887. But 
A = D + 40, C = 10m — 4t, A = 40 + 1126 + 300m — 340m + 96t. Hence 
F>0 if 

A = 18874 + A + 381(m— 5t) = 721m + 781. 


We may lower this limit by subdivision of the interval from 5¢ to 5.54 
for m. Making five equal divisions we find that the successive values of À 
in o = ht are 1757, 1789, 1822, 1855, 1887. To h + À add 356(m—li)= 0 
for [= 5, 5.1, 5.2, 5.8, 5.4, respectively. The respective limits for A are 
696m + pt, where q = 73, 70, 67, 65, 61. * The essential point is the decrease, 
so that the maximum A is to be chosen. 

Let the number of equal divisions increase indefinitely. Hence at the 
first step we have m approximately 5t, and F > 0 if o > 17241. We add 
A + 349(m — 5t) and obtain the best limit * 689m ++ 75t for A. 

We test values of A below this limit by a table ¢, of certain sums by four 
of values of f(a—4), which includes table T, to 144m, table Te for larger 
numbers, the above entries 69m + + - -, and the following, in which p=m—t, 
q = 6m — 3t, r= 10m — 4t, and (z, y) denotes am + yt: 


* Approximately 4 times the value 171m + 19t of f(x). 
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(10, 0) = p+qt+1-+ (3, 3), (16, 4) = g+1+1+ (10, 5), 

(20, 4) = ptq-+ (3, 8) +(10, 5), (27,7) = r+(1,2)+(6, 4) + (10) 
(30,8) = q+1-+ (3, 3)+(21,7), (35, 4) = p+q+ (28, 8), 

(40, 5) ae p+r+ (1, 2)+ (28, 8), (52, 12) = q+1-+ (10, 5) + (36, 9), 


(76, 14) = g+ (1, 2)-+(8,8)-+(66, 12), (104, 20) = g+2(10, 5)+ (78,13), 
(148, 28) = p-+2(21, 7) + (105, 15), (159, 27) = p-+-(1, 2)+(66, 12) +(9 
(164, 28) = p+ (3,3)-+ (55, 11)-+ (105, 15), 

(164, 29) — p+ (6, 4) +-(66, 12)+ (91, 14), 
(168, 28) — p+ (10, 5)+ (21, 7)-+(136, 17), 

(176, 28) — p-+ (3, 3)+ (36, 9) + (136, 17), 
(191, 27) = r+ (6, 4)-1 (55, 11)-+ (120, 16), 

(194, 83) = p+ (28, 8) + (45, 10) 4-(120, 16), 
(200, 31) = p+-(8,8)-++(91, 14) + (108, 15), 

(202, 25) — 8m—2t-+ (28, 8)+ (171, 19), 
(202, 26) = p+ (1, 2)-+ (10, 5)+ (190, 20), 

(202, 27) = q+ (10, 5)-+(15, 6)+{ (171, 19), 
(207, 27) = p+ (1, 2) + (15, 6)-+ (190, 20), 

(228, 29) = 3m—2+ (105, 15) + (120, 16), 
(248, 36) = p-+-(21, 7)+ (55, 11)-+ (171, 19), 

(260, 36) = p+- (10, 5)+ (78, 18) + (171, 19), 
(278,33) = p+ (1, 2)+ (45, 10) -+ (281, 22), 


where each (a, b) in the right members is a value of f(z). In this £, the gaps 
are St to 354m + 55%. Write m = 5t-+-v. Then w St. We employ the 
gaps 2v beginning with (17,18) [and ending with (19, 3)], (33,18), (38,15), 
(53,21), (74,23), (90,23), (95,25), (106,23), (121,29), (136,35), 
(139,33), (142,81), (157,37), (166,38), (172,39), (173,37), (189, 37), 
(194, 89), (198,41), (200,35), (205,37), (210,39), (216,43), (226, 39), 
(241,45), (257,45), (262,47), (278,45), (276,43), (278,47), (289, 45), 
(294,47), (804, 51), (310,47), (825,53). Finally, we replace (19,4) by 
18m +- 9t + v, and similarly replace (27,9), (35,4), (97,16), (108,15), 
(108,22), (115,25), (123,25), (130,27), (169,29), (174,31), 207, 33), 
(212, 30), (228, 31), (237,37), (283,41), (298,43), (321,45). Since there 
are no annexations * after (278,33), and a rarer use of the two devices, with 
none after (325, 53), it is highly probable that the gaps are <= ¢ to the above 
limit (689,75) beyond which the gaps were proved = t. 


* None are necessary after (1542, 156). Taking 6=8 in (32), we find that F > 0 
if w > 409464. But w = A — 112}: — 732m + 4. We add 810(m— 5t) to the limit 
for À. 
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24. Casek—5. First, let m = 2t-+ v, 60 < t < 8v. Then T, contains 
G = 121m + 184 = 15m — 5t + t+ m-+ 2¢+ 105m + 154. 


We may now pass from @ to 8 by gaps &¢ since G— a= 9v —t and 
B—G = 2t— 8v are both >0 and <t. By §21, the gaps are =i to 
400m + 58%. For eg==t—1, either of our methods gives d = 18. 

Next, let m = 5t -+ v, 2w > € From T; we need 
54m—5, —3, —2, 0, 1—15, 17—19, 21, 22; 55m—19, —10, —8, —3, 0, 1, 
3—9, 11—17, 19—23; 56m—6, —3, 1—3, 5, 6, 8—23; 5Ym—6, 0, 1—5, 
%—13, 15—21, 28; 58m—4, —2, —1, 0, 3—11, 13—23; 59m—4, —3, —1 3 
0, 3—9, 11—17, 19—23; 60m—20, —9, —1, 2, 4-7, 9—24; 
while all earlier entries are = a = 53m -+ 211, and in every later entry 
gm + h, g = 61, h = — 8, whence it exceeds y == 56m + 5t. Now 54m+15, 
55m + 9t, 56m+ 3t, İm — 6t are Sa, 54m + 174, 55m +114, 57m, 
58m — 4t, 60m — 9t are = y. Hence the only possible entry between g and y 
is ô == 60m — 204. 

If 7v = 6t, we drop ô = « and have a gap 8m — 16t = 3v — t > 0 from 
œ to y. I w > 6i, 0 < 8—a—Yo—b6iSi, but y— ò= 25t — 4m 
== ği — 4w Z t since t==v. Hence between « and y there occurs some gap 
> tif and only if 


(52) wE <w or w> 6b, Lt >. 


But we can pass from g to y by gaps = t if either 3v S 2¢ or v =t. 

If 3v = 2t < 4v, the gaps are = £ at least to 354m + 55t. The proof 
is similar to, but longer than, that at the end of §23. For example, to 
(304, 51) we add 3v — t = ¢ and obtain (307, 35). Likewisc from (325,53), 
we get (328,37), which is the sum of m— t, (6,4), (45,10), (276, 24). 
We annex the sum (312,36) of m—t, (3,3), (55,11), (253,23). After 
these changes, the proof in $ 23 shows that the gaps are = from (296, 50) 
to (354,55). The least v is 2 and then {— 3, m == 17, and either method 
gives d = 22 and hence a very large limit for A. 

If b— ż¿, then e,==-2+—1. Since m= 6t, the maximum gap is the 
product of ¢ by the maximum gap 2 when ¢==1, the first one being then 
from 979 to 981 (Bulletin, II). This fact indicates the delicacy of the 
case k = 5. 


THEOREM 21. If k=5, t>1, m= 2t, the minimum of s+ e; for 
s 24 is L of Theorem 13 when m= 6t and when m= 5t 4-v, subject 
to conditions (52). In all remaining cases, it is doubtless 4+ e, =t -+3 
== L— 1, but complete proof has not been given in special cases. 


3 
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25. THEOREM 22. If k>0, m22t, t>1, 38 Les is equal to or 
greater than the minimum s + es for s = 4, except possibly when both k Z 5 
and m = 4t, a case not examined. 


We employ the existence of a gap A= m — 4i from 3t to m— t if 
m = 4t, gap B == m — 3t from m+ 4t to 2m + tif 4t = m S Št, gap C = 21 
from 2m — t to 2m + t if m = 5t, gap D = 3t from 3m to 3m + 3t if m Z 6t 
or if k = 1, m = 5t, gap E = 3t from 5m + 4t to 5m + Yt if k — 1, m Z 83t. 


(I) ¢>1. First, let m= 7. By A, g=3-+ 4;(m—t—1) 

w= mm —4t+2. We use the notations of Theorem 13. If u=7, v=—0, 

then g — L = (u— 5) (t— 1) > 0. If u Z 7, v Z 1, g— L = (u—d) (i—1) 
-+-y—1 > 0. 

Henceforth let m =ut +v, 25uS6, 0OSv<t. Theorems 17-21 
state that the minimum M of s + es for s = 4 is either t -+ 4 or t -+ 3. Then 
8 Le; = M if e >t or > t—1 and hence if there is a gap > {+1 or 
> t, respectively. If u = 5 or 6, CD E+T. 

Letk—=1 Ifu>2,# >t+1. Letu—®. There is a gap b—4i--m 
from 3m to 2m -+ 4t if m S 4t. Either b = 2t —v >1-+1 or t—v =]. 
In the latter case, 2v = t and M = t + 3 by Theorem 17, whence b > 1. 

Henceforth let k > 1, u S 4. First, let u—4 Then B > { + 1 unless 
m — 4i or 4i + 1 and then M = t + 3 by Theorems 18-21, whence B >i if 
m = 4t + 1. When m = 4t, there is a gap 2¢ beginning with 41t if k = À, 
79¢ if k= 3 or 4, 98t if k = 5, 215¢ if k = 6, 292¢ if k — Y, 409i if k = 8 
or 9, ete. 

There remain the cases u == 2, u = 3, with k =2. By Theorems 18-21, 
we have M — {+ 3 and seek a gap >t, except that M =t -+ 4 if u—2, 
k == 2, 3, 4, m = 2t + v, 60 < t < 8v, and then we seek a gap > t+1. 

Let u = 3. If w Zt, there is a gap >t from 4m — 2t to 3m + 3t. 
Hence let Ru < t. If k—2 or 3, there is a gap t + v from a == 16m + 6t 
to B = 17m -+ 4t, while if v = 0 there is a gap 2¢ from 8m + 8i == 10m + 2t 
== 13m — Ti to 10m + 4t = 123m — 2i. If k = 2, there is a gap 3v from 
Im + 5t to 5m — 4t. Hence let 38v S t. Let also k— 4. The only*possible 
entries between « and B are y = 20m — Tt < B and è = 2im— 9t =a. First, 
let t < 4v. Then ô >B, y>. While y—a <t, we have a gap B—vy 
== Qt — 3v > ¢ unless { = 3v, and then there is a gap 4v > t from 22m + 104 
== 2500 to 23m + 8t = 26m — 2t = 254v. Finally, if k = 4, t = 4v, there 
is a gap € + v from 19m + 12é to 20m + 10t. If also v = 0, whence m = 34, 
there is a gap 2t from 1124 to 1144. 

Let u= 2. If k = 2, there is a gap 4t — m from 7m to 6m + 4t. It 


: Dickson: Additive Number Theory for all Quadratic Functions. 55 


exceeds £ and also t -+ 1 if t > 6v0. For k = 2, there is a gap 8t — 3. 
from 5m —- 4t to 2m + 4t. It exceeds ¢ if t> 3v and exceeds ¢+1 i 
t > 6v0. Henceforth let t = 3v. 

” Let u—2?, k==3. The only possible entry between p= 12m + 3t and 
o == 10m + JE is r= 15m — 3t. If 5v Z 2t, then +r 2c and the gap from 
p to o is 2t— 2w, which exceeds ¢ when {> 3w. But if 5v < 2f, the 
gap from p to r is 38v Zi When 8w == t, then m — Yv and there is a gap 
4v > t from 14m + 2t to 12m + 8t. Finally, let t & 2v. The only possib'e 
entry between a == 16m + 114 and B— 17m + 10t is y= 19m + 3t. It 
3v <= 2t, then y =a and there is a gap 8— &« =t +v >t. But if 3r > > dl 
the gap from y to B is 34 — 2v >t. 

Let u — 2, k= 4. If 2¢ > 3v, there is a gap 3t — 3v > t from 22m+°t 
to 19m + 114. Hence let 2= 3v. If also 4v = 84, there is a gap 3x — izi 
from 23m + 11t — 6 to 26m + 4t = e. But if 4v > 3t, 27m lies between ô 
and e, while e— 2%m = 2t —v >t. There remains only the case 3r = 2,. 
There is always a gap 2v from 40m + 14t to 42m + 10t. Here 2v >t. 


26. THEOREM 23. Ift—1,k >0,m Z2, 3 + e, ts equal to or greater 
than the minimum s + es for s = 4 except possibly when m = 4, i > 9, and 
when m = 3, k > 14. 


We employ gaps noted at the beginning of §25. If m = 7, 3 + 4 —1 
=== m — È is the minimum M in Theorem 14. If m = 6, 3 + D — 1 = 5 — M. 
The same holds also if m = 5, k= 1. But if m = 5, k Z2, 84+ C: 
= 4 = M. If m=3 or 4, k= 1, 3+ E—1=52Z M. If m=3 or 4, 
k = 2, it suffices to exhibit a gap 2, whence 3 + e, Z 4 == M. For m= 4, 
this was done up to k == 9 in § 25, case u— 4. For m == 3, there is a gap ? 
beginning with 32 if k=? or 3, 112 if k= 4, 134 if k= 5 or 6, 449 i 
k== 7 or 8, 1562 if 9 S k S 13. 


27. THEOREM 24. If* k= 1, 2, 3, 4, m Z 2t, 2 + e, is equal to or 
greater than the minimum M of s-+ e, for s = 4. 


Consider a table R, of sums by two of values of f(z— k). In both R, 
and R» there is a gap from «89m + 12: to B-— 42m + 13t and 
2 + E,(B—1) =3m +t +12 M by Theorems 13, 14, 17, 18. In both 
R, and À, there is a gap from a to y == 42m + 6t, and g = 2+ E:(y— 1) 
= 83m — őt + 1. If m Z 3t, then gZ M. If t=1, m= 2, then g= 1; 
but there is a gap from 5 to 8 in a table of sums of two squares, whence 


* Also if k = 5, except possibly when t > 1, m < 3t. 
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2+ H,(7) =4= M. In Rs, the new entry 43m + 8t is = y if m= 3t and 
then g = M. 

For k = 1, 2, 3, 4, and m = 6t, there is a gap from 115m + 20¢ to 
§ — 120m + 164 and 2 + #.(8—1) = 5m —4t 1I i44. | 


28. Preliminary on k > 0, m <Rt. The first remark in $ 10 yields 
THEOREM 25. If k > 0, m=i, s = 3, then es —i—1. 


Since k > 0, we have m= t by §2. Hence it remains to treat only the 
case m >t. It will greatly facilitate the discussion to write m= £ + q and 
employ the parameters t and g instead of ¢ and m. We have 0 < qg < t. 
While the values = 2 of k may be treated together (in Part IV), a separate 
discussion is necessary for k = 1. 


Part It. Tue Case k=1,m=—t+4,0<¢ <t, §8 29-32. 


29. THEOREM 26. Jf tS 8q, es==q—l. Jf tS (s—1)q, s206, 
€s = q — 1. 


No smaller es will serve since (35) implies that no value of f(æ—1) 
lies between 0 and g = f(— 1). 

We can find a small value of À in (87) which is congruent modulo m to 
any assigned integer. 

If s — 5, we employ the values t= — q, m + 2t = — 2q (mod m), 0, q 
of f(z—1). Adding 0, 1,:::,q—1 to each, we get 4g = m integers R 
congruent modulo m to the consecutive integers from —-2q to 2q — 1 in- 
clusive. The maximum such & is m + 2t + q — 1. 

Ii s=6, we add 0, 1,:°-, g—1 to i, 3t, ¢+m-+ 2, 0, gtt, 
(s—4)q and get sg = m integers À congruent modulo m to the consecutive 
integers from — 3q to (s—3)g—1. The maximum such À is the greater 
of m + 3t + q— 1 and (s—3)q—1. : 

We choose À so that A = N — R is congruent to 4C -+ tb, whence (44) 
determines an integer (a— 3b) /2. Since n < 0, F in (24) is positive for 
every D. Take A=4m—2t. Then (43) holds since (m — t)? + 32? > 0. 
It remains only to examine integers less than the sum of 4m — 2¢ and the 
preceding maximum À. If s = 5, they are less than the greater of 66 + 6g—1 


and 2t + (s+1)g —1. 
We obtain overlapping sets of consecutive integers if we add 0, 1, : °°, 
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| g— 1 to the following seven groups of sums of s of 0, g, t, k=m + Rt 
= 3t + q: 

je, jitt ge f+(s—2)g (j == 0, 1, 2); 
: Bt, x, k++ gett, K+ (s—1)q; 

kti«ti+g,:::, etA (s—2)q;3 

Kk + RE, K+ RE + gq, * "sy k + 2t + (s—3)q; 

6t (if s > 5), k + 3t, 2k, 2x -+ q, Ae + 2q, Rk + 3q. 


30. THEOREM 27. If k= 1, m =t 4q, 0 <q <t, then es = t--2q—1 
for t = 3q, es = t—(s —2)q — 1 for t Z (s —1)qg, sZ 6. 


No smaller value of es will serve. For, if s = 6, no sum of s values cf 
f(s— 1) lies between p = 2t + (s—2)g and 34. In fact, 0, g, t are the 
only values of f less than 3t. But if we use a single 7, the maximum sum Js 
t + (s—1)g < p, and sq <p. Next, if s = 5, no sum of s values lies b- 
tween 5t + 3q and 6t + q. The values not too large are 0, q, t, x == 8t +4. 
The sum 2« is too large. The case of a single summand x is excluded, since 
no sum by four of 0, q, t lies between 2t + 2q and 3t. Finally, if « is not 
used, the maximum sum 5t is too small. 

We can find a small value of R in (37) which is congruent modulo m io 
any assigned integer. 

If s = 5, we add 0, 1, : > <, es to q, and add only 0, 1,: ° °, 0—1 5S °; 
to 0, ¿t= — q, m+ 2t==—2q (mod m). We get m == t -+q integers R 
congruent modulo m to the consecutive integers from — 2q to t-—q-—-1 
inclusive. The maximum such R is m + 2t + q — 1. 

If s = 6, we add 0, 1, : >, & to (s—4)g, but add only 0, 1, : " >, 
q— iSe; to t, 3t, i+ m + 2b, 0, g, z -, (s—5)q. We get m=i +q 
integers À congruent modulo m to the consecutive integers from — 3q to 
é— 2q — 1 inclusive. The maximum such Æ is p = m + 3t + g — 1. 

We proceed as in § 29. It remains to examine integers < 4m — Ri -+ p 
—o. We employ the seven groups of sums of s values of f(æ— 1) given at 
the end of §29. To the final entry in each group except the last, we add 
0, 1,-* -, es; to all remaining entries we add only 0, 1, -:-,qg—1. We 
obtain seven overlapping sets of consecutive integers which include 0, 1,- -:, 
o = 6i + 6g— 1. 


31. THEOREM 28. For k—1, m=t+9,0< 9 <1, write L for the 
least S -+ es when s Z5. When q =1, L=t -41 if t25 (given by s —6, 
7, ,oré+1), L=t+ 2ift=—3 or4(s=—5), L=5 if t=2 (s=5). 
When q> 1, write t=pa+p, OS p<g. Then LD==q+q+1 if p—4 
or if p= 5, p >0 (s=p+2); L=—p+g¢q tf pZ 5, p=0 (s=p+)); 
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L=q+5 if p=3, p> 0 (s=6); L=q4+4 if p=3, p=0, or if p—1 
or 2 (s—5). 


The proof by means of Theorems 26 and 27 is similar to that in §§ 7, 15. 
We next seek the cases in which 4 + e, < L. 


THEOREM 29. With the notations of Theorem 28, we have 4 +e = L 
of t > Rq, but e, = q — 1, 4 -+ e, = L— 1, if és 4q = 3t and doubtless if 
merely t = 2q, with certainty for integers = 4734 + 427. 

In a Table T, of sums by four of values of f(e — 1), there is a gap from 

+ 2q to 6i +- q, and A = 4 -~+ E, (6t +- q — 1) =t — q + 3. 

First, let £ = 2q, whence m == 3q, f(x) == q e(@), where e(z) = p,;(—x) 
is an extended pentagonal number. By Bulletin, ITI, every integer = 0 is a 
sum of four numbers chosen from 1 and values of e(z). Hence every mul- 
tiple of q is a sum of four numbers chosen from q == f(— 1) and values of 
f(x). Hence e =q — 1. 

Second, let t > 2q. TË q = 1, à =t -4+2 Z L. Next, let g > 1, whence 
p = 2 in Theorem 28. Then 


A— (p +4 +1) = (p—2)(q—1) +p Z0. 


Hence if p—0,1—{p +q) > 0. I£ p= 3, p > 0, à — L =p + q —2 > 0. 
If p = 3, p= 0, A— L =q —1 > 0. Finally, if p== 2, then p>0,A—L 
= p— 1] Z0. In all these cases, À = L. 

Third, let £ < 2q. Thent=q+p,0<p<q. By (39), n =—4q—p, 
C =q. Then 


U = 24mD — 48qp — 15p’, 
V = 2mD + 129° + 6qp + p” + 4g + 2p. 


(I) Let 9 = 2p. We shall prove that e, =g —1. Write [7] for the set 
Litl, ::,j}+g—1. For bp, B+ 2, B+ 4, B-+ 6, and r—0(, 1, 
‘* +, q—1, the values of b¢-++-7 are congruent modulo m to Bt plus the 
numbers in the overlapping sets [0], [p], [2p], [8p], since 2t == $. The 
largest number of the last set is 3p + g—1 Æm—1. Since the four sets 
include a complete set of residues modulo m, we have d == 8. Then 


P= 24q -+-18p, W = 38mD — 120° — 84qp — 23p?, 
F = m?D? — 960mg°D — 1056mgpD — 288mp?D + 16mqD + 8mpD 


+ 23049! + 7488q%p + 7668q%p? — 768g? — 1344q%p + 3162qp° 
— 756qp? + 456p* — 138p5 + 64g? + 64qp + 16p?. 
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The terms involving D suggest the substitution 
mD = 960g? + 1056qp + 288p* — 16q — 8p — p. 


Multiply this by mD and make the same substitution in pul. Write 
p= rq” + ygp + zp. In F the coefficients of the terms of degree 4 in q 
and p are now all positive and small if s = 2, y = 5, z= 1. Then 


F = 169p' + 676gp + 881q°p° + 596q°p + 388q* — 736g* — 1248q°p 
= 700qp° jus 130p’. 


If p == 1, then q = 2, F >0. If p= 2, the term involving g‘pi is numericalh #7 
less than that involving g‘p?*} for 4, 7 = 0, 1, 2, 3, whence # > 0. Division of 
mD by m = 2q¢ + p yields the remainder — 2gp and quotient 479g+287Tp—8. 
Since À == D+ 4g, PF >0 uf 


A = 4839 + 287p + 20(q — p) = 503g + 267p. 


To this point in table T, the gaps were verified to be = q. 

(IL) Let 3p Zq > Rp. Is & —g—1? The use of the further value 
b — B + 8 and hence the set [4p] gives d == 10 as in (I). Also the method 
of § 21 yields d= 10. We find that 


F = m° D? — 1744mq?D — 1868mgpD — 498mp?D + 16mqD + 8mpD 
+ 10816q + 27616q%p + 2485692? + 1311p* + 9498qp° 
— 16649 — 2720q°p — 1460gp* — 258p + w’, w = 8q + 4p. 


Proceeding as in (1), we get z = 6, y = 9, z = 2, and find that F >O if 
D = 869q + 496p. But A =D + 4q. Thus F> 0 if 


A = 873q + 496p + 15 (q — 2p) = 888q + 466p. 


To this point (and on to 900g + 4739), it was verified that all gaps in 7’, 
are = g when p= q. 


(III) Let g> 8p. Since the preceding verification becomes nearly 
automatic for large numbers, it is highly probable that eg==q-—-1. Proof 
would be long since d = 12 by either method. 


32. THrorem 30. If k—1, m=t+9,0<q <i, both 3 +e; and 
2+ e, are Z L of Theorem 28. 


In a table of sums by three of values of f(s — 1), there is a gap from 
5t +q to a = 6i + 2g, and 3 + £3(a@—1)=—t+q+2= L in all cases. 
In a table of sums by two, there is a gap from 4t + q to a, and 2 + E,(a—1) 
= 2t+q¢-+1, which exceeds i+ q +2 ZL. 
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COROLLARY. If t > 2q, the minimum of all s+e, for s=1 is L of 
Theorem 28 and is given by a value Z 5 of s. But if t S 2q, the minimum is a * 


A+ e, =q -+ 3. 


PART IV. THE Cassk22,m—t+4,0<q <t, §§ 33-41. 
38. THEOREM 81. If s25, tS (s+1)q, then es = g —1. 


No smaller es will serve since no value of f(æ— k) lies between 0 and q. 
For, if p > 2, f(— p) exceeds e = f(— 2) = 3m — 24 = + 8q. 

There exists a small value of Æ in (87) which is congruent modulo m 
to any assigned integer. 

If s = 5, we employ the following values of f(z—%): 


(53) e= 2q, q, 0, t= — q, m+ 3t = — 2q, 
3m + 3t == — 3q, 6m + 4t = — tg (mod m). 


Adding 0, 1,: >- +, q— 1 to each, we get Yq = m integers À which are con- 
gruent modulo m to the consecutive integers from — 4g to 3g — 1 inclusive. 
The maximum such R is 6m + 4t + q — 1. 

If s = 6, we employ 


Re + (s— 6)g = (s—2)q, e+ (s—5)g = (s—3)g, (s—4)q,° °°; 
(54) q, 0, t= — q, 26 == — 2g, t + (m + 2t) =— 3q] (mod m). 


Adding 0, 1, >- -, ¢-~1 to each, we get (s+2)q = m integers R which are 
congruent modulo m to the consecutive integers from — 3q to (s—1)q—1 
inclusive. The maximum such À ïs the greater of 2t + (s + 1)q— 1 and 


m + 3t + q —1. 
First, let ek = 2. Then 
(55) — 2(—-5m, O = 3m — i, Á= D + 4C. 


We employ a single odd b and apply § 4 with d ==2, e, —0. Then P 
is negative, and only the minor conditions are to be satisfied. We håve 


167 — U = 8mA + 151m” — 100mt + 28E — 3ème, > 0, 
for every À = 0. Here (14) becomes 
3A = 23m — 8t— Al? /m, 


which holds if A = 8m — 3t. Then 
U == 24mA + 364? -+ 36mti-— 135m? > 0. 
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It remains only to examine the integers less than the sum of 8m — 31 
and the preceding maximum X. For s = 5, these are less than the greater 
of 154 + 15q — 1 and 7t + (s +-9)q— 1. The left column of the following 
table contains only sums of s values of f(æ—2). Consecutive entries in any 
line differ by q. To each entry we add 0, 1,'' :, g—1. We therefore 
obtain a set of consecutive integers terminating with M — 1, where M is 
listed in the right column in a relation M = Q found by use of (s + 1)q Z£. 
Since Q is the first entry of the next line of the first column, the sets of con- 
secutive integers overlap, and hence together include all integers from 0 to 


15¢ + 15q — 1. WO 
0:6, * "5.89 (sti)g=at 
Lt+q i +-2¢, etjg (1=0,::",s—3) t+(s+1)q Z? 
24, 2 + q, 2t HR, t + e + 39 RE +(s+1)g = 3 
Bt, 3t + q, 3t + 2q, 2t + e + jq 3t +(s+1)g 21 
4t, x +t +ig (—0,1,8),e+k + jg tt +-(s+2)y 25 l 
c+ 2¢-+19,t+¢ TE Bi+(s+2)q¢ = 6 +: 
«+ 3t, 2x, À + pq (p = 0," , 8—1) Gt +(s+8)g 274° 
HAL ge Aug (u—0, =, 8—2) VE+(st5)qg=8 ! 
ee E A 8t+(st4)g= N t. 
K ge » € 3 > tof 
f rir lla aes 0 I + (s+6)q = 10 
k+rA+t+q, w+ pq 106 +(s+6)g = 114- 
k+A+ 8 +, pt + ug lit +-(s+5)q = 134- 
4x, 4x + g, 2A + ug 13t +-(s-+5)q = lët- 


a E ee k + u + ug 136 -+ (s4-6)q = 14i-- 
k + A + 2t, RA + RE +29 (z= 0,1), "4. 
i etptitgte, «fete ig a 

K + eA + lg v + pq 154 + (s-+10)g Z 167- 


+ 


The case k > 2 of Theorem 31 is a corollary to the case k = 2. 


34. THEOREM 32. If k2z2, m—t+g, 0<g<i, tZ (s +1), 
s = 5, then es = t— sq — 1. 

No smaller value of e, will serve. For, 0 and q are the only values < t 
of f(x — k), whence no sum of s values lies between sq and t. 

Ii*s = 5, add 0, 1, ` ', es to the first number e in (53), but add only 
0,1, © +, q— 15S es to the others. We get t + q == m integers R which are 
congruent modulo m to the consecutive integers from — 4g to t— 3q — 1 
inclusive. The maximum such Æ is 6m +- 4t + q —1. 

If s=6, we proceed similarly with (54) instead of (53), and get 
t+ q=m integers R which are congruent modulo m to the consecutive 
integers from —3q to —2q—1 inclusive. The maximum such R is 


m + 8t + q — 1. 
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As in § 33, it remains only to examine the integers less than the sum 
15¢ + 15g—1 of 8m—8{ and the larger of the preceding maxima. We 
employ the left column of the table in § 33. We now add 0, 1, © +, gs to the 
last entry of each line and obtain Q — 1, where Q is the second member of the 
inequality in the right column. 


85. THEOREM 33. When k = R,m—t<+ 0,0 <q <t, write L for the 
least s + es for s 25. When q = 1, L= t— 1 if t Z6 (given by s=5, 6, 
-+ or t— 1); L= 5 if t=R, 8, 4, or 5 (s =5). When q > 1, write 
w= p +p Spg Then L=p+q—1 ff p26, pĒ1 (s= p); 
L=p+q—% if p=6, p=0 (s=p—1); L=q +4 f 1=<p=5 
(s= 5). 
This follows from Theorems 31 and 82. 


36. THEOREM 34. If q—1, 4 -+ e, < L only when k & 2, t=? or 8, 
and when k Z 3, t= 4, and then 4 -+ e, = 4 = L — 1. 


Here == m — 1, f(x) —e(x) = 4m(z? + z)— zx is an extended poly- 
gonal number. By Bulletin, III, when k =}, e, =t — 5 if t=, e= 
if t= 6, e, == 1 if t = 4 or 5, e, = 0 if t=? or 8; when k =£ 3, e, = t — 5 
if (= 6, e, = 1 if t — 5, e, = 0 if t = 2, 3, 4, 


37. THEOREM 35. When m =t +q, 1<q<t, then 44e ZL if 
p = 5, k ZR; and if k = 2, p= 4, or p=3, p> 0. But if t=—39, k Z2, 
e, = q — 1. 

In a table Ty of sums by four of values of f(x— k), there is a gap from 
4q to tif p24. First, let p = 6. ° Then 


A= 4 4 E(t — 1) = pq + p— 4g +3 


exceeds L by (p — 5) (q — 1) +8> 0, where è= p— 1 if p = 1, but 8 = 0 
if p—0. Second, let p= 5. Then àA— L = p—1. But if p= 5, p==0, 
then t= 5q, f(x) —g'e(x), for e(x) as in § 36 with m == 6, whence its 
e, is 1. In other words, a table of sums by four of values of e(s— k) has 
the maximum gap 2 if k Z2. Hence Ty has the maximum gap 2g. Thus, 
for f(z — k), e, = 2q — 1, 4 + e, > L. 

In the following table T>, the terms free of ¢ are to be multiplied by q: 


0—4; +0—6; 2¢-+0—8; 3¢-+0—4, 6, 7, 9, 10; 4-06, 9, 12: 

Bt-+1, 2, 4, 5, Y, 8; 6¢+1—7, 10; 74-+2—8; 8/4210; 94-+3—6, 9, 12; 
10#-+3—9; 11¢-+4, 6—11; 12f+4—10, 12, 13; 13¢-+-5—10, 12, 15; 
14¢-+-6—12; 15¢-+6—8, 10—13; 16¢-17—15. 
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All entries ct +yq with «= 17 have y = 8 and exceed z = 154 + 10g since 
¢ > 4. 

It p—4, k=2, there is a gap from 5¢+ 2q to y= 5i + 4q, and 
4+Fi(y—1)—2¢+3>L. If p—38, k=2, there is a gap from 
14f+12q to z, and 4+ Ei(z—1)=qg+p+32L if p>0. But if 
p= 0, then t= 3g and f(x) —g'e(x), with m—4 in the e(z) of § 36. 
Since every integer = 0 is a sum of four values of e(x — k), every multiple 
of q is a sum of four values of f(s — k), whence e, = q —1. 


38. THEOREM 86. Let m=t+q, 1—pq +p>g, p=1 or 2, 
0Zp<g,k=R Then eu =q— 1. 

No smaller e, will serve since there is a gap from 0 tog. If p= 1 or if 
p = 2, p = 0, then t = 2q and the theorem is a corollary to Theorem 29. 

Let p = 2, p > 0, k=2. We have (55). Thus 


n=—119— 3p, U= 24mD + 5854? + 282qp + 33p°, 
C = 5g +p, V= 2mD + 115g? + 64gp + 9 + 6q + 2p. 


We obtain the smaller d by the method of §21. We employ only b == B, 
+++, B+ and hence suppress the final pair in (46) and the final set in 
(50) and (51). When 8==1 (mod 4), there are two cases. If 2p S q, the 
sets 


iE [6t — 4m] ry [2p], [2¢ — m] a Le zg ql, [t] = [e + 2q], [m] ET [p i 3q}, 
[3t — m] = [2p + 3g], [2i] = [2p + 4g], [5t— 2m] = [3p + 4g], 
[4t — m] = [3p + 5q] 


overlap and terminate with 3p + 6q — 1 > 2m — 1. But if 2p > q, we insert 
[Tt — 5m] = [2p — q] after [0]. If 8 = 3 (mod 4), the sets 


[0], [3t — 2m] = [p], [2t — m] = [e + g], [5t — 3m] = [Re + q], 
[ti — 2m] = [Rp + 2g], [Ti — 4m] = [3p + 2q], 
[6¢ = 3m] = [3p + 3q], [2t] — [Ro + 4g], [t + m] = [2p + 5g] 


overlap and terminate with 2p + 6q = 2m — 1. If B==0 (mod 4), the set 
[4t — m] = [3p + 5q] terminates with 39 + 6q — 1 = p— 1 (mod 2m) and 
includes 0, 1, > +, p—1. We employ these and 


[3t — 2m] = [p], [6t — 4m] = [2p], [5t — 3m] = [2p + q], 
[t] = Le +24], [m] = [p + 3g], [Bt — m] = [2p + 3q], 
[2i] = [2p + 4g], [t+ m] = [2p + 5q], 
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which overlap and terminate with 2m —1. If @==2 (mod 4), the sets 


[0], [8t — 2m} = le], [Ré —m J = Le T ql, [5t — 3m] sé [2p T q]; 
[4t— 2m] = [2p + 2g], [3t — m] — [2p + 34], 
[6t—3m]—[3p + 3g], [5t—2m] = [3p + 4g], [t+ m] = [2p+-5q] 


overlap and terminate with 2m—1. Hence d=8 in every case. Then 


P= elg + lip, W = 3m D — 47g? Sa d0gp = 11p°, 
F = m° D? — 1368mq°D — 1008mgpD — 184mp°D + 24mqD + 8mpD 
— 33786g* — 41322q°p — 18462q7p? — 3558qp5 — 248p* 
+ 882q° + 474q°p + 30gp?— 100° + w?, w= 12q + 4p. 


Proceeding as in (I) of § 31, we get s == 25, y = 11, 2 = 2, 


F = 1039q* — 524q°p + 183g2p? + 526qp° + 124p! 
+ 282q8 + 10g°p — 106qp° — 26p* + w? > 0. 


Hence F > 0 if mD = 1393q7 + 1019qp + 186p° — 24g — 8p, and hence if 
D = 465q + 186p. Adding 4C = 20q + 4p, we get F > 0 if 


À = 485g + 190p + 15(q — p) = 500g + 175p. 
It was verified that all gaps are = q in Ta to this point. 


39. Case p= 3. First, let k 3. We use the following part of table 
T, of sums by four of values of f(æ— 3): 


48t-+31—45; 49/3238, 40—43, 45, 46; 50¢+32—40, 42, 43, 45, 48; 
51t-+33—36, 38—44, 48, 49; 524.84 43, 46, 48, 51; 


in which terms free of t are to be multiplied by q. All entries gi + hq with 
g < 48 have h = 48 except 45¢-+ 46g, and all such are < a = 50t -++ 40g. 
To show that y = 49t 4+- 45g is the only possible entry between « and $ — 
52t + 34g, note that 48¢-+45¢<a, 49¢-+ 48¢S a, 49t -+ 46g > à, 
50t + 42¢ > 8, 51¢-+ 36¢ < a, 51¢-+ 38g >. All entries gt -+ hq with 
g = 53 have A = 36 and exceed 6. 

If 2g < 8p, then y < è and there is a gap 2q — p > q from g to y. But 
if 2q = 3p, the gap is from g to 8 and is 2p. 

Hence there remains only the case 2p = q. We shall prove that e, = g—1. 
The use of only odd values of b yields too large a value of d. We obtain the 
small value d == 9 by using the same sets as in § 21, but expressed in terms 
of q and p. 
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B==1 (mod 4): [0], a= [8t— 6m] = [2p], b = [7t — 5m] = [2p + a}, 
. c= (2t—m] = [p +24], [t], [m], f= [8t — 5m] = [3p + 44], 

g = [3t — m] = [2p + 5q], h= [2t] = [2p + 6g], 

i = [6t —3m] = [3p + 6q], j= [5t —2m] = [3p + 7q]. 
8 = 3 (mod 4): [0], a, k= [3t — 2m] = as c, l= [6¢—4m] 

= [2p + 2g], p= [Bi — 3m] = [2p + 3g], r= [4t-2m] = [2p-+49), 

a [7i — 4m] = [3p + 5g], by wm [8+ m] — (2 + Ta]. 
B=0 (mod 4): j, v= [4i— 3m] = [p], k, b, l, p, [m], f g h, u 
B=? (mod 4): [0], a, k, o [t], P T, G, 8,4 u. 


In each case the sets overlap, terminate with a number = 3m — 1, and hence 
include a complete set of residues modulo 2m. 

In view of its application below, we shall prove that FE (A) = q —1 
when 2p > q for every A not between the above a and è If 6 ==1 (mod 4), 
insert the sets v == [p] and r after [0] and [m] respectively. If 8 == 3 (mod 4), 
insert only v. If @=0 (mod 4), insert only r. In these three cases, the 
use of nine consecutive values of b leads to a complete set of residues modulo 
2m. But this fails if B==2 (mod 4), since the only available sets not used 
above are 7 and b, neither of which contains any one of the now missing 
numbers between q— 1 and 2p. All of the latter occur in the new set 
[9t-— Ym] = [2p — q] obtained from the new value 8 + 9 of b. Hence we 
may take d= 10 in all cases.” 

By taking d — 10, we may treat together the above two cases 2p = q and 
2p >q. We shall find a limit on A ie which ¢(A)=q—l. For 
k == p = 3, e4 = q— 1, we have 


n = — 2q — õp, U — 24mD + 31089? + 1380qp + 153p’, 
C= 15g + 3p, V =2mD + 476q? + 218qp + 25p? + 8q + 2p, 
P = 50g + 189, W = 3mD + Y6? + 10gp — 2p’, 
F = mD? — 3248mq?D — 1748mapD — 234mp*D + 82mqD + 8mpD 
— 4226249* — 417448 9% p — 15376497p? — 25038gp? — 1521 p* 
+ 80829 + 5240g% + 1120qp° + 78p° + w°, w—=16q + 4p. 
Write mD == 32489? + 1748qp + 234? — 2w + p. Multiply this by mD and 
make the same replacement in pmD. Take p = zg? + yqp + 2p”. In F the 


coefficients of the terms of degree 4 in q and p are small and positive if & == 126, 
y = 57, z= 7. Then 


* No improvement results by working modulo 8m. 
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F == 2500g + 2300q%p + 31059%p? + 1334qp5 + 1664 
+ 40000 + 2408929 + 440qp? + 22p% + w?. . 


Hence F > 0 if mD = 33744? + 1805qp + 241°. Division by m = 4q + p 
yields the remainder — 2q7 — 3g9 and quotient 844g + 241p. But A—D--4C. 
Hence F > O'if 


A = 9049 + 253p + 15(q¢—p) = 9199 + 238p. 


To this entry of T, the gaps are = q except between a and ô. This 
proves the above statements. 
For k = 4, we annex to T, the sum 


504 + 41q = t + 6t + 10g + 154 + 10g + 28t + 21q 


of four values of f(x — 4). Now the gaps are = q between « and 6 Hence 
the above statements imply e, == q— 1. 


THEOREM 37. Let m==t+q,t=3¢+p,0<p<qg. If k=3 and 
2p > q, then 4+-e=2L. If k=3 and 2p q, then eg==q—1, 4+e 
== L— 1. The latter holds always if k = 4. 


40. Case p==4. First, let k = 3. From T, we need 
12f+4—16, 19, 24; 1844+5—10, 12—14, 15, 18; 14¢+6—13, 15, 16; 
24t+-12—24, 28; 2541138, 14, 16—22, 24, 25; 26/114—17, 19—22, 24, 27. 


and the following facts. The only, entries æt + yg with x < 12, y > 18 are 
9t + 19q and 10t + 21g, both < a = 13i + 18g. All entries with x > 15 
have y Z 7 and exceed 8 = 15t + 10g. All with æ = 22 have y = 25 and 
are < 8 = 25t + 22g. All with = 27 have y = 15 and are = e == 26/-+199. 
Hence the only possible entry between « and is y = 12t + 24g. If 2q < 3p, 
then y < B and there is a gap 2g—p > q from « to y. Hence let 2q = 3p. 
Then there is a gap 2p from « to 8. Hence let 2p Sq. Then there is a gap 
q + p from ô to e But if p= 0, then t= 4g, m= 5q, and, as at the end of 
§ 37 with m = 5 instead of m = 4, we have e, == q — 1. 
Next, let k = 4. From T, we need 


68447, 49—59, 61, 62, 65, 68; 69¢-+-48—50, 52—58, 60—65; 
70t-+49—53, 55—57, 59—62, 64—66, 71; 


and the facts that every entry st + yq with «67 has y = 66 and is 
<= ¢ = 69t + 58q, while every one with x = 71 has y Z= 50 and is Z y = 
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vit + 50g. Hence there is a gap“ 2p from ¢ to y. But if 2p “Sq, it wa~ 
„verified that all gaps are Sq to 200¢-+ 185g. Then an attempt to prove 
that e. = q — 1 leads to d= 16 by use of b = 8 + 7, 7=0, 10, 4, 14, 8, 2. 
12, 6. The method of § 21 gives the same d. But the limit for A would be 
very large. 
Finally, if k = 5 and 2p >q, there is a gap 2p from 85 + 74q to 
87{ + 66q. 


THEOREM 38. Let m=t +q, t=4¢+p, OSp<q. If k=3. 
£4 Z q OF e, = q — 1 according asp >O0orp=0. If k == 4 or 5, e, = q when 
2p > q, but when 2p = q, Ea( A) — qg — 1 at least for À = 200i + 185q. 

Theorems 35-38 may be combined into 


THEOREM 39. Let k Z2, m =t +q, 1 <q <t Then e,=q— 1 if 
and only if k =2, t S 3q; k= 3, S Yg or t= 4g; k= 4 or 3, A = Y, 
k Z6, tS 4q, but with no conclusion when 4q < t< 5q. In all further 
cases (including 1 = 5q if k Z6), 4+ e4 = L of Theorem 33. 


41. THEOREM 40. If k==2,3 0r4,m=—q+t0<q<t, then 3+ e: 
exceeds L of Theorem 33. 


If k == 2, there is a gap r == 2¢ + 3q from 13t -+ 7q to 15t + 10g. Then 
24+ f,=7+1. If q=1,7 +15 L. Letg>i. Since 


r+ 1—(p+9—1) = (p +2) (4—1) +442 > 0, 


the theorem follows if p=6. Alsor+1> q+ 4. 
If k == 3, there is a gap 3t + 3q > r'from 73¢ + 57q to 76+ 60g. I 
k == 4, there is a gap r from 1334 + 112g to 135¢ + 1159. 


THEOREM 41. If k=? or 3, m=q-+t, then 3 + ez is equal to or 
greater than the least s+ e, for s Z 4. 


First, let k= 2. There is a gap from 20+ 18g to 21¢-+12q and 
o = 3 + E; =t —q +2. If gq=1,t24c2Ll. If q—1, t—3, then 
o= 4 = 4 -+ e, by Theorem 34 If q= 1, t= 2, there is a gap from 
17t + 16g = 50 to 19% + 14q == 52 and 3 + E,(51) = 4 = 4 4- e4. Hence- 
forth, let g > 1. Since 


ao—(p-+-q—1) = (p—2)(q—1) +e +1, 
o —(q + 4) = q(p—2) + p—2, 


“If 3p > 2g, the earliest gap > g is somewhere between 40f + 43g and 42t + 35g. 
This holds also if k — 5, 
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o = L unless p—1lor? Leti—g+p, 0<p<q Then O = 28t +219 
is the only possible entry between A = 284 + 18g and B— 30t + 18g. If, ° 
q = 2p, then C = B and there is a gap 2t from A to B, while 3+ F; 
=-21-4+2=2q¢+4. But if g < Rp, the gap is from A to O, and 8+ E; 
==8¢+2=q+4. Finally, let t ==2q + p. Then y= 19 + 119 is the 
only possible entry between œ == 17t + 16q and 8 = 19t +- 14g. According 
as g = Rp or q < 2p, there is a gap 2q + 2p from « to B or 3g from y to B, 
and these gaps are the same as before. 

Second, let k = 3. For every k there is a gap from 3q to t if ¢ > 3q. 
Write «-==3-+ E, = t — 3q +2. If g=—1, tZ 6, then e= L. If g>1, 
p = 5, then eZ L since e— (p + q — 1) = (p—4) (q—1) +p—1 21 
for p = 6. 

When 3g Si dg, there is a gap 6g — t from 52i + 42q to 51t + 38g. 
Write D for 3 + E, = 6q — t -+- 2. If q =1, t= 3 or 4, e, = 0 by Theorem 
84 and d= 8 — t = 4 + e4, while if ¢ = 5 there is a gap 3 from 3t + 3q = 18 
to 3t + 6q =?21 and 3 +2 = L. Next, let g>1. Since p < 5, t< 5q. 
Hence ¢ = q + 4 unless 5g = t + 1, and then there is a gap 2q from 2t +q 
to 2t + 3q, while 2 + 2g = q + 4. 

Let t= 2g +p, 0=p <q. Then y= 19t + 11g is the only possible 
entry between œ — 17t + 16g and = 18t +160 If q = 2p, then ySa 
and there is a gap from «tod. Then 3 -+ E, =t + 2 Z q + 4 unless p = 0. 
But for t= 2q, e, = q — 1 and t+2=4+e. But if q < 2p, there is a 
gap 5q —t from y to à and 8 + E; = 3g — p +2 Zq +4. 

There remains only the case t == q +p, 0<p<q. Then e, =q — 1 
and K == 51t + 48q is the only possible entry between G = 55t + 89q and 
H == 56t + 40g. If 3q = 5p, then K =H and the gap is from G to H, 
while 3 +- E, = 2 + 2q +p È 4-4- eu But if 3g < 5p, there is a gap from 
G to K and 3 + E; = 2 + 5g — 4p Z 4 + ea. 

We do not investigate the case k = 4, not having a table of sums by three 
expressed in terms of g and p. 


Démonstration de Quelques Proprietés des 
Ensembles Abstraits. 


Par MAURICE FRÉCHET. - 


Introduction. Dans mon livre sous presse: Les Espaces Abstraits et leur 
Théorie considérée comme Introduction à l'Analyse Générale * je wai donné 
qu’un petit nombre des démonstrations, me contentant souvent de renvoyer 
aux différents mémoires où les démonstrations utilisées avaient été publiées. 
Cependant, parmi les propriétés citées dans mon livre, quelques unes étaient 
inédites, d’autres avaient été énoncées sans démonstration par certains auteurs, 
enfin plusieurs de ces propriétés n’avaient été démontrées que dans des cas 
particuliers. On trouvera ici les démonstrations de plusieurs de ces pro- 
priétés. Pour chacune d’elles, j’indiquerai entre parenthèses la page corre- 
spondante de mon livre (approximativement d’après la pagination di 
manuscrit). 

La terminologie sera celle qui a été adoptée dans mon livre.f Les réfé- 
rences bibliographiques seront indiquées par les chiffres en caractères gras, qui 
correspondent aux numéros figurant dans la liste bibliographique placée à la fin 
de mon livre. 

Le mémoire traite des propriétés des ensembles appartenant: 


1. à un espace (V), page 49; 2. à un espace accessible (H), page 59; 
3. à un espace régulier, page 64; 4. à un espace (L), page 64; 
5. à un espace (S), page 65; 6. à un espace (D), page 66. 


LA 
+ 


1. Propriétés des ensembles appartenant à un espace (V). 


I. Tout ensemble E compact en soi au sens très strict possède la pripriété 
de Borel (page 270). Il s’agit de montrer que si une famille dénombrable F 
d’ensembles Jı, J2,+'-, In, +++ couvre Æ, il en est de même d’une famille finie f 
convenablement extraite de F. 





In 8° (25x16) x+ 300 pages environ, chez Gauthier-Villars, Paris, 1928. 
Ouvrage faisant partie de la “ Collection de monographies sur la Théorie des fonctions ” 
publiée sous la direction d'Emile Borel. 

Ou dans mes derniers mémoires (sensiblement différente par conséquent de celle 
que j'avais d’abord employée dans ma Thèse). 
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Nous pourrons employer le mode de raisonnement utilisé par M. Borel 
pour le cas linéaire. | 

Ou bien l’ensemble J, couvre à lui seul FE, et on peut constituer la famille 
f au moyen de J, seul; ou bien il existe au moins un point a, de E non in- 
térieur à I. Le point a, est intérieur à l’un au moins des ensembles de F; 
soit J, = In, le premier d’entre eux, (J, est nécessairement distinct de Z,). Ou 
bien, on peut constituer f de I, Io, +++, In, ou bien il existe au moins un 
point a, de # qui n’est intérieur à aucun des ensembles J,,:--,Z2,. Et ainsi de 
suite; supposons extraite de F une suite d’ensembles In, '**, In, et une suite 
de points de Æ distincts a, +--+, a, telles que pour k 5 p, In soit le premier 
des ensembles de la famille F auquel a,_, est intérieur et que ag ne soit inté- 
rieur à aucun des ensembles J,, J2,°++,In,. Ceci a lieu au moins pour p == 2. 
Alors a, est intérieur à l’un au moins des ensembles de F ; soit In,,, le premier; 
on a nécessairement my < na °°° < np < Np Ou bien on peut constituer 
f de Ji, D, °°", Inpa Ou bien, il existe au moins un point de F, dps, qui 
n’est intérieur à aucun de ces derniers ensembles et qui est par suite distinct 
de @1,°**, Gp. 

Finalement, ou bien on peut constituer la famille finie f comme il était 
annoncé, ou bien-la formation récurrente de la suite des points distincts a. 
&, *** et des ensembles distincts F., -+-, In, pourrait se poursuivre indé- 
finiment. Mais alors, le sous-ensemble a, + a,-+--- de l’ensemble E étant 
infini, il existerait un point x de Æ dont tout voisinage contient à son intérieur 
une infinité de points a, distincts. Comme g est intérieur à l’un au moins 
des ensembles de F, soit I+, il existerait un voisinage de + compris dans I, et, 
par suite, I, comprendrait à son intérieur une infinité de points a, distincts. 
Or a, n'vst intérieur à aucun ensemble J, tel que r = ns; I, ne peut com- 
prendre à son intérieur que les points a, tels que ns < r, c’est-à-dire seulement 
un nombre fini d’entre eux. 


IT. Tout ensemble E possédant la propriété de Borel est compact en sot 
(page 270). Autrement dit, pour tout sous ensemble infini e de #, il existe 
un point de # dont tout voisinage comprend une infinité de points de e. 

Pour le démontrer, tirons de e une suite infinie, S, de points distincts 
Qi, G2, °°", Gn, ***. S'il existait un point de Æ dont tout voisinage comprenne ~ 
une infinité de points de S, les voisinages de ce point comprendraient aussi une 
infinité de points de e et la proposition serait établie. 

Sinon, pour tout æ de #, il existerait un voisinage de x ne comprenant 
qu’un nombre fini de points de S. Soit e, l’ensemble des points x de E 
dont chacun desquels possède au moins un voisinage V,“™ ne contenant aucun 
des points an, An, **'. Certains des e, sont peut-être vides; mais tout s 


des Ensembles Abstraits. À 


coputient à l'un au moins des ea. Pour tout en non vide. on peut frm 
un ensemble J, somme des voisinages V° correspondant aux points wis + 
L'er s mble E est couvert par la famille dénombrable des ensemble Fa Fo 
vorta de l'hypothèse, il est donc aussi couvert par un nombre fini d> 4, 
Soit r le plus grand des indices de ceux-ci. Le point a, appartenant a L 
appartiendrait à un ensemble 7, tel que n S r, il appartiendrait done à 11 
voisinage Vo“ ne comprenant aucun des points dn, Ans, tty a °°". Der 
Li contradiction annoncée, 

Evrenple de M, Sierpinski. Nous venons d’obtenir deux conditions. "a 
sati sante, l’autre nécessaire pour qu’un ensemble ait la propriété de Ber 
aucune de ces deux conditions west à la fois nécessaire et suffisante. Po 
rior ter que la première condition n’est pas nécessaire, M. Sierpinsk ¢ 
SOU i me communiquer l'exemple suivant. (Fl sera etiieux d'obs ner | 
loin que cet exemple peut aussi servir à démontrer que la seconde cou tt 
res pas suffisante). 

M. Sierpinski considère un espace (F) dont les éléments sont les noiu - 
ordinaux de première et de seconde classe, et ne sont pourvus chacun que dt 


~ 
r 


sul voisinage, Le voisinage d’un entier @ est constitué par s et par Pens wl 


du 


ces nombres ordinaux de seconde classe. On prend comm: voisinage g’ 
ronbre x de seconde classe, Pensemble des nombres ordinonx © 7. T « 
0". clair que l'intérieur du voisinage Va d’un entier a cuelconqne cst T uu ~- 
ed ownt z. alors que l’intérieur du voisinage Va d’un nombre de ir sera. 
case consiste dans l'ensemble des nombres de seconde classe appii o 

ie 7 

L'espace considéré jouit de la propriété de Borel. Soit F uno teou” 
danembrable @ensembles Ua, +++, Uns tt qui couvre l’espace. L’un au rior- 
ces (7, soit C.n. contient à son intérieur une infinité non dénomlhial . 
touts de cet espace puisque cet espace n’est pas dénomlrahe, Qulqm s 
w hombre ordinal a, il existe done un nombre ordinal 8 > x et intérur iè C 
Par suite le voisinage de 8 appartient à C.a. Done U., comprend ter. | 
Loh nes 228 et en particulier les nombres Æ 4. Comme g est un ri 
arbi roire de l'espace, on voit que tout l’espace appartient à U,. Par sar. 
tout l'espace est bien aussi intérieur a Um, l’espace est couvert par le se: 
vase mble Cn extrait de F. 

Puisque cet espace possède la propriété de Borel, il est compact en sti. 
Mais il ne Pest pas au sens très strict. En effet, extrayons de l’espace Perser 
ole nim, e, constitué de tous les entiers. Il ne peut exister aucun point * ©: 
L'espace dont le voisinage contienne à son intérieur une iniinité et tiers. C 
sis est un entier, l’intérieur de son voisinage se réduit au seul point s, l. 
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si æ est un nombre de seconde classe, aucun entier b n’est intérieur au 
voisinage de x. 

On peut encore utiliser ce même espace pour donner un exemple d’un 
ensemble Æ compact en soi sans posséder la propriété de Borel. Il suffit de 
prendre pour Æ l’ensemble constitué par tous les entiers et par œ, le premier 
nombre ordinal de seconde classe. Cet ensemble est couvert par la famille 
dénombrable constitué par les voisinages de ses points. Comme aucun de 
ves voisinages ne contient 4 son intérieur plus d’un point, il est impossible 
d’en extraire une famille finie couvrant F. E n’a pas la propriété de Borel. 
Par contre, si l’on considère un sous-ensemble infini, e, de Æ, le voisinage du 
nombre w de E contient certainement une infinité de points de e. Donc Æ 
est compact en sol. 


III. La condition nécessaire et suffisante pour qu'un ensemble E soit 
compact (en soi) est que, quelle que soit la suite monotone de sous-ensembles 
(non vides) de E, à rangs entiers 


By > HD. DE, D+ 


il existe au moins un point (de E) appartenant aux En ou appartenant à 
leurs dérivés (page 271). 


1°. Supposons # compact. On ne considère que des sous-ensembles En 
non vides: soit a, un point de En. 

Si l’un au moins des a, est répété une infinité de fois c’est un point 
commun aux Enr. , 

Sinon la suite des a, contient une suite S de points distincts. Alors il 
existe un point a (de Æ) dont tout voisinage contient une infinité de points 
distincts et appartenant à S. Par suite, aussi grand que soit n, tout voisinage 
de @ contiendra au moins un point distinct de a et appartenant à En: le point 
a est commun aux dérivés En’ des En. 


2°. Montrons que la condition est suffisante. Soit e un sous-ensemble 
infini (sil en existe) de Æ. Extrayons de e une suite infinie S de points 
distincts 41, @2,:-+, et soit En l’ensemble des points an, äns, °'". Aucun des 
En west vide et chacun contient le suivant. Il y a done un point a (de E) 
commun aux Fy ou à leurs dérivés. Comme les En n’ont aucun point commun, 
on voit que dans tout voisinage de a, il y aura au moins un point, distinct de a, 
appartenant à Fna, quel que soit n. Il y aura donc dans tout voisinage de a, 
une infinité de points distincts appartenant à e. 
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IV. Soit, dans un espace (V), une famille F d’ensembles fermés don. 
Pun au moins, F, est parfaitement compact. La condition nécessaire et suffi 
sante pour qu'il existe aw moins un point commun à tous les ensembles de F 
est que tout nombre fini d'ensembles de F possèdent un point au moins ei 
commun (page 271). 

La condition est évidemment nécessaire. Si elle est remplie, nous allon: 
prouver qu’il est impossible que chaque point a de E soit disjoint de Pun at 
moins Fa des ensembles de F. En effet, dans ce cas, puisque Fa est fermé 
il existerait au moins un voisinage Va de a qui serait disjoint de Ee Li 
famille des ensembles Ve couvrant F, qui est parfaitement compact en soi, i 
existerait d’après la généralisation du théorème de Borel-Lebesgue par M 
Chittenden, un nombre fini des Ve : Vas tt, Van Qui suffisent pour couvrir E 
Les ensembles de F, Fes °:+, Fa, et aussi #, étant en nombre fini, auraient 
par hypothèse, au moins un point commun &. Ce point a appartenant à F 
appartient à l’un des ensembles Ve, par exemple à Ve. Or les ensemble’. 
Eq, et Va, sont disjoints, ils ne sauraient avoir le point « en commun.” 


V. Soit dans un espace (V) une famille F d’ensembles, dont l'un au moin: 
est parfaitement compact et fermé. Si pour toute famille finie extraite de F, 
il y a au moins un point commun aux ensembles de cette famille finie, alor: 
il y a sûrement un point qui est commun à tous les ensembles de F ow qui es’ 
commun à tous leurs dérivés (page 272). 

Cette proposition généralise en partie le théorème III. Sa démonstration 
sera obtenue plus loin à propos d’un énoncé distinct de celui-ci (XXIV). 


VI. Si deux ensembles mutuellement connexes E, F sont chacun con- 
neres, leur somme est connexe (page 267). 

Soit E -+ F= G +4- H, il faut démontrer que si G, ni H ne sont vide-. 
on a GH’ + CH 0. 


OrH=F-G+1#-H=G6,4+H8,;F=—F-G4HFf- H=G,-+ Ap 


Si G,, ni H, ne sont vides alors G, et H, doivent être mutuellement cor 
nexes, (puisque Æ est connexe), donc G et H, qui les contiennent respective- 
ment, sont aussi mutuellement connexes. On peut refaire le même raisonne- 
ment quand Gy», ni H, ne sont vides. 


# Cette proposition a été énoncée pour la première fois dans le cas des espace 
euclidiens par M. F. Riesz. Elle a été retrouvée et sa démonstration publiée pour 1; 
première fois par M. Sierpinski (CIII). On verra en comparant sa démonstration ave 
la nôtre, qu’en passant du cas euclidien au cas infiniment plus général des espaces (V . 
bien loin d’avoir eu à compliquer sa démonstration, nous avons pu la simplifier. 


54. FRÉcHET: Démonstration de Quelques Propriétés 


Reste le cas où l’un des ensembles G,, H, est vide et où l’un des ensembles 
G, H, est vide. Si par exemple G,—0, Ga = G + 0; on a donc le cas où 
H,==0 et alors H,—H=<0. Dès lors E = H, =H et F= G= G, G 
et H sont encore mutuellement connexes, comme E et F. 


VII. Si des ensembles deux à deux mutuellement connexes sont chacun 
connexe, leur somme est connexe (page 267). En effet, dans ce cas, d’après 
le théorème précédent, deux points quelconques de la somme appartiennent à 
un sous-ensemble connexe de cette somme. Cela suffit (page 267) pour 
prouver que cette somme est connexe, 


VII. Stun ensemble F est fermé, chacun de ses composants est un con- 
tinu ou est réduit à un seul point (page 269). 

Tout composant f d’un ensemble F étant connexe ou réduit à un point, 
il suffit de prouver que si F est fermé, ses composants sont aussi fermés. Si f 
n’était pas fermé, il existerait un point a de f” n’appartenant pas à f. Mais a 
appartiendrait à Æ’, donc à F qui est fermé. L’ensemble f + a est connexe, 
d’après l’avant-dernière proposition. Ce serait donc un sous-ensemble de F 
qui serait connexe et contiendrait f, c’est-à-dire contiendrait le plus grand 
sous-ensemble de F qui est connexe et contient un point de f. 


IX. Par définition de l’intérieur J et de l’extérieur # d’un ensemble G, 
aucun point de J ne peut appartenir au dérivé du complémentaire de G, donc ne 
peut appartenir au dérivé de F. De même, aucun point de E ne peut appar- 
tenir à I”. Done J et E ne peuvent être mutuellement connexes. 

On va en conclure qu’un ensemble ouvert et connexe I est un composant 
de l’ensemble complémentaire H de'la frontière F de l’ensemble donné I 
(page 267). 

Le plus grand sous-ensemble J de H qui est connexe et contient un point 
de I contient J, puisque Z est un sous-ensemble connexe de H. Ainsi, J con- 
tient J. Si J n’était pas un composant de H, J contiendrait J plus un sous- 
ensemble non vide e de l’extérieur Æ de J. Il faudrait done que T et e et 
par suite I et # fussent mutuellement connexes contrairement 4 la remarque 
ci-dessus. 


X. Un ensemble G est connexe en un de ses points a, si dans tout voisin- 
age Va de a, il existe un voisinage W, de a tel que deux points quelconques b, c 
de G+ Wa appartiennent à un sous-ensemble connexe C de G- Vs On peut 
sans diminuer la généralité prendre c =a. Alors C est un sous-ensemble, 
connexe et comprenant a, de G. Donc C est un sous ensemble du composant 
K de & comprenant a. Un point b quelconques de G: We appartient ainsi, 
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avec a, à un sous-ensemble connexe C de K - Vs: K est connexe en a. La 
somme § des ensembles connexes C qui ont tous en commun a, est un ensemble 
connexe appartenant à G. De plus S contient a, est contenu dans Va et con- 
tient G: Wa En particulier, si æ est un point intérieur à G, on peut choisir 
pour Va un sous-ensemble convenable de G. Et alors, S contenant tout Wa, 
on voit que a est intérieur 4 S, donc intérieur au composant de G qui con- 
tient a. 

Ainsi lorsqu’un ensemble G est connexe en un de ses points intérieurs, 
soit a, a est aussi intérieur au composant de G contenant a. 

Si maintenant G est localement connexe, c’est-a-dire connexe en chacun 
de ses points, chaque composant de G est aussi localement connexe; et si G 
est ouvert, tout point a de G est intérieur au composant de G contenant a. 
Par suite tout composant de G est ouvert. Il est d’autre part aussi localement 
connexe comme G. Ainsi, tout composant d’un ensemble ouvert et localement 
connexe est lui-même ouvert et localement connexe (page 269). 


XI. Supposons l’ensemble G précédent séparable. Il existe un suite de- 
nombrable NV de points dı, a," de G telle que G appartienne à N + NV’. Sia 
est un point de G appartenant à NV’, comme a est intérieur à G, a est intérieur 
au composant, y, de G contenant a, donc il y a au moins un point a, de N 
appartenant à y. Par suite y est identique au composant y, de G contenant 
an. Ainsi, les composants d’un ensemble séparable, ouvert et localement con- 
neze forment une famille dénombrable (page 272s), 


XII. Soit une famille F d’ensembles, dont les intérieurs existent et appar- 
tiennent à un même ensemble parfaitement séparable S. Lorsque ces intérieurs 
sont disjoints deux à deux, la famille F est dénombrable (page 275). 

En effet; par hypothèse, on peut prendre les voisinages des points de 8 
parmi les ensembles d’une certaine suite dénombrable d’ensembles V,, 
Vas ts Vue 

Tout ensemble # de F a au moins un point intérieur a. Done l’un des 
voisinages de a est un ensemble V, appartenant à E. Soit r(Æ) le rang du 
premier des ensembles Vi, Vz, --* qui appartient à #. Pour deux ensembles 
distincts #, G appartenant à F, r(E) ~r(G), autrement les intérieurs de Æ, 
G ne seraient pas disjoints. Les ensemble Æ de F correspondent donc respec- 
tivement à des entiers r(Æ) distincts. Donc F est dénombrable. 

En particulier, une famille de sous-ensembles ouverts et disjoints deux à 


deux, d'un ensemble parfaitement séparable est nécessairement dénombrable 
(page 275). 
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XIII. Les sous-ensembles ouverts d’un ensemble parfaitement séparable S$ 
sont chacun des sommes d’une famille d’ensembles Van, Vaate choisis dans la 
famille dénombrable V;, Va, ++. Chacun de ces sous-ensembles étant ainsi 
déterminé par une suite d’entiers, la famille des sous-ensembles ouverts dun 
ensemble parfaitement séparable S a au plus la puissance du continu 
(page 275). 


XIV. Si F est un sous-ensemble fermé de S, S—¥F est la partie com- 
mune à S à une des sommes Vrn + V,,L:::. Donc: la famille des sous- 
ensembles fermés d’un ensemble parfaitement séparable a au plus la puissance 
du continu (page 275). 


XV. Tout ensemble G parfaitement séparable est séparable (page 279bis). 
Appelons en effet N l’ensemble dénombrable des points 4, obtenus en choisis- 
sant arbitrairement un point 4, dans chacun des voisinages TV, des points de G. 
On voit que G appartient à N + N” 


XVI. Fonctionnelles et transformations ponctuelles. Nous avons défini 
(page 202) la continuité des transformations ponctuelles cle deux fagons; 
nous allons démontrer qu’elles sont équivalentes. 

Disons qu’une transformation T(E) =F est continue au point a de £, 
si pour tout voisinage Ve du transformé b de a, il existe un voisinage Vo de a 
tel que T(E- Ve) appartienne à F- Vy. Supposons maintenant qu’il existe 
un sous-ensemble, e, de E ayant a pour point d’accumulation. Vz. contient 
au moins un point a’ de e distinct de a. Par suite Vp contiendra le point b’ 
transformé de a’. Ce point b appartient au transformé f de e. Donc: ou 
bien b’ est confondu avec b ce qui nécessite que b appartienne à f, ou bien Va 
qui est un voisinage arbitraire de b, contient un point de f distinct de b. 
Ainsi: st T(E) == F est une transformation continue au point a, quelque soit 
le sous-ensemble e de E ayant a pour point daccumulation, le point b, trans- 
formé de a, appartient nécessairement, soit au transformé f de e, soit à son 
dérivé f’. La réciproque est vraie (page 202). Autrement, il existerait un 
voisinage Va de b tel que tout voisinage Va de a contienne un point a’ de E 
dont le transformé b’ n’appartient pas à Vs. Alors b” est distinct de b et 
par suite a’ de a. L’ensemble e des points a’ a a pour point d’accumulation. 
Et pourtant, le point b n’appartient, ni au transformé f de e, ni à son dérivé f”, 
puisque f est disjoint de Vz. 


XVII. Considérons une fonctionnelle U (s) uniforme sur un ensemble # 
compact (en soi). Quel que soit n, il existe un point am de E tel que U (an) 
>M—1/n, si U(x) a sur Ẹ une borne supérieure finie M ou tel que U (an) >n 


\ 
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dans le cas contraire. Alors il existe un point a (de Æ) dans tout voisinage Va 
duquel se trouvent une infinité des points an. Finalement, il existe au moins 
un point a (de E) tel que la borne supérieure (finie ou non) de U(x) sur 
l’ensemble E compact (en soi), soit égale à la borne supérieure de U(x) 
sur la partie de E appartenant à un quelconque des voisinages de a (page 277). 


XVIII. Une fonctionnelle U(x) continue sur un ensemble connexe C ne 
peut passer d’une valeur à une autre sans passer par toutes les valeurs intermé- 
diaires (page 277). Soient a, b, deux points de C et « un nombre compris entre 
U(a) et U(b). Supposons, par exemple, Ua) < a< U(b). Si en aucun 
point 2 de C on n’avait U(x) =, on pourrait décomposer l’ensemble C en 
deux sous-ensembles disjoints et non vides 


À où U (2) < &; 
B où U(x) > a. 


Done A et B seraient mutuellement connexes, c’est-à-dire qu’il y aurait, par 
exemple, un point ¢ de A qui appartient au dérivé B’ de B. Alors, dans tout 
voisinage Ve de c, il existerait au moins un point + de B. On aurait U(x)> a. 
Or on peut prendre le voisinage tel que | U(x) —U(c) | <e, e etant un 
nombre positif arbitraire et on pourrait prendre e < œ—UÜ(c). On aurait 
donc U(x) < à sur certains points de B, contrairement à sa définition. 


XIX. La limite U(x) d'une suite de fonctionnelles U,(x) continues en 
a relativement à E, qui converge uniformément sur E, est continue en a relu- 
tivement à E (page 280). 

Soit e un nombre positif arbitraire. Par hypothèse, il existe un nombre 
p tel que pour n >p |U(xz)—U,(x) | <</8 en tout point x de E et il 
existe un voisinage de & sur lequel l’oscillation de U,(x) est inférieure à e 3. 
Alors pour deux points y, z de ce voisinage et de F, on a 


| Uy) —U(2) | S| UG) — Daly) | 
+ | Only) — Un(2) | + | Un(z) —U(z) | <€. 


XX. La limite U(x) Pune suite de fonctionnelles Un(x) également con- 
tinues en a relativement à E et convergeant partout sur E est continue en c 
relativement à E (page 281). 

Pour e positif arbitraire, il existe par hypothèse un voisinage Ve de a sur 
lequel loscillation de chaque U, est inférieure à ¢/3. D'autre part, pour z 
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assez grand (n > ns), on a | U(x) — Un(x) | <e/3. Pour deux points 
quelconques y, z de Va, prenons n > ny et n > ng; on aura 


|U (y) —U(z) |< | U(y) — Only) | 
+ | Un(y) —Un(z) | + | Un(e) — U (2) | < € 


XXI. Si, de plus, E est compact en soi et si la suite est également con- 
tinue en chaque point de E, la convergence est nécessairement uniforme sur E 
(page 281). 

En effet, dans le cas contraire, il y aurait un nombre e > 0 et quel que 
soit p, un entier np > p et un point #, de E tels que 


| U (2) — Un, (ap) | > 


Si parmi les sp il n’y avait qu’un nombre fini de points distincts, une 
infinité des Zp» seraient identiques à un même point a. On aurait done 
| U(a) — Ur, (a) | > avec np > p, ce qui est impossible puisque la suite 
converge en chaque point a de E. Dans le cas contraire, on peut ne retenir 
que les +, distincts et alors, comme Æ est compact en soi, il existe un point 
a de Ẹ dans tout voisinage duquel se trouve une infinité des zp D’autre part, 
il existe un voisinage Ve de a où l’oscillation de tous les Un est inférieure a 
e/3 et où, par suite, celle de U est <e/3. Pour une infinité de valeurs de p, 
on aura donc 


[U(a)—U(m)|<e/3, | Un, (4) — Un, (2) | < €/33 
et pour p assez grand 
| U (a) — Un, (a) | < </8 


On aurait done | U (£p) — Un, (ap) | < e pour une infinité de valeurs de p 
contrairement à l'hypothèse. 


XXII. La composition de deux transformations continues fournit une 
transformation continue (page 283). Soient deux transformations y—A (x) et 
z= By). Supposons A(z) continue au point a relativement à un ensemble 
E; supposons que B(y) soit continue au point b = A (a) relativement à Pen- 
semble F transformé de E par A. Il s’agit de démontrer que la transforma- 
tion z = B[A(x)] est continue au point a relativement à #. Soit en effet 
c—B(b). Les ensembles E, F et l’ensemble G, transformé de F par B(x) ap- 
partiennent respectivement par hypothèse à trois espaces (V ), distincts ou non. 
Soit V, un voisinage arbitraire de c; il existe, par hypothèse, un voisinage Vy 
de b tel que le transformé par B(x) de F+ V» appartienne à Ve. Il existe de 
même un voisinage Va de a tel que le transformé par A(x) de E- Ve appar- 
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tienne à V» Donc il existe un voisinage Ve de a tel que le transformé par 
' B[A(z)] de E: Va appartienne à Ve. 


XXIII. Toute transformation continue À transforme un ensemble con- 
neze E en un ensemble F connexe (page 283). 

Soit F =— H, -+ H}. Tout point de E est transformé, soit en un point 
de H,, soit en un point de H.; appelons G, le sous-ensemble des point de # 
transformés chacun en un point de H,, Ge = E — Gi. Si nous supposons 
IT, et IT, disjoints et non vides, G, et G seront disjoints et non vides. Par 
suite Gi: G? + Ge’ GY n’est pas vide. Or le transformé de cet ensemble 
appartient à Hi- (H; -+ H.’) + Hae (Hı + Hy’) =H, - H+ H+ Hy’, puis- 
que H, et H, sont disjoints. Donc H,- HX + H.-H,’ n’est pas vide. 

Il faut observer que le raisonnement ne s’étend pas au cas où Ẹ serait 
seulement supposé bien enchaîné. Car un point a appartenant à G,- G,’ + 
G: Gy’ + G’ ' Gz pourrait ne pas appartenir à Æ et alors on ne peut plus 
parler du transformé de a. 

Non seulement la démonstration, mais l’énoncée ne s’étend pas. Par 
exemple, considérons la figure inverse D d’une circonférence § obtenue en 
prenant le pôle d’inversion p sur S. Prenons pour FE un arc de S s’étendant 
de chaque coté de p mais privé du point p. Alors Æ est un ensemble non 
connexe mais bien enchaîné que l’inversion transforme dans un ensemble F 
composé de deux demi-droites situées sur D et séparées par un segment de D. 
L’ensemble F' n’est ni connexe, ni bien enchaîné. 


2. Propriétés des espaces accessibles ou espaces (H). 


XXIII. Pour un espace (V) satisfaisant aux condition 1°, 2°, 3° de F. 
Riesz (page 206), il est équivalent de supposer que tout ensemble dérivé est 
fermé ow de supposer que l’intérieur de chaque ensemble est un ensemble 
ouvert (page 247). 

[Dans l’un et l’autre cas, l’espace considéré sera donc un espace accessible 
ou espace (H)]. En effet, admettons la première condition et soit I l’inté- 
rieur d’un ensemble #. Si J n’était pas ouvert, il y aurait un point x intérieur 
à E sans être intérieur à J. est-à-dire qu’au moins un voisinage V, de x 
appartiendrait entièrement à Ẹ et que tout voisinage de x contiendrait au 
moins un point y distinct de x et n’appartenant pas à I. L'ensemble des 
points y appartiendrait au complémentaire de J, donc au complementaire C 
de Æ ou à son dérivé ©”. Et il aurait 2 pour point d’accumulation. Done x 
appartiendrait à C’ ou à ©”. Or x appartenant à I ne peut appartenir à C”. 
Il y aurait donc un point + de O” n’appartenant pas à O” contrairement à 
hypothèse. 
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Inversement, admettons la seconde condition. Si un ensemble dérivé F” . 
n’était pas fermé il y aurait un point z de F” n’appartenant pas à F”. Soit” 
f= F — z; en vertu des trois conditions de F. Riesz, z sera aussi un point 
de f” n’appartenant, ni à f’, ni à f. Soit c l’ensemble complémentaire de f; 
z est intérieur à c. En vertu de la seconde condition, z est même intérieur à 
l’intérieur + de e. Il y a done un voisinage V de z appartenant à i. Puisque 
z appartient à f”, il y aurait au moins un point ¢ de V, distinct de z et appar- 
tenant à f. Ce point t étant intérieur à c ne peut pourtant pas être point 
d’accumulation du complémentaire f de c. 


XXIV. Soit dans un espace accessible, ou espace (H), une famille F 
d'ensembles dont Vun au moins, E, est parfaitement compact ct fermé. La 
condition nécessaire et suffisante pour qu'il existe au moins un point commun 
à tous les ensembles de F ou au moins un point commun aux dérivés de ces 
ensembles est qu'il en soit de même pour toute famille fime extraite de F 
(page 272). 

La condition est évidemment nécessaire. Nous allons montrer que si elle 
est remplie, il est impossible que, pour tout point a de Æ, il existe un ensemble 
ex de F disjoint de a et un ensemble Fa de F (distinct ou non de ea) dont a 
n’est pas point d’accumulation. En effet, dans ce cas, il existerait un voisinage 
Va de a n’ayant avec Ea aucun point commun distinct de a. Alors les Ve cou- 
vriraient Æ et, puisque cet ensemble est compact et fermé, Æ pourrait être 
couvert par un nombre fini des Va: Vas *‘*, Va, Alors, si on considère les 
ensembles de F: E, eo, ‘‘", Cony Hay ***, Lan Qui sont en nombre fini, il 
existerait un point « commun à ces ensembles ou commun à leurs dérivés. 
Comme F est fermé, œ appartient dans les deux cas à Æ. Par suite, il est 
intérieur 4 un des Vae, par exemple à Va. 

Dans le premier cas, & appartenant à Ee, et Va, qui n’ont aucun point 
commun distinct de a1, æ coinciderait avec a. Or cela est impossible puisque 
& appartient à €a, tandis que a, ne lui appartient pas. 

Dans le second cas, a étant intérieur à Va, un des voisinages Wa de @ 
appartient à Ve, et comme g est point d’accumulation de Fe, il y aurait un 
point au moins 8 de Ee, distinct de æ, en commun avec Wa, donc avec Veps 
Comme Hg, et Vo, n’ont en commun aucun point distinct de a, B coincide 
avec @ Puisque Ea = a, + (Ean — a) a a pour point d’accumulation et 
puisque l’espace envisagé est accessible, œ serait point d’accumulation de 
E. — a, ou de l’ensemble réduit à a, Or Ee —a étant disjoint de Va, 
done de Wa, ne peut avoir æ pour point d’accumulation. Il faudrait done que 
le point æ fut point d’accumulation d’un ensemble composé d’un seul point, 
ce qui est impossible dans un espace accessible. | a 
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Il y a lieu de remarquer que la partie de la démonstration relative au 
° premier cas reste valide pour un espace (V). Nous obtenons donc ici la 
démonstration du théorème V. 


XXV. La frontière F d'un ensemble E est un ensemble fermé (page 
286). En effet, si C est l’ensemble complémentaire de H, on a, par définition, 


F—C-E+C:-E. 
Dans un espace accessible, la dérivation est distributive, donc: 
F’ == C: E” + OW 4+ OR; 
et puisque tout ensemble dérivé est fermé, 
FCCE'=C'E'E+C-E-CCCE<+EC—F. 


XXVI. Tout ensemble séparable E appartient à un ensemble fermé sépa- 
rable, par exemple à la fermeture E + E’ de E (page 286). 
Il existe, par hypothèse, un sous-ensemble dénombrable N de # tel que 


NCECN+N-. 
D'où N CECN +N" =N. 
Done W = N’, d’où E+ E’ =N -+ N. Alors 
ECN+<NCE+F. 


Et l’ensemble E + F’ est fermé et puisque NCE+LE=N+N,E+E 
est aussi séparable. 


XXVII. La formule E’ = N’ prouve aussi que tout ensemble separable 
dense en soi appartient au derivé de l’un de ses sous-ensembles dénombrables 
et que tout ensemble sépurable parfait est le dérivé de l’un de ses sous-ensem- 
bles dénombrables (page 284). 


XXVIII. Dans un espace accessible, tout ensemble parfaitement sépa- 
rable et non clairsemé contient un ensemble dénombrable dense en soi (page 
274). 

L'ensemble E n’étant pas clairsemé contient un ensemble D dense en soi. 
Comme Æ est parfaitement séparable, D est aussi parfaitement séparable 
et par suite séparable (XV). Or tout ensemble séparable et dense en soi, 
D, appartient au dérivé d’un de ses sous-ensembles dénombrables (XXVII) 
soit N. Et comme NC DC N’, N est dense en soi. 


XXIX. Dans un espace accessible, tout ensemble parfaitement séparable 
E a au plus la puissance du continu (page 285). En effet, par hypothèse, 
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il existe une famille dénombrable d’ensembles Vi, V2, ++, Va, ** - telle que la 
famille des voisinages de tout point s de F soit équivalente à la famille consti- 
tuée de ceux des ensembles Vn, (soient Va, Va, >'t) auxquels x est intérieur. 
Il n’y a d’ailleurs, puisque l’espace est accessible, qu’un point x commun aux 
voisinages Vn, Vn, *°* de z. 

Tout point v détermine une suite d’entiers n:, na, --- telle que æ soit 
intérieur aux ensembles Vn,, VA, *  : et à aucun autre des Vp. 

Réciproquement, une telle suite d’entiers, c’est-à-dire une suite telle qu’il 
existe au moins un point æ intérieur à Vu, Vn, *‘ et à aucun autre des V, 
détermine un point + de E et un seul. 

Les points de # correspondent donc de façon biunivoque à certaines suites 
d’entiers ni, Me, °°". 

Donc E a au plus la puissance du continu. 


XXX. Dire qu’un point a d’un espace accessible est à caractère dénom- 
brable, c’est dire qu’on peut supposer dénombrable la famille des voisinages de a. 
Soient donc Wi, We, °°, Wa, °°: ceux-ci. Appelons Va le premier des Wan 
qui est commun à W, et Wo En posant V, = W,, appelons en général Vp le 
premier des JV, qui est commun à Fa, tt, Vy, et Wp On voit qu’on aura 


PR V ye res, 


Comme les W, ces ensembles V ne pourront avoir en commun que le point a. 
Leur famille est équivalent à celle des W. Car chaque V est un W et chaque 
Wp comprend un Vp. Ainsi, st un point a d'un espace accessible est à caractère 
dénombrable, on peut supposer que la famille de ses voisinages est une suite 
dénombrable densembles Vy n'ayant en commun que le point a et dont chacun 
contient le suivant (page 298). 

C’est en particulier ce que a lieu si æ est un point quelconque d’un en- 
semble parfaitement séparable. 

(Dans le cas exceptionel où la suite des V, serait finie, la famille des 
voisinages de a serait même équivalente à la famille constituée par un seul 
ensemble: le dernier des Vp). 


XXXI. Toute transformation continue transforme un ensemble (par- 
faitement) compact en soi en un ensemble (parfaitement) compact en soi 
(page 288). 

En effet, soit A une transformation continue d’un ensemble # d’un espace 
accessible en un ensemble F, d’un espace accessible (distinct ou non du pre- 
mier). Soit e, un sous-ensemble infini de Z,. Chaque point y de e, est le 
transformé d’au moins un point z de E. Ne prenons qu’un point x de E pour 


°4 
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chaque point y de e, Nous formerons ainsi un ensemble e de points distincts; 
, eest un sous-ensemble infini de # et son transformé est e4. 

: Si FẸ est (parfaitement) compact en soi, il existera un point a de E dont 
tout voisinage comprend au moins un point de e distinct de a (comprend un 
ensemble de points de e ayant même puissance que e). Or si Va, est un 
voisinage arbitraire du transformé a, de a, il existe un voisinage V, de a, tel que 
le transformé de e' Va appartienne à Vy, Donc Ve, comprend au moins un 
point de e, distinct de a, (comprend un ensemble de points de e, avant une 
puissance au moins égale à celle de e ‘Va, c’est-à-dire à celle de e, c’est-à-dire à 
celle de e, et, comme la puissance de e1’ Vo, est au plus égale à celle de e, 
ces deux puissances sont égales). 


XXXII. Démontrons une proposition qui constitue en quelque sorte une 
réciproque du théorème XXI. 

Soit F une famille de fonctionnelles continues sur un ensemble E à carac- 
tère dénombrable (c’est-à-dire dont la famille des voisinages de chaque point 
de E est dénombrable). Pour que de tout sous-ensemble infini de fonction- 
nelles de F, on puisse extraire une suite qui converge uniformément sur E, 
al faut qu’en chaque point de E, les fonctionnelles de F soient également 
bornées et également continues relativement a E (page 288). 


1°, Sil existe au moins un point a de # où les fonctionnelles de F ne 
sont pas également bornées, c’est que, pour tout entier n, il existe une fonc- 
tionnelle Ọ„ (x) de F telle que | Un(a) | >n. Cela est impossible car, par 
hypothèse, on pourrait extraire de la suite des U,(x) une suite qui converge 
uniformément sur Ẹ et en particulier qui converge en a. Cette démonstration 
est valable pour un ensemble E quelconque appartenant à un espace (V) 
quelconque. Il n’en est pas de même de la démonstration du second point. 


2°, Sil existe un point a de Æ où les fonctionnelles de F ne sont pas 
également continues, il existe un nombre e > 0, tel que pour tout voisinage V 
de a, l’oscillation sur E: V de l’une au moins des fonctionnelles de F soit 
supérieure à e D’après ce qui précède, on peut supposer que les voisinages 
de a forment une suite dénombrable monotones d’ensembles Va, Vo, --- n’ayant 
en commun que le point a. Soit Un une fonctionnelle de F dont l’oscillation 
sur V, est supérieure à e On peut extraire par hypothèse de la suite des 
U,(x) une suite uniformément convergente sur E. Appelons U(r) sa limite. 
Il y a un voisinage Vp de a sur lequel Poscillation de U(x) est < e/6. D'autre 
part, pour n assez grand, | U,(x) — U (x) | < e/6 sur tout E. Par suite six 
appartient à E:V, 
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| Un(z) — Un(a) | S| Du(z) — U (2) | 
+ | U(«) — U (a) | + | U (a) — Un(a) | < e/2. 


Donc Voscillation de UV a(t) sur Vp serait < e, pour p fixé, n assez grand. Si 
donc on prend n assez grand et en particulier > p, l’oscillation de U,;(x) sur 
Va serait < e, contrairement à l’hypothèse. 


3. Espace régulier. 


XXXII. Dans un espace réguler (page 240), tout ensemble ouvert 
parfaitement séparable, E, est la somme d'une famille dénombrable d’en- 
sembles fermés (page 299). 

L'ensemble E étant parfaitement séparable, soit S la suite dénombrable 
des voisinages Vi, Vo, tt, Vn, tt des points de #. Pour chaque point a, 
Pun au moins des voisinages V, auxquels a est intérieur appartient a Æ. 
Ainsi on peut couvrir # au moyen d’une famille f d’ensembles Vy appartenant 
chacun à E. Donc # est la somme des ensembles de cette famille. D’autre 
part, dire que l’espace est régulier, c’est dire qu’on peut supposer fermés les 
ensembles de $. La famille f est une famille dénombrable d’ensembles fermés. 


4, Propriétes des espaces (L). 


XXXIV. Nous avons appelé dans notre Thèse ensemble compact (en 
soi) de points d’un espace (L), un ensemble # dont tout sous-ensemble infini 
e donne lieu à au moins un point d’accumulation a (appartenant à E). Ily 
aura donc une suite de points de €: Gi, de, `°", dn, ** ‘ distincts et convergeant 
vers a. Comme a est aussi point limite de la suite an, Gus, ‘**, il y aura 
dans tout voisinage de a une infinité de points de e distincts. De sorte que 
E est aussi compact (en soi) au sens adopté dans notre livre pour les ensembles 
de points d’un espace (V). 

Dans un espace (V Yy quelconque, un ensemble (parfaitement) compact et 
fermé est (parfaitement) compact en soi. Dans un espace (L), la réciproque 
est vraie (page 301). En effet, dans un tel espace tout point d’accumulation 
a d’un ensemble # est point limite d’une suite convergente § extraite de # 
et formée d'éléments distincts. Si F est compact en soi (et, à fortiori, si # 
est parfaitement compact en soi), il existe un point de # qui est point d’aceu- 
mulation de S. Comme a est le seul point d’accumulation de S, on voit que 
a appartient à Ẹ. 

XXXV. La condition nécessaire et suffisante pour qu’un ensemble E soit 
compact est, que pour toute infinie monotone de sous-ensembles fermés de E 


PR Dee Dh, Der, 
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il existe au moins un point commun aux ensembles de cette suite (page 801). 
. La condition est nécessaire, cela résulte du théorème III (ou 22, p. 7). 
La condition est suffisante ; en effet si E n’était pas compact, il existerait un 
sous-ensemble infini, e, de E, n’ayant aucun point d’accumulation. Soit, S, 
une suite infinie de points de e, distincts 


lis he, rer fins ss 


et En l’ensemble des points an, &n, °°". Il n’existe aucun point d’accumula- 
tion de #,. La suite des #, serait donc une suite monotone de sous-ensembles 
fermés de Æ. Il y aurait donc un point commun aux En, ce qui est évidem- 
ment impossible. 


XXXVI. Toute transformation continue d’un ensemble compact et 
fermé E appartenant à un espace (L) en un ensemble F appartenant à un 
espace (L)—distinct ow non du premier—fournit un ensemble compact et 
fermé (pages 44 et 303). 

En effet, soit f un sous-ensemble infini de F. Comme au paragraphe 
XXXVI, on peut le considérer comme transformé d’un sous-ensemble infini e 
de Æ choisi de sorte qu’un point de f corresponde à un seul point dee. Ilya 
un point & de Æ qui est point d’accumulation de e. Le transformé b de a est 
peut-être aussi transformé d’un point a, de e distinct de a. Mais a est point 
d’accumulation de e—-a—a,. Alors b, ne pouvant appartenir à f.b trans- 
formé de e — a — @,, sera point d’accumulation de f-b, donc de f. Et b appar- 
tient à F. 

Donc f a au moins un point d’accumulation appartenant à F. Ainsi F 
est compact en soi, c’est-à-dire, d’après XXXIV, compact et fermé, 


5. Propriété des espaces (S). 


XXXVII. M. Hausdorff a démontré (X, page 265) que tout espace de 
Hausdorff à caractère dénombrable est un espace (S). 

La réciproque est vraie (page 248). Comme tout espace (S) est un 
espace accessible, il suffit de démontrer qu’un espace (S) 4 caractére dénom- 
brable possède la porpriété D) de M. Hausdorff. Dire qu’il ne la possède pas, 
ce serait dire qu’il existe deux points a, b distincts ne possédant pas deux 
voisinages disjoints. Soient Vet, Va, >te; Vot, Vo?, te les voisinages re- 
spectifs de æ et de b. Il y aurait un point a, commun à Va” et Va” quel que 
soit n. Comme a, ne peut-être identique à la fois à a et b, l’un au moins des 
deux points a et b, a par exemple, est distinct d’un infinité des an. D'ailleurs, 
on peut supposer (voir XXX) que la suite Vol, Va", --- est monotone, de 
même que la suite Vy’, Vi’, +--+. Donc, a, par exemple, est point d’accu- 

5 
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mulation de l’ensemble des ap. C’est, par conséquent, la limite unique d’une 
certaine suite convergente de points distincts @n,, Gu. ‘+ extraite de la suite 
des a». Il ne peut done y avoir dans cette suite qu’un nombre fini ou nul 
de points coincidant avec b. La suite formée par les autres points est formée 
de points distincts de a et de b, figurant dans une infinité des V4 et une in- 
finité des V+” et par conséquent figurant dans tous les voisinages de a et tous 
les voisinages de b. (C’est donc une suite convergeant vers a et qui aurait 
aussi b pour point d’accumulation. 


6. Propriétés des espaces (D). 


XXXVIII. Tout ensemble complet E fait partie d'un ensemble fermé 
complet G extrait de ce même espace (page 308). 

Nous appelons ensemble complet un ensemble Æ tel que sans altérer la 
convergence ou la non-convergence des suites de points de Æ, ni leurs limites, 
on puisse définir celles-ci par l’intermédiaire de distances vérifiant le critère 
de convergence de Cauchy. Autrement dit: une certaine distance ((x,4)}) 
étant définie pour tout couple de points s, y de l’espace (D) considéré, nous 
supposons qu’on peut en outre attacher à tout couple de points x, y de E une 
` certaine distance (v, y) égale au non à ((x,y)}}). Comme la distance ( (s, y}), 
cette distance (x, y) doit ètre = 0, nulle seulement si + et y sont confondus, 
telle que 


(x,y) = (2,2) + (7,2) 


quels que soient v,y,z de E; telle que si y de E tend vers x de E, (s, y) 
tend vers zéro et réciproquement.* Mais, en outre, elle doit être telle que, si, 
pour une suite £1, Ze, ''*, Zn, *** de points de F, les distances (tn, Enip) sont 
infiniement petites avec 1/n, cette suite converge (sa limite appartenant ou 
non à E); et inversement. 

Et nous nous proposons de montrer qu’on peut attacher à tout couple de 
points v, y de l’ensemble fermé F == E + F’, une distance [x, y] égale à (x, y) 
quand v et y appartiennent 4 E et satisfaisant relativement à F aux mêmes 
conditions que nons venons de spécifier pour (x, y) relativement à F. 

Si cela est possible, on aura 


| Ee? y] = (Ens Yn) | = [æ, Tn] + Ly, Yn] 


pour tout couple z,y de F et tout couple £a, Yn de E. On pourra toujours 
prendre £n et yn de sorte qu’ils convergent respectivement vers x et y de F et, 
par suite, on aura: 
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(5) [z, y4] = lim (Zn, Yn) 


End Dr? 


Inversement, ne supposons plus le problème résolu et posons, par défini- 
tion de [x,y], la relation (5) pour tout couple de points z,y de F et toute 
suite de couples tn, Yn de points de # convergeant respectivement vers z, y. 

Pour que la définition soit légitime, il faut que le second membre de (5) 
ait sûrement une limite et que celle-ci ne dépende que de z et y. On a d’abord 


| (Ens Yn) con (Znsp; Ynsp) | = (Zn, Trap) + (Yn, Ynsip)- 


D’aprés les hypothéses faites, le second membre est, indépendamment de p, 
infiniment petit avec 1/n. La suite de nombres (41,41), °°*, (ns Ya) ° 
est done bien convergente. 
Sa limite ne dépend que de x et de y. Soit, en effet, £n’, Yn’, un couple 
de points de E convergeant respectivement vers &,y. Alors le couple x, 
sera aussi la limite de la suite de couples de # 
Lis Y15 Br", Yr" 5 Tos Yaz °° 3 Eny Yn3 Bas Yr 5 °°" 


Done la suite des distances 


(15 Y1) 5 (E1, Ys") 5 (Bas Yo) 3°77 3 (Ens Yn); (alr!) 5 0 
d’après ce qui précède, est aussi convergente, ce qui prouve que 


lim (2, Yn’) = lim (zr, Ya); 
Lal 2, Yn >y Zn Dr Yay 


Ainsi [z,y] est un nombre bien déterminé pour tout couple de points 
de F. De plus, si x, y appartiennent à E, on peut prendre £a = £, Yn = Y, 
ce qui montre que dans ce cas 


[æ, y] — (z, y). 
Si maintenant v, y sont deux points quelconques de F, on a évidemment 
[z,y] Z0, [a,a] = 0. 


Inversement, si [z, y] = 0, on a lim (2p, Yn) = 0. 
Or, par hypothèse (Tn, Ynip) tend indépendamment de p vers zéro avec 
1/n. Donc la suite de points 


Lis Yı; Ve, Yas °°" 3 Eny Yn; ‘°° 


vérifie aussi les conditions de Cauchy relativement à la distance (---): elle 
converge et alors r= y. 


68 FRÉOHET: Démonstration de Quelques Propriétés 


On a pour trois points £a, Yny Zn, quelconques sur E 


(Ens Yn) = (ny Zn) + (ny Yn) 3 


donc à la limite, si ces points tendent vers æ, y, z de F, 


[x,y] S [v2] + [2,2]. 
Montrons aussi que si y de F tend vers y de F, on a be Ly, y] == 0 
et inversement. 
Supposons d’abord que chaque y? appartienne à Æ. Alors le couple 


yP, ye” de E tend vers le couple y”, y de F quand n croit indéfiniment. 
Donc 


[y, y] = lim (yP, yœm). 
NOOO 
Puisque la suite des y*") de # est convergente, les nombres yP, y*™ sont 


infiniment petits avec 1/p, indépendamment de n. Done [y®), y] est infini- 
ment petit avec 1/p; on a bien dans ce cas 


lim [y®, y] =0. 
D—00 
Passons au cas où y™ appartient à F; il est limite d’une suite de points de £. 
On peut donc prendre, d’après ce qui précède, un point y, de Æ tel que 
[yp yP] < 1/p, et aussi ((y», yP)) < 1/p. Comme ((y, Yr)) = ((y,YP)) 
+ ((y™, Y»)), on voit que y, de E tendra vers y de F. Donc 
Ly, yP] = Ly, Yp] + [Yp Y se] < Ly, Yp] F 1/p. 
Or 
lim Ly, Yo] =Q. 
poo 
On a done encore 
lim [y yP] = 0. 
D200 
Réciproquement, supposons que pour les points y, y® de F, on ait 
Em [y, yP]— 0. 
pO 
Prenons des points zp, 2% de E; on peut, pour p fixe, les faire varier et les 


fair tendre vers y, y® respectivement. On peut donc, d’après ce qui précède, 
les prendre tels que [zp y] < 1/p; [2™, y] < 1/p, et aussi 


((2, y)) < 1/p. 
Or, on a 
(2%, Zp) = [2?, Zp | = 2P, yP] + ly, y] + ly, Zp | 
< [y®, y] + 2/p. 
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Donc 
(6) lim (20,2) = 0. 
p> 
On a d’autre part, 


(2, 200) S (2P, 2p) F (Zp, Zon) F (ans 24). 


En vertu de Pégalité (6) et de la convergence de la suite des zp, on voit, 
d’après cette inégalité, que (2, zm) est infiniment petit avec 1/p indé- 
pendamment de n. La suite des z™ est donc aussi convergente. Soit z sa 
limite, qui est un point de F. Ona 


[z, y] S [z, 2] + [2, z] + Lan, y] < [z 2] + 2P, z] + 1/p, 


et les trois termes du troisième membre tendent vers zéro avec 1/p: le deux- 
ième terme en vertu de (6), le premier d’après la proposition directe démon- 
trée à l’instant. Done [z,y] = 0, et on a vu que ceci implique z = y; par 
suite 2 tend vers y. 

Enfin, on a 


(yP) = CG 2)) + (P, y)) S (Cy, 2 )) + 1/p. 


Donc, on a bien 
y = lim y”, 
D} 00 
Tl nous reste à démontrer que la distance [x, y], qu’on vient de définir 
pour tout couple de points de F, se prête à la généralisation du critère de 
Cauchy. Si sı, æ, ''' est une suite convergente de points de F, sa limite z 
appartient à F; et on a 


[Ep Enp] S [w, tp] + [T tnp]. 
I] résulte de ce qui précède que [£p, tr] sera infiniment petit avec 1/p indé- 
pendamment de n. 
Inversement, démontrons que la suite des points z, de F est convergente 
quand elle satisfait au critère de Cauchy généralisé. Dans ce but, prenons un 
point y» de # assez voisin de £p pour que, quel que soit p, 


[Yp Tp] < 1/p. 
On aura 


(Yo: Yno) = [Yp Yn] S [Yp To] | 
“+ [2p Enp] + [Enp Ynip] < 2/p + [Ep Zap] 5 


le second membre est infiniment petit avec 1/p, indépendamment de n. Donc 
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les distances (Yp Ynsp) Vérifient le critère de Cauchy: la suite des yp est con- 
vergente. Soit y sa limite qui appartient à F. On aura 


[2p y] = [2p Yp] ET [Yp y] < 1/p a LY, y]. 
Donc les x, convergent (vers y). 


XXXIX. Dans un espace (D), tout ensemble compact et fermé possède 
la propriété de Borel-Lebesque et réciproquement (page 817). J’ai démontré 
la réciproque pour l’espace (V) le plus général (61, page 15). 

Le théorème direct a été démontré dans ma Thèse (22, page 26), moyen- 
nant une hypothèse restrictive dont on peut se débarasser suivant une re- 
marque de M. Hildebrandt (71, page 353). 

Mais cette démonstration repose sur le théorème analogue pour la pro- 
priété de Borel. Vue l’importance de la proposition énoncée ci-dessus, il est 
bon d’en donner une démonstration directe. 

Supposons qu’une famille F d’ensembles J couvre un ensemble #. Tout 
point « de Æ étant intérieur à un ensemble de F, il y a au moins un nombre 
p > 0 tel que le sphéroïde de centre z, rayon p, appartienne entièrement à 
un même ensemble J de F. Soit ps la borne supérieure de p pour un point 
x donné de F. (Si cette borne supérieure était infinie, tout H—et même tout 
Pespace—serait couvert par un seul des Z). Soit Sz le sphéroide de centre x, 
Tayon pz/2; il est intérieur à l’un au moins, Is, des ensembles de F. 

Pour démontrer le théorème, il suffit donc de démontrer qu’il existe un 
nombre fini de points s de E tels que tout point de E appartienne à Pun des 
sphéroïdes Sz, en nombre fini, correspondants. 

Or, dans le cas contraire, soit a, un point quelconque de Ẹ; il existerait 
au moins un point a, de E n’appartenant pas à Sa. De même, il existerait 
au moins un point a, n’appartenant ni à Se, ni à So, Si on à formé une 
suite de points &:, * **, @n de E tels que a, n’appartienne à aucun des ensembles 
Sa; °°’, Sans alors il existerait aussi un point dx. de Æ n’appartenant à 
aucun des ensembles Ses -°-, Se, Ainsi le procédé devrait se continuer indé- 
finiment. Alors, on aurait une suite infinie T de points de FE, a, a2, ++ tous 
distincts et tels que, quel que soit n, a, n’appartienne à aucun des ensembles 
Sas ` y Sons 

Or puisque # est compact et fermé il y a au moins un point a de E qui 
est point d’accumulation de l’ensemble T. Il y a donc une infinité de points 
de T, distincts, aussi voisins que l’on veut de a. Prenons en particulier an 
et Gin à distances de a inférieures à pa/16. Alors pour tout point x à dis- 
tance de 4, au plus égale à p4/4, on a 


(a, a) € (2, an) + (ans 0) < po/2- 
Done, tout point d’un sphéroïde de centre an, rayon pa/4, appartient à Se et, 
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par suite, à Je. Il résulte alors de la définition de pe, que pa, = pa/4, et 
comme anp D’appartient pas à Sen on aurait 


(anp An) = par/8; 
alors que 


(naps an) = (anp a) + (an, a) < pa/8. 
On remarquera que cette démonstration est aussi simple que les démoustrations 
qui ont été données pour les espaces euclidiens. 


7. Ensembles parfaitement compacts. 

XL. Dans un espace (D), il a identité entre la notion d'ensemble compact 
(en soi) et celle d'ensemble parfaitement compact (en soi) (page 317). 

Une première démonstration s'obtient par voie indirecte en s'appuyant 
sur ce que, dans un espace (D), tout ensemble compact et fermé possède la 
propriété de Borel-Lebesgue et sur le théorème de Chittenden d’après lequel 
dans tout espace (V ), tout ensemble possédant cette propriété est parfaitement 
compact en soi. 

J’ai aussi donné de ce fait, énoncé par M. R. L. Moore, une démonstra- 
tion directe (71, page 348) mais où j’adoptais pour la notion d’ensemble par- 
faitement compact la définition de cet auteur. Il faut alors compléter par la 
démonstration de l’équivalence de cette définition et de la définition adoptée 
dans mon livre. Cette équivalence a été établie par MM. Alexandroff et 
Chittenden. 

On peut aussi donner une démonstration ne faisant intervenir que la 
définition des ensembles parfaitement compacts dérivée de celle due à MM. 
Sierpinski et Kuratowski, définition adoptée dans mon livre et utilisée ci- 
dessus. 

Il s’agit de démontrer que si E est un ensemble compact et si e est un sous- 
ensemble infini de #, il existe un point a dont tout voisinage comprend à 
son intérieur une infinité de points de e ayant la puissance de e. Or sil 
existait un tel point, il appartiendrait à la fermeture F = E + F’ de E. Cet 
ensemble est compact et fermé (34, page 4). Si E n’était pas parfaitement 
compact, alors pour tout point x de F, il y aurait un sphéroïde Sz de centre æ 
ne comprenant à son intérieur qu’un ensemble de points de e de puissance 
inférieure à celle de e. Or F ayant la propriété de Borel-Lebesgue (voir 
XXXIX), l’ensemble F est couvert par un nombre fini des Sz Done Pen- 
semble e est compris dans la somme des intérieurs d’un nombre fini d’ensem- 
bles, chacun de ces intérieurs ne contenant qu’un ensemble de points de e 
d’une puissance inférieure à celle de e. D’où la contradiction annoncée. 

XLI. Soit U(z) une fonctionnelle uniformément continue sur un ensemble 
E compact et fermé. C’est-à-dire que pour tout nombre € > 0, il existe un 
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nombre y > 0, tel que | U (z) — U(x’) | < « pour tout couple de points z, 2’ 


de # dont la distance est < y. On peut couvrir E au moyen de sphéroïdes 


de rayon 7. Puisque E est compact et fermé, on peut couvrir # au moyen 
d’un nombre fini de ces sphéroïdes. On peut donc couvrir E par un nombre 
fini d’ensembles en l’intérieur de chacun desquels l’oscillation de U(x) soit 
inférieure à un nombre positif arbitraire €, donné d’avance. 

Réciproquement, supposons cette condition vérifiée. Alors, on peut cou- 
vrir & au moyen d’un nombre fini d’ensembles #,,---, Æn dans l’intérieur 
de chacun desquels l’oscillation de U soit < «/8, par exemple. Soient J, Pin- 
térieur de Er, prs la borne inférieure des distances des points de Æ - I, à ceux de 
E> I, et n la plus petite de celles des bornes prs (en nombre fini) qui ne sont 
pas nulles.* Si deux points a, b, de E sont à distance (a,b) < y, ou bien 
ils appartiennent au même J, et alors | U(a)—U(b) | <«/3 <e, ou bien 
ils appartiennent à J, et I, tels que prs==0. Dans ce cas, il y a une suite 
de couples ap, bp de points de E:T, et E- I, respectivement, tels que (ap, bp) 
tende vers zéro et, par suite, puisque À est compact et fermé, on peut extraire de 
cette suite, une suite de couples a,’, by’ convergeant vers le même point c de F. 

Ce point c appartient à un des J, soit J (distinct ou non de I, et de Is). 
Puisque c est intérieur à Em, les points ap’, by’ seront aussi intérieurs à Hm 
à partir d’un certain rang g. Alors on aura 


(1) | U (as) — U (bx) | <e/8, [U(a) —U(a,’) | <e/3, 

| U (bx) —U(b) | < e/3 
pour les trois couples de points appartenant respectivement à E - I», EIn 
EIs Dow 
(2) | U (a) =U (b) | < e 
Ainsi, la condition nécessaire et suffisante pour qu'une fonctionnelle U, définie 
sur un ensemble E compact et fermé, y soit uniformément continue est que, 
pour tour nombre « > 0, tl existe un nombre fini d'ensembles couvrant E et 
dans l’intérieur de chacun desquels l'oscillation de U est inférieure à e (page 
279). 

On pourrait se demander si l’on pourrait supprimer dans cet enoncé les 
mots “à l’intérieur de.” On ne pourrait les supprimer purement et simple- 
ment, car alors toute fonctionnelle bornée serait uniformément continue, 
comme on le voit en considérant # comme la somme des ensembles Fa où 
ge = U(x) < (æ-+ lje et où « ne prend que des valeurs entières (> 0, 
< 0 ou — 0). 


UNIVERSITÉ DE STRASBOURG, 
December 29, 1926. 


* Si tous les p,, sont nuls, on prendra 7 == 1, par exemple. 


On Certain Points in the Theory of Dirichlet 


Series. 
By J. F. RITT 


The results of this paper, all of which deal with Dirichlet series, bear 
upon the following topics: 


I. Picards Theorem. 
IT. Integral functions. 
Ill. Asymptotic convergence. 


The results under each topic are given at the head of the section dealing with 


that topic. 
I. PICARDS THEOREM. 


1. Statement of results. We consider, in this section, a function f(z), 
(z =x + iy), analytic in a half-plane z = R, and representable in a half-plane 
x < TS R by an absolutely convergent series 


(1) Go + me + : ‘ + quels LE: a 
where 
OC co Scans lima =o. 
TOO 

We use positive coefficients for z, rather than the customary negative ones, 
in order to heighten the similarity between our results and the corresponding 
known results on functions defined by Taylor series. No knowledge of T is 
needed other than that of its existence. 

The value a) will be attributed to f(z) for z = — œ. 


Theorems I and II, below, generalize respectively the theorems of Landau 
and of Schottky. We call particular attention to the fact that, in those theo- 
rems, the Xs which follow A,, and the extent of the region of convergence of 
(1), do not figure. The proofs, based upon the use of a modular function, 
are very parallel to the non-elementary proofs of the Landau and Schottky 
theorems.” Theorems IV and III, lemmas to Theorem IT, are generalizations 
of Schwarz’s lemma, and of the theorem that the modulus of a function ana- 


* More novelty of detail will probably be found in the proofs of Theorems III, VI, 
X, XI, XII than in the other proofs. 
43 
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lytic in a circle assumes its maximum on the circumference. A theorem like 
Theorem IIT, but dealing only with exponential polynomials, is given by Bohr.*, 


THEOREM I. Let f(z), analytic for «c= R, be representable, for 
sr <T R, by an absolutely convergent series (1). There exists a function 
DL (ao, 41, A1) such that, if R > L(ao, a1, à), then f(z) takes on at least one 
of the values 0 or 1 in the half-plane x = R. 


THEOREM II. Let f(z), analytic for «=f, be representable, for 
c <T R, by an absolutely convergent series (1). Let 0 be a variable 
assuming all values greater than zero. There exists a function S(ao, M, 4) 
such that, if f(z) is nowhere zero or unity for x = R, we have | f(z) | < 8 for 
x = R— 6. 


It should be noticed that S is independent of R. 


THEOREM III. Let f(z), analytic, bounded and non-constant for « = R, 
have an absolutely convergent development (1) for x < TSR. Let M(x) 
represent, for «= R, the least upper bound of | f(z) | on the vertical line of 
abscissa s.t Then M(x) is an increasing function of x for «= B.t 


THEOREM IV. Let f(z), analytic, with | f(z) | Sh, (h arbitrary), for 
a R, have, for x < T S R, an absolutely convergent development 


f (2) = eM? +: . + ane? +: g 
with 
OLUMULO K'a 6 limA=—o. 


ROO 
e 


Then, for x < R, 
f(z) Sh ekG-R), 


equality being possible only in the case of f(z) = ae. 


2. Proof of Theorem I. Suppose that f(z) is nowhere zero or unity 
for x= k. Then a ~0,1. 

Let a(z) be a function, with u(0) = ao, which maps the circle |z| < 1 
upon the entire plane with the points 0, 1, co removed. Let y(z) be the in- 
verse of u(2). 

Taking that branch of »(2) for which v(a) = 0, let us form the function 
v[f(z)]. As f(z) assumes none of the values 0, 1, œo, which are the only 


* Acta Mathematica, Vol. 47 (1926), p. 245. 
+ M(x) is the least upper bound of f(æ + iy) for æ fixed and —- œ < y< + o. 
t If D, LE, H (æ.) < M (æ,). 
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singular points of v(z), v[ f(z) ] will be uniform, analytic and less in modulus 
* than unity, for s S À. 

As ao 0, 1, v(z) is developable in a Taylor series in z2— 4 Because 
the development (1) of f(z) is absolutely convergent, we can get a develop- 
ment for v[f(z)], absolutely convergent in some half-plane, by substituting 
(1) for z, formally, in the expansion of »(z) about a. We find thus, as 
v(do) = 0, š 
(2) v[f(2)] =v (a0) +> > t. 


The coefficients of z which follow À, are linear combinations of the Xs in (1) 
with positive integral coefficients. 

As the development in (2) has a half-plane of absolute convergence, and 
as | »[f(z)1 | is bounded for «= R, we have the following expression for the 
coefficient of eè in (2):* 


Fi+wt 
v’ (doa, = lim (1/2ui) f If) le de, 
W—>00 R-wt 


The integration is performed along the line x = R. 
Thus, as | »[f(z)] | <1, we have 


| ay’ (ao) | < ex, 
so that 
R < — {log | ai’ (ao) |}/A. 


This proves our theorem. 


3. Proofs of Theorems III and IV. Let f(z) satisfy the hypothesis 
of Theorem III. 

A recent theorem of Doetsch + informs us that log M (s) is a downward 
convex function of æ for s & R. By this, it is meant that if the points 
(x, log M(x)) are plotted in Cartesian coordinates, then, if 2, < T2 < Ta, 
the point (zə, log M(22)) does not lie above the line joining (a, log M(x:)) 
and (ts, log M(as)). 

Our first step will be to show that, for s close to — œ, M(x) > | æ |. 
This is obvious when @ = 0. Suppose that æo =£ 0. We assume, without loss 
of generality, that a, Æ 0. 


* Valiron, “ Théorie générale des séries de Dirichlet.” Mémorial des Sciences 
Mathématiques. Paris, 1926, p. 15. 
t Mathematische Zeitschrift, Vol. 8 (1920), p. 237. 
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We have forg < T, 
f(z) == ho + aes — eh? (ager z + age ha) + rs + ). Le 


As the series in parentheses converges absolutely for s < T, and therefore, 
because of the nature of Dirichlet series, uniformly for x < T— ô, (8 > 0), 
we have 


f (2) = do + aye” + (2) ed, 


where, as © approaches — œ, e(z) approaches zero uniformly with respect to y. 
Let x be so close to — oo that | e(z) | < |a |/2. For any such +, we 
can find a y such that ae? has the same argument as &. Then 


| f(z + ty) | > | do + aye? | — | ayes |/2, 
so that M(x) > | a |. 


We now prove that M(x) is an increasing function. Suppose that a) 54 0. 
We shall show first that M(x) > | ao | for every s S R. Suppose that, for 
some Tı Ma) S | ao]. Let x and z > T be two numbers, less than a, 
and close to — œ, for which M (g) > M (æ). Such points exist, because 
M(x) approaches | a | from above as z —>— co. Then log A(r:) exceeds 
both log Af(a,) and log M (s), so that log M(x) cannot be convex downward. 
Thus M(a,) > | ao |. 

Let now v, and z: > +, be any two numbers, and suppose that H(x:) 
= M (z). For æ, close to — œ, Mf(x3), being close to | a |, is less than 
M(2,). We see again that log M (s) is not convex downward. Thus M (s) 
< Mix), so that M(a2) is an increasing function. 

For the case a= 0, it is at once obvious, because log M(x) is convex 
downward and approaches — co with xv, that M(x) is an increasing function. 
Theorem IIT is proved. 

We take now Theorem IV. Suppose that f(z) is not a,e%*, Then 
g(z) =e™*f(z) satisfies the hypothesis of Theorem HI. When z= R, 
|g(z) |SShe™®, Hence, for x < R, | g(z) | < he™®, so that 


ore | f(2) | < h eR, 
or 
| F) | < h M-m, 
When f(z) — ae, if we take h = | a, | ^F, we get an equation, rather 
than an inequality. 


4. Proof of Theorem II. Suppose that f(z) is neither zero nor unity 
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fors < R. Then |v[f(2)]| <1 for s& R. This, and (2), make v[f(2)1 
“satisfy the hypothesis of Theorem IV. Then 


v[f(z)] Se" 


for x < R—06. As f(z) = pf (2), and as a(z) is bounded for | z | S e< 1, 
we have an upper bound for | f(z) | for c= R— 8, depending on do, A; and 8. 
Theorem IT is proved. 


TI. INTEGRAL FUNCTIONS. 


5. Statement of results. We consider a non-constant function f(z) 
defined by a series 


(3) Go + aye? + + Lange He, 
with 
DLA<' "<<"; lim A=, 


g n700 
absolutely convergent for all values of z. 
Of course, f(z} is bounded in any left half-plane, and therefore along 
any vertical line. Let M(x) be the least upper bound of | f(z) | along a 
vertical line of abscissa x We know from Theorem III that M(x) increases 
with z. Then M(z) must increase indefinitely, for f(z) cannot be bounded 
in the entire plane. With respect to the growth of M (s), we prove, below, the 


THEOREM V. Jf M(x) Se (120), for all sufficiently large values 
of x, then f(z) is an exponential polynomial in which the greatest coefficient 
of z does not exceed 1, that is, dn = 0 for a >l 

We shall say that f(z) is of order p if, for every e > 0, we have, for x 
sufficiently large, 

M(x) < ger Pre) 
and if, besides, there exists a sequence of values of x tending towards +- o 
for which 

M(x) `> geT(pre) 


We shall say that a function f(z), of order p > 0, belongs to the type o 
of the order p if, for every « > 0, 


M(x) < plore eP®, 
whereas, for a sequence of +’s tending towards -+ 0, 


M (x) > gto-e)eP?, 
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We shall study the influence of the coefficients in (3) on the rate of 


increase of M(x), placing upon the Ws the quantitative restriction . 
(4) lim inf À./logn > 0. 
n->00 


This assumption, frequently made in investigations on Dirichlet series, holds, 
for instance, for ordinary Dirichlet series X, ann’. 

The problem of determining whether f(z) belongs to a certain order, 
differs in no material respect from the corresponding problem for integral 
functions defined by power series. This is due largely to the crudeness with 
which the order of a function measures its modulus. One has only to follow 
the power series investigation,* using (5), below, to establish the following 
result : 


For f(z), defined by the everywhere absolutely convergent series (3), 
for which (4) holds, to be of order p, it is necessary and sufficient that 


p = — lim sup (An log An) /log | an |. 
#00 


On the other hand, the determination of conditions for f(z) to belong to 
a certain type of a given order, presents essentially new features over the 
power series investigation. We prove, in this connection, the 


TuEorEM VI. For f(z), defined by the everywhere absolutely convergent 
series (3), with (4) holding, to belong to the type o of the order p, where 
o > 0, it is necessary and sufficient that 


: [ML ntl 
lim sup nt > Jal } = (aep)'/, 
n> OO Ayan 


The summation is over all i's for which n S À; < n + 1. 
For e= 0, the condition is necessary, but it is sufficient only if f(z) is 
not of order less than p. 


6. Proof of Theorem V. Let f(z) oe the hypothesis of Theorem V. 
We have, for any R, 


(5) an= lim (1/2vi) L. F(z) od de. 


Thus, for x large, 
| On | = e Ane 


so that an == 0 if M>L 


* Bieberbach, Lehrbuch der Funktionentheorie, Vol. 2, p. 228. 
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Y. Proof'of Theorem VI. Let f(z) be defined by the everywhere abso- 
Jutely convergent series (3) for which (4) holds. Let é(z) represent the 
series 


Lek pe pede pee, 
which, because of (4), converges for x > 0. Let 
(6) gE) =| do] + alee an Ome >, 
We shall prove that, for h > 0 and æ arbitrary, 
g(z—h) = ER) M(z), 


where M(x) is the least upper bound of | f(z) | on the vertical line of 
abscissa +, 
In short,* by (5), | an| S M(x) ec. Thus, by (6), 


g(e—h) S M(x) (1 +*+: ) = éh) M(x). 


We shall show that if f(z) belongs to the type o of the order p, then g(z) 
belongs to the type o of the order p. Let f(z) belong to the type o of the 
order p. The least upper bound of | g(z) | on a vertical line of abscissa z 
is g(z). Now, fore > 0, h > 0, and for x large, 


log g(x) S log é(h) + log M(x +h) < log &(h) + (o + e)erterr 
= log E(h) + e(o + e) e. 


An e having been selected, let h be taken so small that 


e(o + e) < o 2e. 
Then 


log g(x) < log é(h) + (o + 2c) er. 
If, now, keeping e and À fixed, we make x large, we have 


log g(z) < (e + de) em, 


so that g(z) satisfies the first condition for belonging to the type e of the 
order p. Furthermore, as g(x) = | f(z) |, the second condition is also satis- 
fied by g(z). 

Let 


Age n+l 
Cn = 2 lail, (n = 0, 1, +2), 


+= 


* We put A, —0. 
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Then, for x > 0, 


gle) = co+ cer +--+ + ene >>, x 
g(x) < Col? + 61677 +: " + erete + : an 


From the first inequality, we see that the integral function > caz” satis- 
fies the first condition for belonging to the type o of the order p in the ordi- 
nary sense of the theory of integral functions. The second inequality shows 
that > c,z"*! satisfies the second condition. But if either power series satis- 
fies one of the conditions, the other does also. Hence, to ask that f(z) belong 
to the type o of the order p, in the sense of this paper, is to ask that > cnz” 
belong to the type o of the order p in the crdinary sense. This gives our 
theorem immediately.* 


III. ASYMPTOTIC CONVERGENCE. 


8. Statement of results. We deal with series of the type 


(7) fig =} ee fgets Lane ME Re se, 
with 
OCA, Sooo SCAn<':+ +s limAa= oo, 
n—>00 
making no assumptions as to the convergence of the series. 

Consider any domain containing points of arbitrarily large x, and a func- 
tion f(z) defined for all points of this domain whose æ’s exceed some value. 
We shall say that f(z) is asymptotically equivalent to (7) in the given domain 
if, for every n, ‘ 


f(z) = (lo + a ex +... + Gn ean + En (2) gn Ane 


where e,(z) approaches zero, uniformly with respect to y, as x increases indefi- 
nitely. We shall write, putting A, = 0, 


f(z) ~ Sane. 


For domains, we shall use generally, in this paper, sectors of the type 
|ampz|=¢7/2. We shall call such a sector a sector of opening 2¢. 
It will be understood that f(z) is analytic for all sufficiently distant points of 
the sector. 

Our results follow. 


* Bieberbach, log. cit, p. 231. 
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TurorEM VII. If the series X ane™ has a domain of convergence, 
e then the function f(z) represented by the series is asymptotically equivalent 
to the series in any sector of opening less than +. 


Turorem VIII. If f(z) ~ Dane and g(z) — E dre’, then f(z) 
+ g(z) and f(z) g(z) are respectively equivalent, asymptotically, to the sum 
and to the Dirichlet product of the series for f(z) and g(z). 


It is unnecessary to specify a domain in Theorem VIII. The proofs of 
both items of that theorem are analogous to the proofs of the corresponding 
results for power series, and will be omitted. The result on multiplication 
has a special interest, in view of the fact that the product of two Dirichlet 
series may diverge at points for which both converge. 


THEOREM IX. If f(z) — È an" in a sector of opening Re, then 
f’ (2) ~ E —Andue™* in any sector of opening less than 2¢. 


Theorem IX is analogous to one which we proved several years ago for 
power series.* It will be seen that the proof really applies to more general 
domains than sectors. 

THEOREM X. Let 

lim inf A/log n > 0. 
Let f(z) ~ S ane Ve in a sector of opening m. Then Sane" converges 
absolutely to f(z) in some half-plane. 


Theorem X, more hidden than those which precede, generalizes the theo- 
rem that a power series which is asymptotically equivalent to an analytic 
function for a complete neighborhood of of converges for large values of the 
variable. 


TuHEoreM XI. If f(z) and g(z) are both equivalent asymptotically to 
> ane", with unrestricted ls, in a sector of opening m, then f(z) = g (2). 


TueorEm XII. (Existence theorem.) Let M, ào’ © +, be any sequence 


of posilive numbers, increasing towards co, and a, as, : ` `, be any numbers. 
The series 

00 
(8) 2 Une” Are (1 ——pbne log 2), 

nz 


where the b’s are so taken that, for every n, bn < 0 and 
| nbn | < 2. 


* Bulletin of the American Mathematical Society, Vol. 24 (1918), p. 225. 
6 3 
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converges, for points of sufficiently large modulus, in any sector of opening 
less than x, to a function asymptotically equivalent, in that sector, tọ ° 
> Ane >*®, 


The coefficient of 4 in log z is understood to be taken between — r and +. 
The series (8) is similar to a series which we used some time ago for 
the construction of a function with any desired derivatives at a point.* 


9. Proof of Theorem VII. The proof of Theorem VIT is contained, 
in principle, in the proof of the familiar theorem that the series for f(z) 
converges uniformly in any sector of opening less than v.t 

No generality is lost in assuming that the series converges for z =Q. 
In fact, if the series converges for z — R > 0, we can deal with the function 
f(z + È). The equivalence of f(z + R) to Sane? eo will imply that 
of f(z) to Dane, This is because the distant points of any sector of open- 
ing 2p <a, with vertex at the origin, are contained within any sector of 
opening greater than 2 with vertex at R. 

We take any sector, with vertex at the origin, of opening 26 < r. 

Let 


oO oO 
m(z) = Bae, An— X ai. 


+1 +1 
Then, by partial summation, 


0 
Ta (2) = Ane en? + 2 Aj (ent — ge), 


Aga Ager 
= | $ ze%du | = |z| f enue du 
À: Ay 


ae) eee) 


As the series for f(z) converges for z — 0, there exists an A > 0 which ex- 
ceeds every | A; |. Then 


| Ta (z) <h g Anne + (h | Z | /zx) >» (eo — Mat) 
=h (1+ | 2|/2) era 
< h (1 + sec g) ear, 


Now 


gaz TOES gz 











Because Anyi > An, it is plain that e* r,(z) —> 0 as g —> œ in our sector. 
This proves the theorem. 


* Annals of Mathematics, Vol. 18 (1916), p. 18. 
+ Valiron, loc. ctt., p. 5. 


& 
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10. Proof of Theorem IX. We have 
f’(2) cae ts d,a,e7™" 9 et —— Anne >" + gng (— Anen (2) + L Ez (2) E 


Consider any ¢ of large modulus in a sector of opening less than 2¢. The 
modulus of the derivative of e.(z) for z == 6, does not exceed the maximum 
modulus of en(z) on the circle | z—¢¿ | = 1. Hence the derivative of e1(2) 
approaches zero as z — oo in the sector of opening less than 2¢. This proves 
our theorem. 


5. Proofs of Theorems X and XI. Let f(z) satisfy the hypothesis of 
Theorem X. There is an È such that f(z) is analytic and bounded for x = R. 
As we may replace f(z) by f(z + E), we assume that R = 0. 

We shall prove, without using our assumption relative to the A’s, that, 
for every n, 


wt 
(9) an —= lim (1/2ui) f f(z) ede, 
w00 ~ü 


the integration being performed along the line g == 0. 
As 


f(z) = ly +. ae”Mz + eee + Ane An? +- én (2) enr, 


where e, (2) —> 0 as z — œ, we have 


wt wi 
(10) f f(z) edz = Í (do + °°" + ana) om? dz + Rwtan + 
“Wt -wt 


wi 
: f (ade. 


The first integral in the second member of (10) stays bounded as w — œ. 
If, then, we can show that 


wt 
(11) lim (1/2wi) f en(z) dz = 0, 
{I> 00 -wt 


our formula for a, will be established. 


Let o be any positive number. We have 


wi ° g+wi +4 wt 
(12) f alz)de= | al) d +f" en(2) de +f en(2) dz, 
(1 4 -wt Gm wd c+wi 


every path of integration being rectilinear. 


Any 7 > 0 being taken, let a e be chosen so that | en(z) | < n for z =o. 
Because f(z) is bounded for «= 0, e,(z)e* is bounded for += 0. 
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Hence e(z) is bounded for OS sS cF.” Let N be an upper bound for 
| en(z) | in this region. | . 

Then the first and third integrals in the second member of (12) have 
moduli not exceeding oN, whereas the modulus of the second integral is less 
than 2wy. Hence 


(13) (1/2wi) f ale) dz 


If w is large, the second member of (13) is less than 27. This proves 
(11), and gives our formula for ay. 

Let 
(14) Ta (2) = f (2) — ao — aye*® — + © — Une, 


< oN/o + 7. 








We shall prove that there exists an S © 0 such that r,(2) — 0 as n> co, 
if e >S. This will prove that the asymptotic development converges to f(z) 
in some half-plane. Furthermore, it is known that, for a Dirichlet series 
with lim inf A,/log n > 0, the existence of a half-plane of convergence im- 
plies the existence of a half-plane of absolute convergence.t ‘Thus, our theo- 
rem will be proved. 

Let M be an upper bound for | f(z) | on the imaginary axis. We see 
from (9) that | an |S W. It follows from (14) that | r,(2) | has (n + 1) 
for an upper bound on the imaginary axis. 

The function en(z) = e™? r (z) is bounded for s 20. We know from 
Doetsch’s theorem that the least upper bound of log | (2) |, on a vertical line, 
is a downward convex function. Since log | e(z) |—>— œ, æ— œ, the 
upper bound of log | en(z) | must decrease as x increases. Then the upper 
bound of | en(z) | also decreases as æ increases. 

For s= 0, | en(z) | = | ra (z) |, so that le(z) |S (n +1)M. Hence, 
for æ > 0, 

| a(z) | =e | en(z) | < eo? (n + 1). 


Our hypothesis with respect to A, implies the existence of a + > 0 such 
that An > rlogn for every n. Then, for every n, 


[ra(z) | < Mn + 1) /n™. 


It follows that, for s > 1/7, r,(2) — 0 as n—> œ. This proves Theorem X. 
We now prove Theorem XI. Because (f(z) — g(z))e"* approaches zero 
as æ—> œ, the upper bound of the modulus of that function on a vertical line 


* As well as for æ > 0. 
t Valiron, loc. cit., p. 3. 
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decreases as T increases. The upper bound for æ—0# is, for any An, the 
upper bound of f(z) —g(z). Then, if s > 0, f(z) —g(x) must be zero, since 
| eso | —> oo as n —> co. | 


12. The existence theorem. We consider the series 
co 
(15) > Ane re (1 er ebrz log 8) 
n=1 


where, for every n, ba < 0 and 
(16) | nün | < 2", 


We take any sector of opening 26 < m, ($ >0). For any z in this see- 
tor, let z = r e, with | 0| < ẹ. Then 


(17) R (a log 2) = RU (s -+ iy) (log r + 48) | 
== g log r — yô 
> æ(log r — p tan ¢). 
Thus, when z is sufficiently large, 
(18) R (zlog z) > 0. 
Again, if z is a point of large modulus, in our sector, 
| zlogz| < |z |? =a sec? 6 < g? sec? o, 
so that certainly, for |z | large, 
(19) | zlogz| < e. 


Let (18) and (19) both hold, in our sector, for s >s. We say that (15) 
converges uniformly in the sector, for z > a. 


Let z be a point in the sector, with s > a. Consider any n for which 
(20) | an | S27 | zlogz]. 
We have, by (18) and (19), 


(21) | Ane? (1 — ebnz log 2) | < 9-n | z log z | . e”\n® (1 + 1) 
< Qt g Ana, 


Consider any n for which (20) does not hold. We have 
(22) | 1— edz logsz | = | baz log z | + (1/2!) (| bazlogz |)? +> 
< | bnz log Z | elbnz log z1, 


“Tt is evidently legitimate to assume f(z) and g(z) analytic and bounded 
for œ > 0. a 
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Using (16), and the fact that (20) does not hold, we have 





| baz log z | < 27” 98e | rae ie 
so that, by (22), 
(23) | 1—ebnzlosz | < | byzlogz|-e. 
Then, by (19) and (23), 
(24) | ane” he (1 es ebne log 2) | < g ' | andy | ge” (An-Læ 


< 2-8 @ e AnD, 


From (21) and (24) we see that, for æ > c, in our sector, the terms of 
(15) are all less in modulus than the corresponding terms of 
(25) S I-n g» g Aaa. 

n=1 

But (25) is evidently uniformly convergent for v > 0. Hence (15) is uni- 
formly convergent, in our sector, for x > o. 

We show now that the function f(z) to which (15) converges is asymp- 
totically equivalent to > ane. 

It follows from (17) (last item), that as z — co, with z in our sector, 
(26) lim eò? > gbnz log z m () 


for every À > 0. We see from (25) that the remainder after n terms in 
(15) is of the form e,(z) e~O»"))*, where €, (2) — 0 as æ— œ. 
Taking any n, let p be such that Ap > A1 +1 Then 


f(z) = > ae M? (1 — ebiz log 2) L e(z) De, 
iz 
For any 7 such that n < t S p, we have 
aige ™? (1 -— gbiz log 2) ER ni(2) ene, 
where 4;(2) — 0 as t— œ. Hence 
f(2) = X mede (1— bebe?) + 5,(2) es, 
E 
where 8,(2) — 0 as z —> œ. Then 
f(z) = D aie” M? — pAn S azeAn-Aide » ebiz log z L Sn (2) e”}nz 
4-1 


4=1 
and this, by (26), proves that f(z) ~ S ane* in our sector. 
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On a Theorem of Severi. 
‘ By Oscar ZARISKI. 


1. In one of his memoirs published in the Mathematische Annalen," 
Professor Severi undertook to prove the following theorem: 


Every correspondence between the points of the general curve of a linear 
system | © |, œ? at least, drawn on a regular surface, has a valence. In par- 
ticular every plane curve varying in a linear system œ° at least has only 
correspondences with valence (loc. cit., p. 516-517). 


Severi gives two proofs of this theorem, one transcendental, based upon 
the investigation of the abelian integrals of the varying curve C of |C |, 
and the other purely geometric. But in each of them the theorem is 
proved only under certain conditions which the author points out explicitly. 
Thus, in the transcendental treatment Severi assumes that when a curve of 
the system acquires a new multiple point, this point will generally be a nodal 
double point, while in the geometric treatment of the question he makes the 
hypothesis that the system | C |, supposed to be œ”, should not have o*1 
reducible curves. Since the two conditions seem to him to be independent, he 
draws the conclusion that in the definite statement of the theorem both can 
be omitted and therefore the theorem is true without restrictions. Investi- 
gating closer the geometrical proof of Severi, certain doubts as to the rigor 
of the procedure were brought forth. There is a single weak point in Severi’s 
reasoning. When this is eliminated, the necessary and sufficient conditions 
under which the result is true, can be completely formulated. The theorem 
thus limited still retains its importance, especially in that it is still able to 
prove the non-existence of singular correspondences on a curve of genus 
p > 0 with general modulus, which application was the first motive to Severi’s 
investigation. 


I formulate Severi’s theorem thus: 


I. If ina net |C| of degree n drawn on an algebraic regular surface 
the general curve C possesses a singular correspondence, the correspondence 
(n—1,n—1) defined on C by the characteristic series ga! is broken up into 
several irreducible correspondences, and at least one of them is singular. 


I also show: 


* “Le corrispondenze singolari fra i punti di una curva variabile in un sistema 
_ lineare sopra una superficie regolare,” Mathematische Annalen, Vol. 74 (1913). 
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II. The above mentioned correspondences into which the correspondence 
(n—1,n—1) ts broken up form a base™ on the general curve C, ù e. desig; 
nating them by M,,- ++, Mx, for every other correspondence M on C 


AM + À, + Rd + A, My, 0, 


where À, M, ° *, Ax are integers, and À 0. 

It may happen that the k correspondences M; are not independent. Then 
the number of correspondences forming a base is reduced. 

I further show that Severi’s theorem is absolutely true for simple linear 
systems (consequently at least cf), i. e., such that the curves of the system 
which pass through a given point P must not necessarily pass through other 
points varying with P. We have then the following theorem: 


III. On the general curve C of a simple linear system, drawn on a 
regular surface, all correspondences have a valence. 


2. Let | C | be a linear system, co? at least, drawn on a regular surface 
F. and let us suppose that there exists on the general curve C a singular 
correspondence T, which can therefore vary continuously when C varies con- 
tinuously in | C|. In general the correspondence T will not be determined 
rationally on every C, i. e. while C circulates in | C |, starting from an initial 
position and returning to it, T although preserving its indices will be trans- 
formed into another correspondence T”, different from T. Severi shows that 
starting from T one can construct another correspondence also singular, which 
is rationally determined on every C. Possessing such a correspondence, which 
we shall call T, Severi reasons as follows: Let the curve C vary in a net H 
of degree n. Let æ be any point on the surface F and let us consider the 
curve D, described by all the points y which are homologous to x in the corre- 
spondences T relative to all the oo* curves C passing through s. Let De 
bave a multiplicity s at the point z and the multiplicities t—necessarily equal 
due to consideration of symmetry—at each of the n — 1 points z in which the 
curves C passing through v intersect outside v and the base points of the net. 
D, will also pass through the base points of the net with certain multiplicities 
which we can neglect because, when x varies on a fixed C, they give rise to 
fixed intersections of C with De. Varying x on a given C we obtain a con- 
tinuous system oot of curves De, and since the surface is regular, the curves 


* On the concept of a base, see F. Severi: “Sulle corrispondenze tra i punti di 
una curva algebrica e sopra certe classi di superficie,” Memorie della Reggia Accademia 
di Torino, Vol. 64 (1903); “Sulla totalita delle curve algebriche tracciate sopra una 
superficie algebrica,” Mathematische Annalen, Vol, 62 (1906). 
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D. will be contained in one and the same linear system, by a well-known 


„theorem of Enriques.” The curves D, will consequently intersect C in equiva- 


lent groups of points. One such group, for a given Dz, consists of the point x, 
counted s times, of the group Y of the points homologous to x in the corre- 
spondence T on C, and of the group Z of the n — 1 points z, each of which is 
counted ¢ times. We have therefor 


se-+Y+iZ=se’ + Y’ + tz, 


where z and +’ are any two arbitrary points of C. But since x + Z =r + 7’, 
we deduce 


Y + (s—t)e=YV’+ (s—t)v’, 


which proves that T has a valence s — t, which contradicts the hypothesis. The 
objection which may be raised against Severi’s reasoning is that it is not 
necessarily true that D, will pass through all the n — 1 points z of the group 7 
with the same multiplicity. It would have been so, if, when x circulates on C 
starting out from an initial position and returning to it, any point z could be 
transformed into any one of the remaining n — 2 points of the group Z, in other 
words, when the correspondence (n — 1, n — 1) associating z and the points of 
the group Z is irreducible. But if this correspondence breaks up into several 
correspondences, and if we call 2, 2,° °°, Zr (r < n— 1) the points homo- 
logous to x in one of these correspondences, all we can say is that D, will pass 
with the same multiplicity through the points 2, 22, ° * +, Zm but the multi- 
plicities relative to two different correspondences may well be different. 

Suppose that the correspondence (n— 1, n— 1) is broken up into k 
correspondences Jf,,°- +, My and let 7,,° - +, Z% respectively be the groups 
of points homologous to x in the correspondences Jf,,---, My, If we denote 
by ¢; the multiplicity with which the curve D, passes through the points of 
the group 4;, we will have instead of Severi’s relation the following: 


see Y +h Zits t+ hi se’ te Y 4424 Lee: + hay. 
We conclude that the correspondence 
SIHT +My +--+ - + EM 
where J denotes the identical correspondence, has a valence, in symbols 


(1) SI +T+4,M, +--+ +h, =0. 


* F. Enriques, “Una proprietà delle serie continue di curve appartenenti ad uno 


superficie algebrica regolare,” Rendiconti del Circolo Matematico di Palermo, Vol. 13 
( 1899) * $ . 
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From this we conclude that if all the correspondences T; (t==1, 2,:° +, k) 
have a valence, then T has a valence, and this proves our theorem I ($1)., ° 
It is easily shown that the correspondences M,,: + -, Mr, or a certain number 

of them in the case where they are not independent, form a base, i. e. for any 
other correspondence M on C we have 


(2) AM + Xl +--+ + + And = 0, 


where A, Air, °°, Ax are Integers and À=£0. In fact, if M is rationally 
determined on C then (2) is satisfied for A==1, in virtue of (1).* If, how- 
ever, M is not rationally determined, we can construct, by Severi’s method, 
another correspondence Jl’, which is rationally determined on every C. The 
correspondence M’, constructed thus, is related to M by Al’ ==uM, where p 
is à positive integer. Since 


M’ + AM, + + + + AM, =0 
we have also 


pM + At +: ne + Ale = 0, 
which proves the theorem IT (§ 1). 


8. In fact, one can give examples of nets of curves on regular surfaces, 
for instance, on the plane, in which the general curve possesses singular corre- 
spondences. There exist in the plane nets of harmonics or equianharmonic 
cubics,t and every such cubic possesses singular correspondences. Such nets 
of cubics have been studied recently by Miss Rossi (Rome) in her thesis. 
Miss Rossi finds an interesting class of nets of equianharmonic cubics with 
six base points, for which the characteristic series g;* is cyclic, i. e. is generated 
by a birational cyclic transformation of third order. This is in accordance 
with our general theorem I, since in this case the characteristic series gives 
rise to a correspondence (2, 2) which, as it has to be reducible, breaks up 
necessarily into two singular birational transformations, one the inverse of 
the other. Note that these nets are generally deprived of a pencil of reducible 
curves. 

In the examples mentioned above, the curves of the net have the same 
modulus. We can show that this is general for nets of elliptical curves, i. e. 
af on a net of elliptical curves the general curve possesses a singular corre- 


* Note that the correspondence Z can be eliminated from (1), since evidently 
IHM HM, +t. +M #0. 

¢ See O. Chisini, “ Sui fasci di cubiche a modulo costante,” Rendiconti del Circolo 
Matematico di Palermo, Viol. 40 (1916), 
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spondence, the curves of the net have the same modulus. This is seen by 
‘considering the transcendental representation of a singular correspondence T 
on an elliptical curve C. Let y™, y@, ++, y® be the homologous points 
of x in T. Then we have 


Le u(y?) =ru(z) + r: (mod 1,0), 


where u is an abelian integral of the first kind, the periods of which are 1 
end w, and 7, m, are constants. There exist also a known relation between 


7 and o: 
r= h -+ go, ro = H + Go, 


where h, g, H, G are integers and g £0, if T is singular. The intergers 
h, g, H, G are called by Severi the characteristic integers of the correspondence. 
The period w satisfies an equation of second degree 


(3) ge? + (h — G)o— H = 0. 


If the curve C varies in a net in such a way that also the correspondence T 
varies continuously, the characteristic integers of T must remain unaltered, 
since they cannot vary continuously. Equation (3) shows that the period w, 
which is also the modulus of C, does not vary with C. Q. E. D. 


4. We will show now that Severi’s theorem is applicable without restric- 
tions for simple linear systems (consequently at least œ). We have only 
to make a preliminary observation. Let us have on an irreducible curve C 
a linear involution g,'. We will designate by G the monodromic group of the 
da‘, i. e. the monodromic group of the n-valued algebraic function y(x), 
which we obtain cutting the g,' on C by the lines of the pencil x = const. 
It is known that G is transitive when C is irreducible. Let us consider the 
correspondence (7-——1, n— 1) defined by the gnt. If this correspondence 
is broken up into several correspondences, what can we say about the group G? 
It is evident that in this case the substitutions of G which leave one letter 
unaltered, do not permute transitively the remaining n —- 1 letters, i. e. the 
group @ is only simply transitive. If, on the other hand, the correspondence 
(n— 1, n—1) is irreducible, the group G is at least doubly transitive. 
In particular, when the group G is the symmetrical group on n letters, then 
the correspondence (n — 1, n— 1) is certainly irreducible. 

Let us take now on a regular surface F a linear system |C |, at least 
œ? and simple. With this hypothesis we are certain that taking in |C | a 
general net, the characteristic series g,' of a general C of the net is simple, 
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i. e. its groups are not composed of the sets of points of an involution of 
lower order, and therefore its monodromie group G will be primitive. On’ 
the other hand, if two curves of | C' | are tangent to each other at a point P, 
they will have a simple contact there, and will not have another point of 
tangency. ‘Therefore the monodromic group G of the above mentioned char- 
acteristic series g,* will contain a transposition. The group being primitive, 
we deduce by means of a well known theorem in the theory of groups, that 
it will be the symmetrical group on n letters. That is sufficient to affirm 
that the correspondence (n—1, n— 1) on the general curve taken in a 
general net of | (| is irreducible, and hence, by the general theorem I, C 
does not contain singular correspondences. 

The application of this result to the proof of the non-existence of singular 
correspondences on a curve of genus p with general modulus is immediate. 
It is sufficient to show that there exist particular curves of genus p, which 
do not contain singular correspondences. This follows simply from the fact 
that for every value of p there exist simple linear systems of plane curves of 
genus p. In fact, given p, we determine the integer n such that 


(n—1)(m—2)/2 < pS n(n — 1)/2. 


The curves of order n + 1 with n(n — 1)/2 — p = n — 2 fixed double points 
form evidently such a linear system. 

In fact, the system contains degenerate curves œn, broken up in 
d = n(n — 1)/2— p lines forming a polygon whose vertices are at the d 
fixed double points and in n -+ 1 — d Æ 3 arbitrary lines, hence the system is 
simple. The above mentioned degenerate curves das, relative to different 
polygons do not possess à common part and other common double points out- 
side the d fixed points. Moreover the curves of the system are not composed 
of the curves of a pencil, due to the fact that these degenerate curves contain 
n + 1— d arbitrary lines. Hence, by the theorem of Bertini, the system is 
irreducible and of genus equal precisely to p. 
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On Gierster’s Classnumber Relations. 
By J. Y. USPENSKY. 


In the fifth of the papers published under the common title: “Sur les 
relations entre les nombres des classes des formes quadratiques binaires et 
positives ” “ I gave an elementary and purely arithmetical proof of Gierster’s 
classnumber relations. The exposition could have been greatly simplified had 
I known at that time the explicit expressions for certain numerical functions. 
Lacking these expressions I had to resort to indirect means to eliminate the 
numerical function whose expression was not known à priori, which made my 
method unnecessarily complicated. Recently I discovered the lacking expres- 
sions, which are by no means obvious, and this makes it possible for me now 
to present my proof in its simplest form. My method is based on certain 
very general identities which may be useful on many occasions, and I deem it 
advisable to reproduce those identities with their proof, inasmuch as the proof 
is very simple and does not require much space. 


1. The Fundamental Identities. Let F(z, y,2) be an arbitrary function 
defined for integral values of its arguments and satisfying the following con- 
ditions of parity: 

F(—4, y, 2) = F(z, y,2); F(«,—y,—2) =— F(2,4,2) » 
and we suppose 
F(a, 0,2) =0 


whenever the middle argument y can assume the value 0. On the other hand, 
n being an arbitrary positive integer, we consider two modes of partition of 
this number, the first one being indicated by the equation 


(1) ` n= i? + 245 


where may have any integral value, while d and 8 are supposed to be positive 
integers. The second mode of partition is indicated by the equation 


(2) n= h? + AA 


where again À may be any integer, while A and A’ are supposed to be positive 
integers, satisfying the additional conditions 


A< A’, A’=A (mod 2). 


* Bulletin de l’Académie des Sciences de VUSSR, No. 8-9, 1926. 
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This being so, let us consider the sum 
S = F (F[(A’+ A)/2,(A’ — A) /2, A—h] — Fh, (A’—A)/2, A —h]} 


extended over all the partitions (2). This sum may be naturally split into 
three parts Sı, S2, Sa according to the positive, negative, or zero value of 
A’—A-+ 2h, It is easy to see that S; — 0 except when n is a perfect square 
== s* in which case 


Ss = È {F (s, js) —F(j,j,8)}, (7 = 1, 2, 3, are en ae 


As to the part S2, it vanishes in every case. For, supposing that h, A, A’ run 
over the set of partitions (2) for which A’ —A + 2h < 0 it is obvious that 
the numbers defined by 


hy =— (A’+-A)/2, Ay = (A—A’)/2 —h, A,’ = (A — A) /2 — h 
reproduce exactly the same set. We have therefore 


Se = X {FI(A + A1)/2, (Af —Ar)/2, Ar — h] 
— F[ h (A! — Ay) /2, A — hy] }. 
But as 


BY (Ay’ + 4:)/2, (A7 — Ar) /2, Ar — ha] 
== F[— h, (A’—A)/2, A—h] =F lh, (A’— A) /2, A—h], 
Fih, (4 —A1)/2, 4 — ħi] = F[—(a’ + A)/2, (A’—A)/2, A—h) 
= F[ (4 + A)/2, (A’—A)/2, A—}], 
we get the equation 
So = — Bo; that is So == 0. 


Tt remains to consider the part S, extended over the partitions satisfying 
the inequality A’—-A-+ 2h > 0. Suppose we let h, A, A’ run over all the 
partitions of this kind. It is easy to see that the numbers i, d, ê defined 
either by 

i= A—h, d=A, ò= (A — A + 2h)/2 
or by 
t=h—A, d= (A — A + 2h)/2, =A 


reproduce all the solutions of the equation (1) satisfying either the condition 
8 i —d > 0 or the condition 8 +-i— d < 0. As in the first case we have 


F(8 +1, ô +1i— d, 1) = FI(A + A)/2, (A’ — A) /2, A—h], 
and in the second 


RO LES Led ie Fh A SA) AR), 
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it follows from the preceding remarks 
SKS F(a ti 6+14—d, 1) 


the sum being extended over all the partitions (1). The three parts of the 
sum $ being thus transformed, we finally get the following important identity : 


(I) SP(8+i,38+i—d, i) =X {F[(4 + A)/2, (A —A)/2, A—h] 
—F[h, (a — A)/2, A—h]}+ T, 


where the sums are extended over the partitions (1) and (2) respectively and 


T ={ 3 (F(j,is) —F(s,j,8))}, 
(= 1, Ry 3, ° ` "sel, n = $}, s > 0), 


using the same abbreviated notation as in our paper: “ On Jacobi’s arithmet- 
ical theorems concerning the simultaneous representation of numbers by two 
different quadratic forms.” * Repeating word by word the same reasoning, 
we can establish the second fundamental identity involving the function which 
satisfies the conditions: 


F(—«, 4,2) =— F(z, 4,2); F(z, —y, —2) = F(a, y,2) 
F(x, 0,2) = 0. 
This second identity is 


(II) SF(S+48+i—d,i) = {Pl(a’ + A)/2, (A’—A)/2, A — à] 
+ Fh, (A’—A)/2, A—h]} +T, 
where 
T= {> (F(j,9,8)— F(s,4, s)), 
(j= 1, 2,3,---+,s—1,n=s',s>0), 


the extent of summations being the same. 

The identities (I) and (JI) constitute the essential foundation of what 
follows. There are other important identities of similar nature which we hope 
to publish in connection with our investigations on incomplete numerical 
functions. 


2. Important Relation derived from (1) and (II). Let f(x) denote an 
absolutely arbitrary even function. We can take in the identities (I) and (II) 


F(a, y,2) = (—1)*4[(—1)? + (—1)*]2f (2), 
F(2,y,2) = (— 1) [(—1)7 + (—1)*I ef (2), 


* Transactions of the American Mathematical Society, Vol. 30 (1928). 
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respectively, provided y is different from 0; but in both cases 
F(a, 0, 2) = 0. 


Substituting furthermore 4n for n after a simple discussion we reach two fol- 
lowing equations. 


F (— 1) (8 + Bi F(B + Bi) = Z (— 1)" (ar + a) f(A’ + A) — 
SH eveeveny(h) +23 (—1 if (Ri) +7, 
X (1) 8(8 + 2i) = I (—1) aap (a + A) 
-Z (141 (—1)4 + (— 1)" F(2h) — 
— 3B (H 1) DDR) +25 (— DG — by) +P" 


The sums bearing the signs (a), (b), (c), (d) are extended over the partitions 
indicated below by the same signs, namely 


(a) m==V+d8; (b) n—h?+ AA, A <A; 
(c) 4n = h? + AA, A < 4A, h odd; (d) n—ÿ +, j5>0,k> oO, 


while T and T” are both zeros except when n is a perfect square: n = 8, s > 0, 
in which case 


Ve DO eA, 
Fe 3 [(— L)#sf(7)—(—1} (A +(— 1) af (2s) J, 


the sums being extended over j —"1, 2, 8,- - -,2s—1. Subtracting now the 
second equation from the first we come to an important relation 


(IT) 7 a a [f(A’ + A)— f(2h)] 
= à (— 1) (d + ri) — (20) 1 + U, 


the extent of summations being as above and with the usual symbolism 
28-1 
U = (X (~ 1) (28 — jG) + (1) (0), n= s>. 


The preceding equation can be exhibited in a different form. Denote as usual 
by G(n) the classnumber of all quadratic forms corresponding to a given 
determinant ——n, this number being diminished by 4% when n is a perfect 
square, and by % when n is a triple of a perfect square; moreover G (0) 
= — 1. The notation F(n) will be used to denote the classnumber of 
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those forms which can represent odd numbers, this number being diminished 
by 14 when n is a square of an odd number, while F(0) —0. Putting 


T(n) = 8G(n) —2T(n), T(0) =— 1 
it follows from the well-known Kronecker’s classnumber relations 
(—1) E T(m — k) =2 5 (—1)" (4 — A), m—AN, ACM 


the first sum being extended over all integers & whose squares do not exceed 
an arbitrary positive integer m. By means of the last equation it is possible 
to present the equation (III) in the following final form: put for brevity 


y(m) =È (—1)* (a — d)f(d + d) — (1 )™ ZT (m— he’) FRA), 


the first sum being extended over all conjugate divisors of m satisfying the 
condition d < d’ while the second is extended over all integers A whose squares 
do not exceed m; with this notation adopted we have 


(IV) ES (—1)y(m—#) =X (— 1) #4dl f(a + 24)— f(2d)] +, 


the first sum being extended over all integers 4 satisfying the inequality 1° < 1 
while the second sum is extended over all the solutions of the indeterminate: 
equation 

n = 1 + dò 


with positive integers d and 8. As to W we have 


W — 0, when n is not a perfect square, 


28-1 
M PAR ER E E) 
+ [(— 1)°/4] [f (2s)— f(0)] 
when n = 8, s > 0. 
For particular choice of an arbitrary even function f(x) the equation (IV) 
gives means to obtain different classnumber relations. In particular by takinz 
f(x) = cos (272/8) or f(z) — cos (22/5) we obtain Gierster’s classnumber 
relations of the third and fifth degrees (dritter und fünfter Stufe) respectively. 


3. The Equation derived from (IV) when f(x) = cos (72/3). By 
taking f(z) — cos (272/83) in the fundamental equation (IV) we obtain, as a 
consequence of this assumption, an equation from which Gierster’s relations 
of the third degree, and even more general, can be easily derived. To repre- 
sent the right-hand member of (IV) in a suitable form it should be remem- 
bered that the number of representations of any integer n by the form 


g? Hy? + 32? + 82? 
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is given by the sum 
(—1)" 16% D (—1)4 d sin? (2rd/3) 


extended over all the divisions of n. Hence, it is easy to see that the right- 
hand member of (IV) may be represented thus: 


— 78 2(— 1)" 3S (— 1) #4! cos(2ri/3) 
where the inner sum is extended over all solutions of the equation 
a WPA PP 3k + BP 


while À ranges over all integers whose squares are less than n. From the 
equation 


2: (— 1) "y(n —h?) = — % E (— 1)" E (— 1) #41 cos (22/8) 

holding true for every n it follows necessarily 

y(n) =— %(—1)* Scos(2ni/3), ni + j 43k + 3P, 
that is 

D T(n — h?) cos (Rrh/3) 

= (—1)"2 5 (—1)#(d — d) cos 2r(d + d)/3 + 34 X cos (2ri/3). 
On the other hand, we have 

DT(n—h) = 2(—1)" $ (— 1)" (d — d), n = dd’, d < g 
whence it follows 
(3) > [8G(n — 9h?) + 28 (n — 9h?) ] 

== 2(—1)" $, (— 1)” (d — d) + % S cos (207/38), 


the first sum in the right-hand member being extended now over conjugate 
divisors of n which satisfy the conditions: 


(4) d<d, d’+d=0 (mod 8). 
To the equation (3) we can adjoin another equation 
(5) 3 > [2F (n — 9h?) — G (n — 9h?) ] 
= 4 N (n= 0 g? +2 H t) 


as immediate consequence of Gauss’ theorem concerning the number of repre- 
sentations by the sum of three squares. Now from (3) and (5) we can derive 
the expression for both sums 


> F(n— 99h), X G(n— 9°), 
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> provided we can express their right-hand members in terms of the known 
numerical functions. But this makes it necessary to consider separately the 
three cases: 
n==0, n==2, n= (mod3). 


4. Discussion of the case n==0 (mod 8). In this case the condition 
d’ + d==0 (mod 3) requires that d’ and d should be separately divisible by 3 
so that we have to evaluate the sum 
o = (—1)"6 35 (—1)%(d — d), n—9dd, d < à’. 
Using the notations adopted by Kronecker 
O(n) = Sd, n = dd’, 
t(n) =F (d — d), n— dd, d< Q, 
we find easily: for an odd n 
o = 6 + (n/9) 
and for an even n 
o = 12Y(n/36) — 126(n/36) + 6 D (—1)4d, n = 9d. 
On the other hand, we obviously have 
D cos (2ri/3) = N (n = 1? + 7? + 8k + 87); 
and it is easy to verify that 
N(n= 9 +y HeH) = UN (mH) + 
+ AN(n/9) = 2? Hyp HeH). 
Thus we see that the right-hand members of (3) and (5) may be expressed 


by means of the known numerical function and there is no further difficulty in 
obtaining the following final expressions: for an odd n 


(6) 2 F (n — 9h?) == O(n) —O(n/8) + YE (n/9), 
(7) > G (n — 9h?) = #(n) — YE (n/3) + 3X (2/9), 
and for an even n 

(8) > F(n— 9h?) = X(n/3) — 38 (n/36) + 3Y(n/36), 
(9) S! G (n — 9h?) = 20(n/6) — 68 (0/36) + 6Y(n/36), 


where X(n) is defined by 
X(n) = Sd, n=dè, 8 odd. 
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5. Discussion of the case n==2 (mod3). In this case the condition . 
d + d==0 (mod 3) is always verified and we obtain for the sum 
o=2(—1)" 3 (—1)(d — d), n=ddd<d, d'+d=0 (mod 3) 


the following expressions: for an odd n 
| o = 2t (n) 
and for an even n 
o == 40(n/4) — 40(n/4) +23 (—1)4d, n= dd’. 


Furthermore 


Z cos (21/3) = — YN (n =i? + ÿ + 8k? + 37), 
and 


N (n= 92 + y +248) = YN (n= Hp HAL), 


It is easy now to arrive at the following final expressions: for an odd n 


(10) 2 F(n— 9h?) = Yt (n), 

(11) S, G(n— 9h?) = Y(n) — Ya(n) ; 

and for an even n 

(12) SF (a — 9h?) = Y (1/4) — (1/4) + X(n), 
(13) >, G(n—9h?) == RY(n/4) — D(n/4) + WX (n). 


6. Discussion of the case n==1 (mod 3). The condition d -+ d==0 
(mod 3) is never satisfied in this"case, so that we have e — 0 using the same 
notation as above. Moreover 


S: cos (2ai/3) = UN (n = i? + j? + 3k? + 31) 
but the expression for the number of solutions of the equation 
n= 9 + yt ete 


is not so obvious in this case. However, there is no great difficulty in finding 
this number when n is even. For if n be even both the equations 


An = 90? Hp + 22+ 7, n= 9x +y+224+ 


have exactly the same number of solutions, and it suffices to consider the first 
of them. Suppose we consider the totality of repreesntations of 4n by the sum 
of 4 squares. Let P, denote the number of representations where none of the 
squares is divisible by 3, P being the number of the remaining representa- 
tions (all the squares but one being divisible by 3). We have 
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P,+P,=N(4n+e2+y7+2+ 7), 
UP N (4n = 90° 4y HeH Ë), 


and therefore the required number of solutions will be found as soon as we 
can find P,. But we can obtain all the solutions of the equation 


n=, 


where none of the numbers gz, y, z, é is divisible by 3, by means of the 
formulas 


t=ģé +y yri—y = C£+0, t=¢— 9, 
where é, », &, 8 range over all the solutions of the equation 
a ee O, 


subject to the condition that neither £ +» nor £-+ 8 is divisible by 3. But 
it is easy to see that there are exactly 


BN (dn =E -+r + & +) 
solutions of this kind. Therefore 


P,=%N(n=2? + ye +242) 
and 


P= AN(n= +++); 


whence 
Nan = 92 +7 +247) = UN(n= 2 + y + +). 


It is easy now to find in case of an even n = 1 (mod 3) the following expres- 


sions for our sums: Š 
(14) S, F (n — 9h?) = Y%X(n/2), 
(15) D G(n — 9h?) = 448(n/2). 


We encounter greater difficulties in finding the number of solutions of the 
equation 


m= 9a? fy? + a te, 


when n is odd. It follows from the preceding that the number of all solutions 
of the equation 


An = 927 -+ y+ 2+ 7 
is 6@(7) so that it remains to find the number of solutions of the equation 


An— JL LPL 
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in odd numbers 4, j, k, l. For this purpose we write first the equation (3) 
in the form 


> [3G (n — 9h?) — 2F(n — 9h?) ] UN (n = 92? + y? + 822 + 322) 

and, this being true for every n==1 (mod 8), it follows 
N(n== y + 32? + 8) = 4[8G(n) —2F(n)], n==1 (mod 3). 
Ii, in addition to this n == 3 (mod 8), then G(n) = %4F(n) and 
N (n = y? + 82? + 31) = 8F(n) 
or, what is the same, 
N (n= + 28 +t) =N (n= y? + 32? + 8t). 

By means of this important relation we find 

R =N (ån = 0 + ÿ +h? +P) 

= N (4n = 92? + 7? + 3h? + 37; à odd, j even). 
Now, the total number of solutions of the equation 
4n = 92? + y? + 32? + 30’, 
where v and y are of different parity, being 8@(n) it remains to find the sum 
s= (—1) 


extended over all the solutions of the preceding equation with odd value of 
x + y and this can be done by means of the equation (28) of our paper “ On 
Jacobi’s arithmetical theorems, ete.” which in the present case may be ex- 
hibited as follows: 


2 (—1)? = {4s(s/8)}, k=, s>0 
the sum being extended over the solutions of the equation 
4k == 9? + y? + 32? with z odd. 
Applying this result we find 
S = 8 $X (s/3)s = 80 


where the summation is extended over all solutions of the indeterminate 


equation 
n = s$ Lai, s>0. 


The sum S$ being thus determined, we get o 
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R = 48(n) — 4c, 
N (n = 92? + y? + 2 LE) = 26(n) + 4o, 


and finally 
(16) 2 P(n — 9h?) = 48 (n) + ihe, 
(17) S G(n— 9h?) = %O(n) + Yo. 


It is hardly necessary to add that the relations we have established contain 
Gierster’ss relations of the third degree, which involve the numerical function 
H(n) = G(n) — F(n) 
representing the number of classes corresponding to a given negative dis- 


criminant —~ n = b? — 4ac. 


7. The equation derived from (IV) when f(x) = cos (27z/5). Before 
giving the fundamental equation we can derive from (IV) by taking f(x) = 
cos (2rz/5) it is necessary to recall certain known results concerning the num- 
ber of representations by some quaternary forms. Let us denote by N;(n) 
and V,*(n) respectively the numbers of solutions of the equations 


n= H y et be, nw + by? + 527 + bi. 
Following expressions may be considered as known 
Ni(m) = (—1)" È (—1)* [5(@’/5) + (d/5) Id, 
N,*(n) = (—1)" È (—1)° [(8/5) + (d/5)]d, 
both sums being extended over conjugate divisions of n. Considering the 


equation 
Qn = 2? + 2y? + 52 + 102 


and denoting by N;(n) the number of its solutions we have 
Nan) = (—1)"2 Z (—1)(d/5)°à 
Using now the expressions for N,(n), Ni*(n) and N,(n) it is easy to find 
the equation 
> (—1)4d[1— cos (2rd/5)] 
= (—1)"[9%N2(m) + (5%/16)Ni(n) — (57/16) N,* (n) I 


holding true for every n. This equation will serve us to transform the right- 
hand number of (IV) where we assume f(x) == cos (2rs/5). Proceeding 
exactly as in § 3 we can obtain the following fundamental equation : 


E [8G (n — h?) —2F(n—h?)] cos (4rh/5) 
= Sor + Yos — (5°7/8) 08 + 204 
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where or, o2, vs, o4 denote the following sums the extent of summation being 
shown behind the expression of the corresponding sum: 

cı = D cos (4ry/5), n— 12 + y +22 + be 

os = X, COS (4rx/5), n—2 + y ++ BE 

os = 9, cos (4rs/5), n = £ + by? + 52 + 5E 

oa = (— 1)” 2 (— 1)” (d — d’) cos [ (21/5) (8 + d)], 

n= dd, d< g. 

Now, putting 

os = D cos (4072/5), n—2+y Het 
we have by Gauss theorem 

> [28 (n — h?)— G (n — h?)] cos (4rh/5) = W'o0% 

whence and from the preceding equation it follows 
(V) 43, F(n— hh) cos (4rh/5) = o, + (54/8) a, — (5%/2/8)o3 + os + Ro 


What remains now is to express different sums in the right-hand member of 
this equation by means of certain standard numerical functions. This can be 
easily done in case when n==0 (mod 5) both the remaining cases n == + I, 
n= + 2 (mod 5) requiring more elaborate investigation. 


8. Discussion of the case n= 0 (mod 5). First it is obvious that for 
n divisible by 5 


o, = N (2n = è + 2y? + 52? + 108) = N2(n). 
Second, in this case it is easy to find the number of solutions of the equation 


n= + yt + bP 


where x satisfies one of the congruences: z=0, + 1, +2 (mod 5), and to 
compute the sums oz, and os. We find 


Co — Ög = — 4N * (n). 
As to the sum 04, it has different expressions according to the parity of n, 
namely for an odd n 


oa = 2560 (0/25) — E (n) + (54/2) N:* (n) — 5% & (P + d)/5; 
n= dë, å< d, 
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while for an even n 
a, = 25Y(n/100) + 2d (n/50) — Y(n/4) — Ya (n /2) 
+ (5%/2)N:* (n) + 2(5%) B [(8 +4)/5]d; n= ddd d < à. 
To evaluate the sum es we notice first that in the equation 
n= ty tete 
either all numbers v, y, z, t are divisible by 5, or only two of them or none. 
Let us denote by Q the number of solutions where 
ll, y =— 1, z=0, t=0 (mod5), 
and by Q, the number of solutions where 
=], ysl, e=—1, =—1 (mod 5). 
The obvious relation 
12Q + 6Q = N (n= 2 Hy + e + E) — N(n/R5= ++ E) 
enables us to express Q, in terms of Q and known numerical functions. After 
a simple discussion we find 
os = 1540 + %8(n/25)-—— 1(n) for an odd n, 
os = 1540 + 1544(n/25) — %8(n) for an even n, 


denoting by æ(n) the sum of odd divisions of n. 
Introducing these various expressions into the equation (V) and separ- 
ating rational and irrational parts, we get first 
(18) 3 (h/5) F(n—h)=X[(d +d)/5]d, n= dd’, d<d,, 
for an odd n and 


(19) D(4/5)F(n—k)——29[(d + 4)/5]d, n=—4dd, d< 


for an even n. 
The equation obtained by equating rational parts, combined with Kron 


ecker’s relations 
> F(n— h) = %8(n) + Y(n) for an odd a, 
> F(n— h?) = X(n) — O(n/4) + Y(n/4) for an even n, 


gives in case of an odd n 


I P(n— 25h?) = Y [8 (n) — 58 (n/5)] 
+ at (n/25) + %2 (n/25) + %Q. 
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But the sum 
Wh (n/25) + RQ 


represents 1/16 of all solutions of the equation 


na + y + 2? + RE, 
so that, denoting this number by R(n), we have 
2 (nm — 25h?) = 2 [G(m) — 5B(n/5)] + eB (n) + %¥(n/25) 
or, which is the same, 
(20) SF(n—25h") = UN (n) + 4oR(n) + 34% (1/28). 


For an even n the expression for the corresponding sum is 
(21) SF(n—25h*) = YUN, (mn) + YgR(m) + %8(n/50) + 5¥(n/100). 


The equations (20) and (21) involve the numerical function R(n) together 
with other simple functions depending only on divisors. It seems very diffi- 
cult to reduce R(n) im case of an odd n to some simpler functions; never- 
theless the equation (20) even in this imperfect form may be of great use. 
For an even n it is possible to find a simple expression for R(n). For an 
even n we have 

> cos (27€/5) == Ÿ cos (2rx/5) cos (2ry/5) 


the sums being extended over solutions of the equations 
ame Oe? + 4, nee? +yp ++ 


Now it is possible to express the left-hand member in terms of Q(2n), Q: (2n) 
and the known numerical functions, and the right-hand member may be in the 
same way expressed by means of Q (n) and Qi(n). Thus we get the relation 


3Q(2n) — Q1 (2n) =— %Q(m) —%Q.(n), 
or, changing n into 2n, 

90 (n) —3Q;(n) =— Q (20) — Q: (2n). 
But 

— Q (3n) — Qı (2n) = — 2l (n) — o(n/25)]; 

therefore 

3Q(n) + Qi(n) =— Aip (n) — (1/25) ]; 
and 


20 (n) + Qu(n) = 4[ġ (n) — $(n/25)]; 
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whence it follows that 


Q(n) = A(n) = Bien) — $(n/25) ], 


and 
R(n) =4[$(m) + 5h (n/25)] = 24$ (n/5). 


It remains to introduce this expression into (21) to get after all reductions 
the final expression for an even n: 


(22) D F(n— 25h?) = (n/4) —46(n/20) + 26(n/5) + 5Y(n/100). 
As soon as we have (20) and (22) it is easy to find the expressions for the sum 
> F(n— h’) 


where h ranges separately either over quadratic residus or non-residus mod- 
ulo 5. But it is hardly necessary to give final expressions. In the following 
reference will be made to the number of representation of an even number by 
the form 


T? + y? + 52? + 52? 
which can be easily derived from what has been established. For, starting 
from the relation 
N (ön = 2? + y) + N(n/b= 2 + y?) = 2N (n = r? + y?) 
we find first 
2N (n = T° + y + 52?) 


= N (ön = 2 -H y? + 2527) + N(n/db — 2? + y + 2?) 
and then ° 


2N (n = 2? + y? + 52? + 5€) 
N(5n + a? + y? + 252? + 252) + N(n/5— 2 +yP+27+ t) 


whatever n may be. Now supposing n even we have 


N (5n = 2? + y? + 252? + 251) = 29 (5n) + R4b(n/5) 5 


and using the preceding expression for Q (bn), 


N (n= 02 + y? + 52 + 5t) = 4 [e (50) —$(n/5)] + 24 (0/5), 


or supposing n == fm, m non-divisible by 5, 
N (n = 2 + y? + 52? + 517) — 2[55+1 — 3] (m). 


9. Subsidiary developments. Trying to evaluate the right-hand mem- 
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ber of (V) when m=+10r=+2 (mod 5), we meet with greater diffi- 
culties. These difficulties arise from the fact that the indeterminate equations 
an = T? + 2y? + 522 + 1022, 
ma yt 12? t, 
the gt rE, 
possess different types of solutions and it does not seem easy to determine the 
number of solutions belonging to these various types. The equation 


an = 2? + 2y? + 52? +. 1022, 


supposing n= + 1 or +2 (mod 5), may have solutions where æ or y are 
divisible by 5. Let us denote the number of such solutions by T (n), the 
number of the remaining solutions being denoted by 7’(n), so that 

T(n) + T(n) =N(n). 
Similarly the equation 


n =T? + y? + 2? + 5 


may have solutions where none of the numbers x, y, z is divisible by 5, while 
in the remaining solutions one [in case n== + 2 (mod 5)] or two of these 
numbers [in case n == + 1 (mod 5)] are divisible by 5. Let us introduce the 
notation U (n) for the number of solutions of the equation 


n = T? + 25y? + 252? + 5g 
in case n== + 1 (mod 5), and of the equation 
n = T? + y + 252? + 5 
in case n = + 2 (mod 5). Finally the equation 
n =g pH y pH e 


possesses three different types of solutions, namely, solutions where none of the 
numbers v, y, z, t is divisible by 5, or only one of them or more than one. 
Corresponding to the case n == + 1 (mod 5) Q (n), Qi(), Qe{n) will denote 
the number of solutions satisfying the respective conditions : 


t= zl, Pearl, GH 71 f= zil 
Pee ge ee nl TE (mod 5) 


t=], y=0, = 0, t= 0 


the upper and lower signs corresponding to those in the congruence 
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n= + 1 (mod 5). In the case n= + 2 (mod 5) the same notations will 
be used to denote the number of solutions satisfying the conditions 


etl, Peal 
zl, Yesl = 71, ?=0 (mod 5). 
+1, ¥Ņ= +i, #=0), = 0 


For an even n we have the relation 


(23) Q (n) + 12Q.(n) + 40:(n) —24p{n) 
when n = + 1 (mod 5) or the relation 
(24) 2Q(n) + 2Qi(n) + 8Q2(n) = 126(n) 


when n = + 2 (mod 5). Moreover, starting from the relation 
N (n = 2 + 5y? + 527) = YN (n = r? + y +2) when n= +2 (mod 5) 
which can be easily verified, we find 


01(7) + Q2(n) = HN (n =r + y +5 LE) when n= + 1 (mod 5) 
Q(n) + Q2(n) =N (n = z? + y? + 52? -+ 5%) when n = + 1 (mod 5) 


so that for an even n 


Q:(n) + Qa(n) —Rp(n), n== + 1 (mod 5) 
Q(n) +Q2(n) —4b(n), n= + 2 (mod 5). 


Combined with the preceding relations these relations permit to express Q (n) 
and Qı(n) in terms of Q:.(n) when n is even, but Q:(n) remains unknown, 
and it seems very difficult to reduce it to some simpler numerical functions. 
For an even n we have the obvious equation 


>, cos (2re/5) == X, cos (2ré/5) cos (277/5) 
the sums being extended over solutions of the respective equations 
na tpPtiete n= + LEE. 


Now it is possible to express the left-hand member of the preceding equation 
as a linear function of Q(?n), OQ1(8n), Q2(2n) while the right-hand member 
is a linear function of Q(7), Q:(n), O2(n). Equating the rational and irra- 
tional parts, we get two linear equations from which we can eliminate Q(27) 
by means of (23) or (24) and solve the resulting equations for Q,(27), 
Q2(2n). 


This way leads to the following results: for an even n = + 1 (mod 5) 
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Q(2n) = 2Q1(n) —4p(n) — 2Q2(n), 

Qi (2n) = Qı (n) = 2¢(n) —Q2(n), 

Q2(2n) = 4 (n) — 201 (n) = 2Q2(n), 
while for an even n== + 2 (mod 5) 

Q(2n) = 402(n), 

Q1(2n) = 24 (n) —14Q2(n), 

Q- (2n) = %Q2(n). 


The equation connecting Q:(2n) and Q2(n) may be also written as follows: 


(25) Qa (2n) = 74[5 + 3(n/5)]Q2(n) 
provided # is even non-divisible by 5. In a similar way we can find the 
expressions for Q, (4n), Q- (4n) in terms of Q: (n), Q2(n) for an odd n. The 
final expressions are as follows: for n== + 1 (mod 5) 

Qı (4n) = 301 (n), Q2(4n) = 26(n) —3Q: (n), 
and for n == +2 (mod 5) 


Q1(4n) = Rhin) — SQo(n), Q2(4n) = 3Q2(n). 


10. Hapression for T(n). Our next aim is to obtain an expression for 
T(n) involving only elementary functions and Q,(n). For this purpose we 
make use of a certain fundamental’ identity which may be found in our paper 
“Sur les relations entre les nombres des classes des formes quadratiques 
binaires et positives. Premier mémoire ” as well as in the paper “ On Jacobi’s 
arithmetical theorems, etc.” Let F{x,y,2) denote an arbitrary function de- 
fined for integral values of v, y, z and satisfying the conditions: 


F(— x, y, 2) =—F(a,y,2); F(a, —y, —2) = F(a, y, z); 
- F(0, y, 2) = 0. 
For such a function we have the following important relation 
(VI) F(A +A, h, A—A’) =2 X F(S— Ra, d +1, 2d +Ri+8) +T 
where the sums are extended over solutions of the indeterminate equations 
n =h + AN, n= + dô; 


here h and t may have any integral values, while A, A’, d, 8 are supposed to 
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be positive integers. As to the term T it is zero except when n is a perfect 
“square = sê in which case 


28-1 
T = X, [FE (2s, s— j, 2s — 27) — 2F (2s — j, s, 2s —j)]. 
3=1 


By means of a simple device it is possible to obtain another relation which 
may be useful on many occasions. Denoting by p any odd number which is 
prime or composed of different primes, let us take pn instead of n in (VI) 
and furthermore let us suppose that F(s, y,z) == 0 whenever 

2y — 2520 or y= 0 (mod p) 


which is consistent with the conditions imposed on F(x,y,z2). Under these 
circumstances the right-hand member of (VI) becomes 


2 > F(p5— 2pi, d + pi, 2d + 2pm — pd) + T’ 
where the sum is now extended over solutions of the equation 
n = p? + dd, 
d being not divisible by p and T” == 0 unless n = ps? in which case 
T” — 2 F (ps, ps — j, 2ps — 2j), 


j ranging over numbers of the series 1, 2, 3, + > - which are not divisible by p. 
The left-hand member sum is now extended over solutions of the equation 


Pn = hF AA, 
subject to the conditions 


hs40, 2h + A —A=0 (mod p), 
which are entirely equivalent to 
h0, h==A (mod p). 


Now we can disregard the condition h == A (mod p) if we introduce the func- 
tion w(h, A) whose value is 0 unless h == A (mod p), in which case w(h, A)—1. 
Such a function is given, for instance, by 


w(h, A) =1/p [1 + 2 cos [2r (h —A)/p] + 2 cos [4r (h —A)/p] +: :: 
+ 2 cos {[(p —1)/2] 2z (h — A) /p} |. 


We can represent now the right-hand member as follows 


Solh, A) F(A -+ 4, h, A—A’) 
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where the sum is extended over solutions of the equation 


pn =h? + AA’ 
with h non-divisible by p and the function F(a, y,z) being of the same general 
character as in (VI). This way we finally arrive at the important relation 


(VII) Soh, A) F(A+ A’,h, A— A’) 
= 2 $, F(p — 2m, d + pi, Id + 2pi— pd + T” 
the extent of summations being explained above. If we suppose that instead 
of the single condition 
F(x, — y, 2) =F (a, y, 2) 
we have two conditions 


F(a, TT Ys 2) = F(a, y, — z) == F(z, Ys Z) , 
we can take simply 


w(h, A) = 1/p [1 + 2cos (2rh/p) cos (2rA/p) + 2cos (4rh/p) cos 4rA/p) 
+++ cos {[(p —1)/2] 2rh/p} cos {[(p —1)/2] 2rA/p} ]- 
Taking p = 3 we have 
w(h, A) = L 


so that for any function F'(x, y, 2) odd with respect to x and even with respect 
to y and z we have 


(VIII) “Yd F(A+ A, h, A— A) 
— 23 F(38— 6i, d + 8i, 2d + 61— 38) + T 


sums being extended over solutions of the equations with h and d not divi- 
sible by 3. For p==5 we have 


o(h, A) = 34 [1 + (hA/5)] 


and the following relation holds true for every function F(a, y, z) odd with 
respect to æ and even with respect to y and z: 


(IX) YD [1+ (hA/5)] F(A +4, h, A— A’) 
— 2 S F (58 — 10i, d + bi, 2d + 10i— 58) + T” 


sums being extended over solutions of the equations 
5n =h? + AN, n= Bi + dd 


with k and d not divisible by 5. The equation (IX) is of fundamental 
importance for what follows. We assume in it 


F(x, y, 2) = (y/5) sin (rx/4) cos (12/4) 
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and suppose n= + 2 (mod5). The result of this substitution is 
(26) 14D (h/5) sin (rA/2) + 14 E (4/5) sin (rA/2) 

= © (d/5) sin (rd/2) — 2 Z, (—1)* cos (wd/2) (8/5) sin (78/2). 
Now the sum 


S sin (rd/2) 


extended over divisors of any number m is equal to one-fourth of the number 
of representations of m by the form z? + y*. Similarly, the sum 


Z (4/5) sin (wd /2) 


extended over divisors of m is equal to one-half of the number of repre- 
sentations of m by two forms: z? + dy? and 2a? — ay + 3y? the first being 
unable to represent numbers == + 2 and the second those = + 1 (mod 5). 
The first sum in the left-hand member of (26) may be, therefore, repre- 
sented as the sum 


Ag 2 (h/5) 


extended over solutions of the equation 
in = h? +h? + 2? 


with À not divisible by 5. But it is obvious that such a sum has zero for its 
value. The second sum in the left-hand member represents 14 of the number 
of solutions of the equation 


ön = h? +R + 5P 
with À not divisible by 5 and this is equal to 
AN (n= 4y + 2°). 
The first sum in the right-hand member of (26) is 
72 N (n = 50? + 27? + 2yk + 3k?), 

while the second sum has different expressions for an odd or even n, namely 

— (— 1) 2 N (n = 5P + 2} — 27k + 3k?, i odd), n odd 

(— 1)" N (n = 57 + 27? — 27k + 8k?, t even), n even 

or, which is the same, 


— (—1)*1/2 N (n = 5? + 27? + 10k?) for an odd n, 
(— 1)? N (n = 5? + 277 + 10%?) for an even n. 
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After substituting these various expressions into (26) we finally get 
(27) N(2Qn = x? + 5y? + 102) 

4 8(—1) "42 N (n= 2a? + 5y? + 102) = YN (n = 2 + y? + 2) 
(28) N (2n =z + 5y” + 1027) 

—2(— 1)" N (n= 2a? + 5y? + 10%) = YN (mn = a y +2) 
for an odd and even n== + 2 (mod 5) respectively. Let now n denote any 
number not divisible by 5. We substitute 2n — 2? instead of n in (27) and 
(28), choosing t==0 (mod 5) when n== + 1, t= + 1 when n==2 and 

= +? when n==— 2 (mod 5). As a result we obtain a single equation 
independently of whether ¢ is odd or even: 
N (4n — 20? == a? + 5y” + 102) —2(—1)* N (2n — P = 22? + 5y? + 1027) 
= ly N(Qn—P=2e+y +27). 
We let £ now assume all the values, subject to the preceding limitations, which 
make 2n — t? positive, and add all the resulting equations. What we get this 
way, attention paid to the definition of T(n), T’(n), O(n), Q:(7), Q2(n) 
given in § 9, may be presented as follows: 
T(2n) — (—1)* 27 (n) 
= 14(3Q.(2n) + Q: (2n) ) in case n== + 1 (mod 5), 
T’(2n) — (— 1)” 27’ (n) 
= 4%4(Q(2n) + 39,(2n)) in case n = +2 (mod 5). 
Now we can express 7”(2n), T’(n) by T(2n), T(n); and Q(2n), Q:(2n) by 
Q0,(2n). All simplifications performed, we obtain: 
T(2n) —2T(n) = pin) + %4Q2(n), næ+l(mod5), neven 
T(2n) +27 (n) = O(n) + 4Q2(2n), n== + 1 (mod 5), nodd, 
T (2n) — 2T (n) = 3 (n) — 54Q:(n), n== = 2 (mod 5), n even, 
T (2n) + 27 (n) = 34 (n) — 4Q2(2n), n= + 2 (mod 5), n odd, 
which also may be written as follows: 
(29) T(Rn)—2T(n) —[2—(n/5)]p(n) + B + 3(n/5)102(n), 
n even; 
(20)  T(2n)+2T(n) = [2 —(n/5)]4(n) — [1—3 (1/5)1Q(20), 


n odd. 
To these equations we can add (25): 


Qo(2n) = [5 + 3(n/5)]Q2(m), n even. 
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Now it is easy to see that for an odd n 

and therefore we can find from (30) the expression for 7'(2n), n being odd. 
Using then (29) and (25) we can find the expression for T(z), n being any 
even number == 2"m, m odd. The final results are as follows: 

(31) T(n) = [2—2 + (24 1/3) ]o(n) —%Q2(n), n=+ 1 (mod 5), 

(82) Tèn) = [0—3 + 2—1/8)](m) + A2Q2(m), n= +2 (mod 5). 


As to odd values of n, we have 


(33) T(n) = 2¢(n) —%Q:(n), n=+1 (mod5), 
n= + 1 (mod 5), 
(34) T(n) = o(n)—%4Q2(n), n= +2 (mod 5). 


11. Expression for U(n). Let f(z) denote an odd function and 7 a 
number non-divisible by 5. Taking in (VI) 


F(a, y,2) = 0 when s= 0 (mod 2) or ys#0 (mod 5), 

F(a, y,z) = f(x) otherwise, 
we obtain 

2 (A+ A’) = 2 f(5— 2i) 
where the first sum is extended over solutions of the equation 
n = 25h? + AA’ 
with odd A and even A’ while the second over solutions of 
n= t + dd 


with odd § and à + d divisible by 5. In the same way as before, denoting by 
w(d,1) the sum 


o(d, 1) = [1 + 2 cos [2r(d +1)/5 + 2 cos[4r(d + i)/51 | , 
we can write the preceding equation as follows 
Z f(A +A’) = Zo(d,i) f(8— Ri) 
the right-hand member sum this time being extended over solutions of 
n == + dò 
with & odd and 7 and d non-divisible by 5. Now we take 
f(z) = (— 1) -0/2 
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and replace n by 4n; after evident simplifications we get 
(35) > (—1)4aD/2 LUS [1 + (id/5)] (— 1) @-1)/2+4 
the sums being extended over solutions of the equations 
n == 25h? + AA’, A odd, 
4n == + dê, 8 odd, i and ds£0 (mod 5). 

Now for any number m 

(1) OD? = YN (m = 2? + y?) 

2 (— 1) OVE (d/5) = PIN (m = a? + 5y?) — N (2m = 2? + By?) ] 
both sums being extended over all the representations of m in the form 
m = dò, 8 odd 


whence it is easy to see that the relation (35) implies the following equations: 


ON (n = 2 + y? + 252?) —N (n =r + 9? +2) 
= £ RN (n = 2 + y? + 52?) —2C, n= z+ 2 (mod 5), 
BN (n = a? + 25y? + 252°) — KN (n= r Hy + 2?) 
= + VN (n= r + y +52) —C, n=-1 (mod 5), 
where C stands for the sum 
à (—1)* (7/5) 
extended over all solutions of the equation 
Bn = 20° + P + 5k? . 
Let us introduce now the sums 
A == 3) (— 1); B=} (— 1)’ 
(a) (b) 


extended over solutions of the same equation subject to the following limi- 
tations: 





(a) P= + lin case n= + 1; t= 0 in case n = =+ 2 (mod 5), 
(b) = ç 1in casen == + 1; = + 1 in case n = + ?} (mod 5). 


It is obvious that 


+ C = A — B in case n= +1 (mod 5), 
+ C = B in case n = + 2 (mod 5). 


There exists a relation between A and B which can be easily derived from 
(IX). To obtain this relation we suppose for a moment that n is any num- 


Put 
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ber, then take 4n instead of n in (IX) and define the function F(z,y, z) as 
follows: 


F(a, y,2) = 0 for even x, 
F(a, y,2) = sin wv/4 for odd x. 


A simple discussion of the relations thus obtained leads to the following 
result: 


[(—1)*/4] 2 (— 1) — [(—1)*/4] 2 (— 1) (4/5) 
=— J (—1) +$ (—1), 
(c) (d) 
the extent of various summations being as follows: 
(a) õn =h +2? +22; h30 (mod 5) 
(b) bn=—h? +h? 410P; h30 (mod 5) 


(c) n==2° + 2y? + 52? 
(d) n/5— 2? + 2y? + 22. 


Without discussing all possible cases we confine ourselves to considering only 
two of them. First suppose n odd and non-divisible by 5. In this case we 
have obviously 


=(—1)'=—0, S(—1)*=—0 
(a) (b) 
and the resulting equation 
Z (—1)*§ = —% & (—1)"(h/5) 
(e) (d) 
being true for all odd n non-divisible by 5 leads to the remarkable conclusion : 
2, (— 1)” = — % 2 (—1)*(h/5) 
sums now being extended over solutions of the equations 
n =T +5, ön = h + k? 


respectively. This theorem belongs to the same type as those well known 
theorems given by Jacobi. 
Next we replace n by 8n. This time we have 


2 (—-1)*(4/5) =0 
b) 
and the final result may be expressed thus: 


(36) D (— 1): = 34N (n/5 = 2? + y? +2?) — YN (bn = 0? + y + 2?) 


or, which is the same, 


S, (— 1)" = — YN (na? + y? + 52) + 2N (0/5 = 2 + y? + 2%) 
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the sum being extended over all solutions of the equation 
8n = T? + 2y? + 522, 


Supposing now again # non-divisible by 5 we see that the last equation is 
equivalent to 
A+ B=— YN (n = r + y? +52). 


Thus we can express B by A and finally arrive at the following relations inter- 
esting for many reasons: 
(87) = [5N (n = a? + y? + 252) —N (n= 2 +4? + 2)] 

= N (n= g + y -+ 57) +24, n= +2 (mod 5), 


(38) [5N (n = 2? + 25y? + 252) — N (n = 2? + y? + 2)] 
= — 2N (n = £? +y?+ 52°) —24, n= = 1 (mod 5). 


It follows from these relations : 
(39) + [5U (n) — N: (n)] = n = r? + y + 52? + 52?) + 2W, 
n= +2 (mod 5) 
(40) Æ [5U (n) — YN: (n)] = — 23N (n = 2 + y? + 52? A- BE) — QW, 
n==+ 1 (mod 5) 
where W stands for the sum 
| w=35(—1) 
extended over solutions of the equation 
8n == 2i? À 7? + 5k? + 4072, 
subject to the following limitations : 


= + 1 when n= +1 (mod 5), 
® =0 when n= +2 (mod 5). 


All which remains now is to find the appropriate expression for W. To this 
end we resort again to the equations (27), (28) in which we replace n by 
4n — t, multiply both parts by (—1)* and let ¢ assume all integral values 
making 4n — {? positive and satisfying the conditions 


t =0 whenns=+2 (mod 5), 


P= + 1 when n== + 1 (mod 5). 


Adding all the equations thus obtained and performing obvious transforma- 
tions, we finally find 
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W = 27(n) — 4T(4n) +%S(—1)t, n=+2 (mod 8), 
W = 27" (n) — AT’(4n) + 4d (—1)', n= +1 (mod 5), 


the sum being extended over solutions of the equation 


ane ty te+e, 
where 
t =0 whenn=+ 2 (mod 3), 
£ = + lwhenns= +1 (mod 5). 


The latter sum can be expressed in terms of Qı (n), Qa(n), the expression for 
T(n) is given by (81), (82), (33), (34) and that for T” (n) can easily b 
derived. So we can find the expression for W in terms of Q, (n), Q:(n) anc 
elementary numerical functions; substituting it into (39) and (40) we fint 
the following expressions for U (n): 


(41) = 5U(n) =— p(n) + %4Q2(n) =N (n), n= +? (mod 5), neve 
(42) + 5U(n) =26(n) —1%Q2(n) += Ni(n), n=}? (mod 5), nod 
(43) + 5U(n) = Rhin) —5Q.(n) = YN i(n), n=+1 (mod), ner? 
(44) + 5U (n) = 8$ (n) — 150: (n) = WN: (n), n= +1 (mod 5), n odi. 


12. Discussion of the case n= + 2 (mod5). The really difficult part 
of all this investigation was in finding the expressions for T(n) and U (n). 
Now that this has been done the rest does not present difficulties any more. 
Returning to the equation (V) and considefing first the case n + == 2 (mod 5) 
we obtain two relations by equating rational and irrational parts. The equa- 
tion obtained by equating rational parts combined with Kroneckers expres- 
sion for the sum 


S, F(n— h?) 
gives in all cases when n == + 2 (mod 5): 


2 F(n— 25h?) = Yu(r) + 46 (Q: (2) 
+ 8Q2(m)) — YeNa(m) + %2Ni(n) 


where 
o(n) = Ae (2T (n) = U(n)). 
The equation resulting by equating irrational parts is 
HZ (h/5) F(n—h?) = Roln) + YaN (n) — Nan) 
+ Yo(2Q(n) + 8Q2(n) —3Q1(n)) + re (n/2) + (2/4) 
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for an even n and 
+ J, (h/5) F(n—h?) = aln) + YaN (n) — H6Nin) 
+ eln) + 3Q:(n) —3Qi(m)) + Y(n) 


for an odd n. Now we can eliminate Q(n) in any case, express Q,(n) by 
Q-(n) in case of an even n and substitute for T(n), U (n), Na(n) their ex- 


pressions. This way we finally get 
2 P(n — 25h) = RE (n/4) + bn) + Y24Q2n) 


when 7 is even and 


S, F(n— 25h) = YD(n) + [2Q:(n) + (n) 1/82 


when n is odd. Similarly, 


HZ (4/5) F(n — h) = ¥(n/4) — BO(n/4) + b(n) + 40n) 


when n is even and 
+ $ (4/5) F(n— h) = WE (n) — a(n) — a2 (20: (0) + Q2(n)) 


when n is odd. 
To obtain Gierster’s relations involving only elementary functions depend- 
ing on divisors, we notice that for an even n 


S, [2F (n — 25h?) — @(n— 25h°)] = He (n) + YaQ:(n), 
+ Z (}/5) [2P (n — h) — a(n — h) ] = He (n) + 34010), 
so that, putting 
H(n) = G(n) —F (n), 
we have 
+5 (h/5) H(n— h?) = Y(n/4) — A9(n/4) 
© H(n— 25h?) = YO(n/4) 


whence, changing n into 4n we finally get 


© H(4n — 25h?) = P(n) 
d 
© H(4n— h?) = %8(n) 
h zz “+ 1 (mod 5) 
SH (4n — k) = t(n) 


h =: ck 2 (mod 6) 


Uspensxy: On Gierster’s Classnumber Relations. 121 


for n==2 (mod 5), while 
SH (4n—h*) = Y(n) 


h = + 1 (mod 5) 


> a — hk?) = %6(n) 


h = + 2 (mod 


for n==—2 (mod 5). 


13. Discussion of the case n== +1 (mod 5). The equation obtained 
by equating rational parts in (V) combined with Kronecker’s expression for 
the sum 

> F(n— hk?) 


yields in this case two relations, which, introducing two functions Y, (7) and 
Y(n) defined by 


valn) => [d + (d/5)d], n= dd", d< d’ 
valn) =F [d — (d/5)d]}, n— dd”, d<, 
may be presented as follows 
S F(n— 25h) = yX (n) + ¥(n/4) — Vas (0/4) 
for an even n= + 1 (mod 5), and 
D F (n — 25h?) = HS(n) + A(n) — Yt 1 (2) + He6(Q:(n) + Q:(n)) 
for an odd n== + 1 (mod 5). Similarly, by equating irrational parts we get 
+ E (1/5) F(n— t) = oln) H (0/4) Hea (0/4) 
+ 46 (3Qi(n) + Qa(m) — ANa (n) — p(n) + aaNi(n) 

for an even n, while 
+ & (h/5) F(n— h?) —o(n) — O(n) + AVL, (nr) 

+ 36 (3Q(n) + Q2(n) — AN: (n) + MeNi(n), 
for an odd n. In both cases w(n) stands for 

o(n) = Y6 (27 (n) + U(n)). 


Now it remains to substitute for T(n) and U (n) their expressions and to 
eliminate Q, (n) in case of an even n to get finally 


+ X (2/5) F(n— K) =— (0/4) — Y (1/4) + (mn) — Q2) 
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for an even n and 


+ X (h/5) P(n—h*) =— He (n) + Yt (n) +46 (Qr(m) + Qun)) 
for an odd n. Now taking 4n instead of n in the first of these relations and 
introducing 
| H(n) = G(n) —F(n) 
we find easily 
+ 83 D (h/5) H(4n —h?) = (n) —3v 1 {%). 

There is no difficulty any more to establish the following system of Gierster’s 
relations corresponding to n= + 1 (mod 5): 

R XH (4n — 25h?) = (n) + 24(n) — av_, (n) 

6 > H (4n — h?) = 40(n) 


h = + n1/3 (mod 5) 


6 2 H (4n — h’) = — O(n) + 6% z1 (n). 


= + 2n3/8 (mod 5) 


AUGUST 4, 1927. 


Note on a Theorem of Bôcher.* 
By GRIFFITH Č. EVANS. 


We prove the following theorem: 


THEOREM 1. If u(M) is a potential function for its gradient vector 
Vu = (Du, Du), and if the equation 


(1) f Vau ds — 0 


is satisfied on almost all segments + in an open connected plane region Z, then 
the function u( M) has merely unnecessary discontinuities in o, and when 
these are removed by changing the value of u(M) at most in the points of a 
set of superficial measure 0, the resulting function has conlinuous derivatives 
of all orders and satisfies Laplace’s equation 


(2) Ou /ðx? + Ou /dy? = 0, 


at every point in È. 

The theorem is required for an adequate treatment of Poisson’s and 
related equations. It derives originally from the well known theorem of 
Bôcher’s to the effect that if u( M) and its partial derivatives du/dz and éu/dy 
are continuous in 3 and if the equation 
(3) f (du/én) ds = 0 
is satisfied for all circles, then (M) is harmonic in 3. Less remotely it 
derives from a theorem of the author,{ based on the ideas of generalized deriv- 
atives and potential, and thus more general fhan Bécher’s theorem, but proved 
in substantially the same manner after these ideas have been developed. 

We generalize slightly the idea of potential function § in the following 
fashion. 


* Presented to the American Mathematical Society, Sept. (1927). 

f That is, all rectangles in 2 formed from lines œ = a, y = b except possibly those 
which correspond to values of a and b constituting sets of zero measure. 

t“ Fundamental Points of Potential Theory,” Rice Institute Pamphlet, Vol. T 
(1920), pp. 252-329; see also the author’s recent book Logarithmic Potential—Discon- 
tinuous Dirichlet and Neumann Problems, New York (1927), Chapter VII. 

§ Evans, Rice Institute Pamphlet, loc. cit p. 274. The curve w is of class T if it 
possesses a constant T such that 


f | cos m, HP | dep <T 
z MP 


independently of the position of M in Z. For Theorem 1 only rectangles and circles are 
needed. 
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Let u( 4), Diu, Dow be three functions summable over every closed two- 
dimensional region in 3, E some fixed set in 3 of superficial measure 0, and‘ 
w an arbitrary regular closed curve of class r which contains of Æ no subset 
which has positive linear measure on w. Then if 


f ua = f Dudo 
(4) w o 


f ude = — f{ Dado, 


g being the region bounded by w, we say that u(M) is the potential function 
of its generalized or vector derivative or gradient vector Vu— (D,u, Dau). 
Any vector whose components are identical with these except on a set of super- 
ficial measure 0 is equally a gradient vector for u(M). 

It follows immediately that 


f ude = f Dado, 
40 (a 


Dau = Du cos sa + Du cos ya 


where 


and &’ is the direction 7/2 in advance of the arbitrary direction «, and also * 


(5) f u= [an Dy do 


if w does not contain the pole of the system of coordinates (r, 8). 

The proof of the author’s theorem, already cited, applies to functions 
which are the potential functions of their vector derivatives in the more gen- 
eral sense given above, and even when (1) holds merely for almost all circles 
which have a common center Me, for every M, in =. But in the theorem 
now to be proved the hypothesis does not require the vanishing of this total 
flux on a continuous or “ almost continuous ” family of curves about a point 
which are level loci of a harmonic function with an isolated singularity at 
the point. Hence Bôcher’s device is not sufficient for the proof and an indi- 
rect method must be used. 

Let then w, (M) be the u-approximation ł 


MOD = (1/4) SO fue + & yt) déd 


* Evans, loc. cit., p. 282 and p. 287. For formula (23) p. 282 and that on the 
bottom of page 279 there should be required an additional hypothesis, as the author 
has remarked elsewhere. This does not affect the validity of the Theorem of Art. 5.33, 
requiring merely an obvious modification of the first part of the proof. 

+H. E. Bray, “ Proof of a Formula for an Area,” Bulletin of the American Mathe- 
matical Society, Vol. 29 (1923), pp. 264-270. 
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We know that u,(41) is bounded and continuous in any given closed region 
°in X, p small enough; similarly for the quantities 


du, fd = (1/4n2) f, f Dule+6 yn) déd 
buajy = (1/4) S" fi Dante + & y+) déd 


since (M) is a potential function of its vector derivative. In fact these 
statements result immediately from the properties (8), (6), (7) of Bray’s 
paper. Incidentally, of course, uw, is a potential function of its vector 
derivative. 

Consider now an arbitrary circumference C in X, and take x less than the 
distance from C to the frontier of 3. Let s be a finite plurisegment interior 
to Č, no point of which is distant from C by more than some à which will 
eventually be arbitrarily small. We have 


Toi f (du, /ðn)ds = f — (ðu/ðs)dy +- (ðu/ðy) de 
= (4) f ae f ip f (Delos uta) dy + Dult y-+a) dx), 


by means of Bray’s theorem (6). Hence 
p 
Te = (1/4) f ae [la f (— Dule y)dy Deul, 99), 
“tt “Ht Sn 


where s,,, is the locus obtained by displacing s in the amount (é, q). But 
the inside integral vanishes for almost all (é,), and, therefore, 


I,=0. 


If we compare J, with the integral 


Tes Í (Bu, /ðn) ds, 

we see that the latter vanishes also. In fact J and J, are merely Riemann 
integrals of continuous functions, and Is may be made to differ by as little 
from J as desired. Hence by Bécher’s theorem, the function up( M) is har- 
monic in 3. 

We return now to the function u(Af), by letting » approach zero. Leto, 
be the region contained between two arbitrary concentric circles in 3 of radii 
ro and À, respectively, 7, < E. We have 


lim f (1/r) (8t,/0r) do = f (1/r) Dit do 
oR oR 


by Bray’s theorem (8). But the integral of the left hand member vanishes, 
as is seen when it is expressed as an iterated integral, and therefore 
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R » 
oe Í (1/r)Dyu do = f (dr/r) f D,u ds, 
: Tr 7 Ce 


Q 
where C, is the concentric circle of radius r. Hence 


(6) D,uds == 0, for almost all r. 


This result is however sufficient, as noted above, since u(M) is the poten- 
tial of its vector derivative, to imply that w(M) has merely removable dis- 
continuities at a set of points of zero measure, and, when these are removed, 
becomes harmonic. 

In a similar fashion we may prove a more general theorem, useful also 
in the treatment of equations of elliptic type. We shall say that a translatable 
regular net consists of the curves in Ÿ obtained by arbitrary parallel displace- 
ments of a regular net *; and an equation in functions of curves will be said 
to ‘hold almost everywhere on such a net if, given a cell w, it holds for almost 
all the homologous cells obtained by displacing it parallel to itself in the x 
and y directions.f We may state then the theorem: 


_ Tueorem IT. Let u(M) be a potential function for its vector derivatwe 
(D,u, Dou) == Vu in 3, and let the equation 


f Vanu ds == 0 


be satisfied almost everywhere on a translatable regular net of class T in %. 
Then the conclusion of Theorem I is valid. 


It is hardly necessary to say that for theorems of this sort the case n = 2 
is typical of n dimensions.f Some five years ago Professor Bray and the 
author did however work over the’corresponding part of the article on “ Fun- 
damental Points of Potential Theory” for the case n == 3, without finding 
any essential novelty; the set corresponding to Æ” of Art. 5.32 of that paper 
is perhaps a little more difficult to define. Lately, among other theorems, 
Professor Raynor has given Bécher’s theorem for three dimensions.§ 


* H. E. Bray and G. C. Evans, “A Class of Functions Harmonie in a Sphere,” 
American Journal of Mathematics, Vol. 49 (1927), pp. 153-180; see p. 169. Here the 
regular net may be regarded as given over the entire plane, and the number of cells in 
any lattice containing points of a bounded region will be finite. 

+ Or, instead of the group of translations T we may for instance use throughout 
the group of transformations S-17S where § is a fixed conformal transformation—this 
of course only in the plane. 

t See the Cambridge Colloquium Lectures, Part I, New York (1918), p. 77, and 
G. Bouligand, “ Fonctions harmoniques. Principes de Picard et de Dirichlet,” Mémorial 
des sciences mathématiques, fasc. XI, Paris (1926), pp. 7-9. 

§ Bulletin of the American Mathematical Society, Vol. 52 (1926), pp. 654-658. 


‘Generalized Neumann Problems for the Sphere.” 


By GRIFFITH C. Evans. 


Introduction. Let v(M) be harmonic within a sphere S of unit radius, 
and let w» be a simple closed regular curve, with interior region wr, on the 
concentric sphere S, of radius r < 1, whose projection on Sis w. We consider 
the problem of determining v( M) within S in such a way that the quantity 


f (Av + ĝv/ôðr) do 


takes on given values H(w) as r approaches 1, H(w) being a bounded additive 
function of regular curves on S, with regular discontinuities. 

For the class of functions for which f | 0v/ôr | do, extended over the 
sphere S+, remains bounded as r approaches 1, we shall show that there is a 
unique solution of the problem provided that A is not one of a set of special 
parameter values, this set being the collection of negative integers and zero. 
For the value à = 0 there is a solution, provided H(S) — 0, unique except 
for an additive constant; in this last case if H(w) is absolutely continuous 
the problem reduces essentially to the Neumann problem with boundary values 
summable in the Lebesgue sense. 

We shall write v(M) as the potential of a simple distribution of mass 
and obtain the mass function in terms of H(w) by solving a Stieltjes integral 
equation. In a supplementary note, we discuss briefly the situation in 2 
dimensions, with special reference to the irregular case, n — 2. 


1. Consider first the condition that 


f, | 80/8r + A0 | do 
remains bounded as r approaches 1, and let 


Ov/0r + Av = (M). 
We have 


vlr, P) =e f élr, P)ed dr + eon y (1, P), 
fo 


# Preliminary report presented to the American Mathematical Society, April, 1927. 
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where v is given in terms of r and the radial projection P of M on S. Hence 
Í, | (ML) | do =r? f lo(r, P) | dop 
r S 


<r f "are" f | (7, P) | dop + ren f Lo(ro, P) | dar, 


+. 


which is bounded, from the given condition. But this implies, even when A 
is 0, that f , | v(Af) | do is bounded, r < 1. 


It is evident then that the two conditions 
(j) f | du/ar + dv | do < My, fi | v/ar| do < N, r<1, 
are equivalent, tf the functions v, dv/dr are continuous within S. 
2. Let us assume that (j) holds. Then both the quantities 
Í. _ | 78v/ðr | do, f | ro /or + 0/2 | do 


remain bounded within S; and since rév/dr and rév/dr + v/2 are both har- 
monic, r < 1, we have * 


ðv 1. (1— 7°) 
(1) "ip T h Í, (1 +7? — 2r cos a) 3/2 dG (sp) 
ge hs ee, SONS icc a 
(2) ” Or T 2 4g Í, (1 +7? — 2r cos a) 3/? GF (sr) 


where F(w), G(w) are bounded additive functions of regular curves on 9 
(in particular, of segments s), with regular discontinuities; and also 


| bv . Ov y 
@) lm f r g de=G(w), lim f. (r = + + )do = F(w), 
_ FS) 
v(0) = oe 


In these formulae, « is the arc PQ on the unit sphere, Q being the pro- 
jection of M, and MP? = 1 + r? — 2r cos g. 


Consider now the quantity, which is also harmonic within S: 


x) = >f 0 


Qa g (1+1r? — 2r cos g)” 


* Bray and Evans, “A Class of Functions Harmonie within the Sphere,” American 
Journal of Mathematics; Vol. 49 (1927), pp. 153-180. 
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An obvious calculation yields the result 


r0X /0r + X/2 = rov/dr + v/2 
THX == ro + (98, $) 
where y(0, ġ) is a continuous function of the coordinates 0, on the sphere. 


Hence, since the left hand member of the above equation vanishes when r == 0, 
we have #(8,p) = 0, and the functions X and v are identical. Hence 


1. dF (s) 
Qa s (1+ 7?— 2rcosa)* ` 


From (2) we have 


(3) v(H) = 


1 ; do 
G(w) = F (w) =m "hr f, dE (s ) J. (1 + y? — Qr COS g) 


i ; do 
So dr Í, an Í. T2 (1 — cos «) ]* 


on account of the uniform convergence of the improper integral. Hence 








1 ©» p% | do 
© Fema à far fan 
By the same sort of calculation we have also 
1— 2 | do 

(3) F(w) = Hw) +S far) ( ae 
where, in virtue of the condition (j), 

Ov =o 41 {1— 7") dH(s) 
(6) ” Or PANE Ar J s (14r — 2r cos a)? 


(D) lim f (rdv/dr + Av) do = lim f (3v/ðr + Av) do = H (w), 
r=1 tir r=1 ür 


the function H(w) being again a bounded additive function of regular curves, 
with regular discontinuities. Accordingly we state the following theorem. 


THEOREM 1. That v(M) be harmonic within the sphere and that ulso 
(j) hold is a necessary and sufficient condition that v( M) be given by a 
formula (3), in which F(w) is a bounded additive function of regular curves, 
with regular discontinuities. In this case the G(w), defined by (2’), and the 
Il(w), defined by (6’), are functions of the same sort, and the equations 
(1), (2), (4), (5), (6) are all valid. 

We have just proved the sufficiency of the condition. In order to estab- 

9 
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lish the necessity, we notice that v( M), given by (8), is harmonic, and in 
particular that fs, êv/ôr do — 0. Moreover (2) is satisfied, whence 


f | dv/or + v/2 | do 
is bounded,” and (j) is established by § 1. 


COROLLARY. If v(df) is given by a formula (3) in terms of an F(s) 
which is a bounded additive function of plurisegments, its discontinuities not 
of necessity being regular, then also 


(M) = 1 dF (s) — s dF (w) 
es ae Im J a (l+r?—2reosa)® Pr J g (1+ r — 3r cosa)? 


where 
F(w) = S, q(P, w) dF, (s) 


q(P,w) being the circular density of w on S at P, a function measurable in 
the Borel sense. 


3. We pass now to the integral equation (5). If it has a solution F(w), 
the function v( M), given by (3), will be harmonic within the sphere, of class 
(j) and will satisfy the boundary condition (6’). On the other hand, if v( M}, 
of class (j), is harmonic within the sphere it will be given by a formula (3), 
where F(w) is determined by (2’); and if also it satisfies the boundary con- 
dition (6’), the #(w) will satisfy (5). 

Since the discontinuities of H(w) are regular, it is sufficient to consider 
the segments s on the sphere. Write 


F(s) = H(s) + ®(s). 


Equation (5) becomes 


_ 1—2a pps do 1— 2d ’ do 
= Sf, HOS seat Je POS, man 
where the first term of the right hand member is to be regarded as a known 
function, and e is the region bounded by s. 
We shall show first that on the hypothesis that H(s), (s) are bounded 


additive functions of plurisegments, the function @(s) will be absolutely con- 
tinuous. In fact, if we write 


* Bray and Evans, loc. cit, p. 168. 
T Bray and Evans, loc. cit., p. 168. 
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pala) = in (a/2)? sin (4/2) 
1 
ea sin(@/2) Fe 


the function so defined will be not negative, continuous on the sphere and 
non-decreasing with #, and 


J, dH (s’) f pa(a)do — f do J, pa(a) aH (s'). 
f dH(#) f pa(a)do <f ar(s) f pm(a)do, 


where T (s) is the total variation function for H (s). But this is 


= Í, CLS Som RCD 


aH (s’) 
f, sin (@/2) 


exists almost everywhere on S, and represents a summable function ;* moreover: 


(7) f do Í, E =Í, ABE f, ECS 


But the left hand member is an absolutely continuous function, and the point 
is proved. 
If then we write 


1 — 2d aH (s’) rein. UD 
8r s sin (2/2) ? MERET da 


Moreover 





Hence the quantity 





h(P) = 





equation (5) implies the following: 

aes 1— 2a f(P) 
(8) HQ) =O) + > faire de 
(8) B(s) = f f(P)de 


F(s) = &(s) + H(s). 
On the other hand, if (8) has a solution f (P), summable in the Lebesgue 








# P. J. Daniell, “ A General Form of Integral,” Annals of Mathematics, Vol. 19 
(1918), pp. 279-294, and continued in later papers; for the interchange of order of 
integration, G. C. Evans, “Fundamental Points of Potential Theory,” Rice Institute 
Pamphlet, Vol. 7 (1920), pp. 252-329, see p. 258 and p. 262. 
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sense on S, equation (8’) defines a function F(s), bounded and additive, with . 
regular discontinuities, which is a solution of (5). 

In passing, we note the particular value A==1/2, for which the only 
solution of (8) is f(P) —0. For this value we have F(s) = H(s) as the 
only solution of our problem. It is this case, as we shall see later, which 
corresponds to the value A==0 in the two dimensional problem; and thus it 
happens that in two dimensions the solution of the Neumann problem is given 
by a direct relation, while in three dimensions the “same” problem (A == 0) 
is answered in terms of the integral equation (4). 

The kernel of (8) 


K(Q,P) = K(P,Q) = 1/89: 1/sin (4/2) 
becomes infinite when P == Q; but, as we have already seen, the function 
f E (Q, P) g(P) dop is summable if g(P) is summable, since this is merely 
a particular case of the result established earlier in this section. Hence the 
customary analysis applies,” and the solutions of (8) are identical with those 
of the following equation : 


(9)  f(Q)—R(Q) +» f, K(Q,P)h(P)der +° f. K.(Q, P)h(P)dor 
Jr f, K: (Q, P)f(P) dor, 


unless y = 1 — 2A is such that y? is a root of the twice iterated kernel 
K.(Q,P) = f K(Q, X) K(X,¥) K(X, P) doxdoy 


which is easily shown to be a continuous function. The solution of equation 
(8) and therefore of equation (5) is accordingly unique if À does not corre- 
spond to one of these exceptional values of v. These values of y are known 
to be the positive odd integers,ł to which correspond, as values of À, the 
negative integers and zero. But we may fnd them again, and at the same 
time completely solve our problem by means of a simple diferential equation 
of the first order. i 

4. We return then to the equation (6). To say that (5) has one or 
more solutions implies that the equation (6) may be solved for v(M) and 
that the resulting function v(M) will be harmonic, in particular at the point 
r== 0, Conversely if v(M) satisfies (6) it will be of class (j), and the corre- 
sponding F'(w) will therefore satisfy (5). If we write 


* Goursat, Cours d'Analyse, Vol. 3, Paris (1915), p. 355 and p. 382. 
+ Goursat, loc. cit., p. 518. 
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1 (1 —12)4H (s) 
A) =A P) = E J s Gr 9r cos a) 7 


the equation to be solved may be written in the form 

(10) rôv/0r + w = h (r, P), 

where h(7, P) is harmonic inside S, and may therefore be expanded in the form 
O0 

(10°) h(r, P) =Y, + 5 YL(P)r, 
1 


where Y,(P) is a surface or spherical harmonic of degree k, the series being 
convergent, uniformly in P, for any value of r < 1. 
Equation (10) may be written in the form 


oO 
O(Pv) /Or = Yor 1 + > Yi (P)r*1. 
1 
Hence if A is not zero or a negative integer, we have 


Py = (1/a) Yor’ + > [¥u(P)/ (kb HA) ét + 0(P) 


and therefore 
(11) v= (1/A)Yo+ È [Ye(P)/(ke-+ ré 


since C(P)r cannot be harmonic at the origin unless O(P) == 0. 
If A is a negative integer or zero, the expansion yields the following: 


es > [Ya(P)/ (k +a) ] EF) logr + C(P), 


where in the summation the term k == — À is lacking. Hence 


Gr) o(M)— > Pa (P)/ GE + a) EF (PIA log r + G(R). 


But this will not be harmonic in the neighborhood of the origin unless 

Y\(P) =0. Conversely, if this condition is satisfied, v( M) will be a solu- 

tion, in which C(P) is an arbitrary surface harmonic of degree p = — À. 
The condition Y,(P) = 0 may be written in the form 


f, Y,(P)h(r, P)dop = 0, 


as is seen from (10’). But 
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(1— 7°) 
f, Ya(P)h(r, P) dop = af. an(s) f qq YU DLL dop 
= (7/4) È Fa(P)dH (er). 
Hence we have the following theorem. 


THEOREM 2. If àis not a negative integer or zero there 1s one and only 
one function v( M) harmonic inside the sphere and of class (}), such that 


(6°) lim f {xv(r, P) + v(r, P) /ar} de = H (w), 


H(w) being an arbitrary, bounded, additive function of regular curves, with 
regular discontinuties. 

If X==—p is a negative integer there is no solution of the class (j) 
subject to (6’) unless H(w) satisfies the Ru 1 independent conditions 


(12) f Ye(P) dH (sp) —0, 


"u(P) being the general surface harmonic of degree u. If (12) is satisfied 
the solution exists, is of class (7) and is determined except for the addition 
of an arbitrary solid harmonic Y,(P) re of degree m. In this case F(w) is 
determined as a solution of (5) except for an additwe term of the form 
fo Vu(P) dop. 

If à= 0, the necessary condition ts H(S) — 0, and the function v(M) 
is determined except for an additive constant. In this case F(w) is deter- 
mined, as a solution of (5), except for an arbitrary additive term of the 
form Co. 


5. From this point results may be obtained corresponding to those of 
Bray and Evans in the article already cited. It is unnecessary to repeat them 
in detail except to point out that 

lim (rðv/ðr + Av) = dH/do 
ro], 
wherever that derivative exists, that is, almost everywhere on S; and that 
therefore 
lim ĝv/ĝr, lim v 
= r=1 


exist for almost all points of S, since the condition (j) implies the condition 


a: 
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(i) Í, | v(M) | do is bounded. 


In fact these limits all exist whenever 8G-/éo exists. For if lim 0v/ér exists, 
then along that radius év/dr is bounded, and lim v exists. 
Finally, if we replace the condition (j) by the condition 


(jj) f (ôv/ôr) do is absolutely continuous, uniformly in r, 
Wr 


a condition which is satisfied, in particular, if 0v/ûr is bounded within S, and 
the condition (6’) by the condition 


(67) lim (ôv/ôr + Av) =A(P), h(P) summable on 8, 
r=1 
the Theorem 2 remains valid. In this case H(s) = fe h(P)do. 


Thus we have a solution of the Neumann problem itself, and of a class 
of problems related to it. 


6. Supplementary note on the problem in n-dimensions. The case of 
three dimensions being typical, we content ourselves with a brief description 
of the formulae involved in the n-dimensional situation. The Poisson integral 
for the hypersphere S of radius F takes the form 


1 R? — 7 
13 u(M)=u(r,g) = — —— 
(18) auto ge f 





dF(s), 


where An = 2r"/2/T'(n/2) is the (n —1}-dimensional “area” or measure 
of the hypersphere of unit radius. Its n-dimensional measure of “ volume” 
is of course 2r"2/[nT(n/2)]. In (13) we have written 


(14) P(s) = lim F(r, s,) = lim f u(M) der, 
r=R r=R 8p 


the do, being r"°1 do, with do as the element of area of the unit hypersphere; 
in fact the constant before the integral has been chosen so that 


(14) u(0) == F(S)/A,(R) = F(S)/RTIA, 
For the corresponding potential of a single layer we write 


2 dF(s) _ 


(5) °C) = a AE J, me 


a f dF (s) 
(n—2) AR J g (E + 7? — Rr cos g) 0/27 - 
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We have 


Us (Pr three ap 
sm © Ark fi (R? + r? — 2Rr cos a)? (8), 
and therefore, 
rôv/0r + [(n— 2) /2]u = u 
rûv/0r + du =u + [A— (n— 2)/2]o= [(u— (n— 2 — 2d/2] 0 


ee ne | dF (s) | 
(n— 2) RA, g M Pa-2 





Hence we write 
lim f r(ðv/ðr)doe, = G(s) =F lim f (3v/ðr} dor 
r=R Sr r=R ‘Sr 


lim (rôv/8r + dv) dor = H (8), 
r=R Sr 


where G(s) and (s) are bounded additive functions of (n — 2)-dimensional 
plurisegments on the hypersphere,* provided the condition (j) is valid: 


(j) Í, | du/ôr | do, is bounded, r < R. 


We have then the integral equations relating H(s), G(s) and F(s), to 
determine F(s): 











1 do 
e do 
(17) H(s) = F(s) — Enr. PE) S QP 


Here G(s) of course vanishes, if v(M) is given, and for particular values of 
A= 0 there will also be necessary conditions on the H (s). 

In order to find these conditions we have merely to repeat the analysis 
of § 4. The characteristic values of A will again be the negative integers — y 
and 0; and if we write 


1 (R2—r)dH(s)  % 
h(r,Q) = RA, f aG — 2 (Q) 


the functions X:(Q) being orthogonal, the condition to be satisfied by H(s) 
will be 





J. Y,(P)dH (sp) = 0, 





* Edmonson, Poisson’s Integral and Plurisegments on the Hypersphere, in prepar- 
ation, i 
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where Y,(P)r* is the general homogeneous polynomial of degree x, which 
" satisfies Laplace’s equation. 

The case n — 2 is not strictly regular, as is seen from the above formulae. 
But the problem corresponding to A == 0 has already been considered in detail.* 
We write 


»(M) = (1/aB) S, log (1/MP) dF(s) + À, with F(8) =0, A—=v(0), 
u(M) = (1/2rR) J, [ (R? —n?)/MP*| dF(s), 

and therefore 
r0v/0r = u 
r(dv/or) + Av =u + (A/zR) Í, log (1/MP) dF(s) +A4; 

and the two equations corresponding to the integral equations (16), (17) are 


G(s) = F(s) 
(18) H(s) =F(s) + (VaR) f dF(se) flog (1/0P)dse + As, 


where, when À 0, we may still keep F(S) —0 by taking À — (0) = 
H(8)/d8. The second of the equations (18) may therefore be written in 
the form 


H(s) —[H(8)/A8] =F (s) + (=B) f dF (se) $ log (1/QP) dso 


From this point on, the analysis offers nothing novel. 

The conditions may be stated in a fôrm invariant of conformal trans- 
formation. And if this is done the results will apply to general [simply 
connected] regions, and the special parameter values of À will be unaltered. 
To this end we let b (Mo, M) be the function conjugate to the Green’s function 
g(4f,, M) and write the condition (j) in the form 


f | ôv/ðg | db = f | dv/ôn | ds < N. 
g=const. g=const. 
The boundary condition (6’) takes the form 


b” 
lim . (v + À0v/0g)db = H (b, b”) = H (8). 


g=0 


* Evans, The Logarithmic Potential-—Discantinuous Dirichlet and Neumann Prob- 
lems, New York (1927), Ch. IV. 
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Similarly in the condition (jj) the absolute continuity of the integral 


b (b”) 
f (20/ag)ab — È (3v/ðn)ds 
b’ (b”) 


extended along curves g = const., is uniform, g > 0; and the condition (6”) 


takes the form 
lim (v + Adv/0q) = h(b), 
g=0 


R(b) being summable with respect to b. 


Under these conditions there is a unique solution of the respective 
boundary value problems, unless À = 0 or a negative integer.” 


Tau Rice INSTITUTE, 
Houston, TEXAS. 


* See the treatment for A = Q in Evans, loc. cit., Ch. V. 


On Taylor’s Series Admitting the Circle of Con- 
vergence as a Singular Curve. * 
By J. J. GERGEN AND D. V. Wipper.t 


1. Introduction. It is a familiar fact that certain Taylor’s series 


(1) Sana" 


n=0 
define functions which can not be continued analytically beyond their circles 
of convergence. The series of Weierstrass and Fredholm, 


(2) 3 2, 
(3) 5 a, 
n=0 


are classic examples. Both of these series are lacunary; that is, they are par- 
ticular cases of (1) in which certain of the coefficients are zero. General 
classes of such series have been studied by a great number of authors including 
J. Hadamard, E. Borel, S. Mandelbrojt, G. Faber, and E. Fabry. We recall 
several of the results. It was shown by Hadamard that the series 


co 00 
(4) D Amg” = © a0, 
M = n=0 


where 
Gm = 0 when mS An, a, ~0, 


admits the circle of convergence as a cut if 
(Ane FES An) /An 


is greater than some positive constant for all n. The series (2) of Weierstrass 
is a case in point. More generally, it has been shown { that the conclusion is 


the same if 
(Ane — Àn) /Mn; 0 < O = I; 


* Preliminary report presented to the American Mathematical Society, September 
9, 1927. A preliminary account of the results of this paper was published in a note in 
Comptes Rendus, Vol. 185 (1927), pp. 829-831. Since the publication of that note, the 
authors have simplified several of the proofs, 

t National Research Fellow. 

+ For complete references see J. Hadamard and S. Mandelbrojt, “ La Série de Taylor 
et son prolongement analytique,” Collection Scientia, Gauthier-Villars, 1926. 
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is greater than a positive constant for all n. This was first proved for the 
case e = 3 by Borel. It is seen that this criterion applies to the series (3) 
of Fredholm. 

In a recent paper Mandelbrojt * has developed a new type of criterion. 
He has shown that if # is any irrational number, the series (4) admits its 
circle of convergence as a cut if e?ne has a limit as n becomes infinite, 
and if a, has a limit different from zero. The proof of the theorem is based 
on a theorem of Cesäro. In the present paper the authors prove a similar the- 
orem, replacing the condition that a), have a limit by the restriction that they 
all lie in a single quadrant of the complex plane. The method of proof is sim- 
plified, no use of Cesdro’s theorem being necessary. By means of the criterion 
thus developed the authors are able to give a new proof of the theorem of 
Hadamard and its generalizations mentioned above. It has been the aim to 
make the proof elementary in character. It will be seen by an examination of 
the following sections that the proof is based on only two theorems from the 
theory of analytic continuation, two theorems that lie at the very foundation 
of that theory. 


2. A Lemma. The proof of the theorem of the next section is made by 
use of the following 


Lemma. The function defined by the series 


C0 ee 
(5) f(z) = È a2, lim | a, = 1, 
n=) N=00 


has the point x == 1 as a singular point if the real part ay,’ of a, satisfies the 
conditions a,’ > 0, Tim RES © 
N=00 


This Lemma is a generalization of the well-known fact that the function 
defined by (5) has the point z == 1 singular if the a), are all real and positive. 
Indeed, this result enables us to see at once that the function 


oo 
pr) => ar 
n=0 


* Comptes Rendus, Vol. 184 (1927), pp. 1307-1309. It may be shown that the set 
of functions which satisfies the conditions of Mandelbrojt and the set which satisfies 
the conditions of the theorem of this paper form subclasses of the class for which 
lim Ona —A,) =œ. It is well known that a function of this latter class has its 
circle of convergence as a singular curve. [Gergen.] 

+ Compare a generalization by P. Dienes, “ Essai sur les singularités des fonctions 


analytiques,” Journal de Mathématiques, 6 série, t. 5 (1909), p. 338. 
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o has the point z = 1 singular. That is, if 8 is any real number between zero 
and unity, the series 
00 (n) 
has the radius of convergence equal to 1— 8. Hence for every positive e 
there exist an infinite number of integers m for which . 











$™ (8) __S(m+p)l , (= 
(6) m! = 2 mipl om? we 1—8 
We wish to prove that z == 1 is a singular point of (5), or that 
jf (8) ( 1—e 
(7) m | a 1— 8 
for an infinite number of integers m. Set 
oO 
a, = 0,’ bia”, v(t) = X any o. 
n=0 
Then | 
f(z) = (x) +iy(z), 
and 


f™ (B) = (8) + ip (8). 
Since B is real, the quantities p™ (8) and y™ (8) are real, Hence 
| fe (8) | =o (8), 


and (7) becomes an immediate consequence of (6). The Lemma is thus 
completely proved.* 


3. The Theorem. If {An} is a sequence of positive integers such that 


lim eTit exists for some irrational number >, and if {ax}, a, Æ 0, is a 
n=00 
sequence of numbers all lying in a single quadrant of the complex plane,t 


then the function defined by the series 


CO — 
(8) Soe. lim, Pag Ae, 
n=O NEO 


admits the circle of convergence as a singular curve. 


* Note that it is not true, in general, that all the singularities of 3 a 'æ are 
singularities of Sa,æ”. Witness the example 


San = æ@/(a +1) +i/(a +1) —1/(0—4). 
+ We agree that a, lies in the kth quadrant (k = 1, 2, 3, 4) if 
~~ dy = Ty, exp ns (k—1)7/2 < b, < kx/2. 
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Without loss of generality we may suppose that all the ax, lie in the first , 
quadrant, for the case in which they lie in the kth quadrant may be reduced 
to this case by multiplying each term of the series (8) by e-Ti&-1)/2, Qbyi- 
ously this has no effect on the position of the singularities of (8). Set 

Aan = Or, +10”, a) > 0, an” = 0. 


Then at least one of the following equations holds: 


ae R lim ay,’ he 1 
ee ay es n=00 


For definiteness suppose the first to be true, and consider the series 


CO 
(9) > OX, BETIA DAN 
n=0 


where p is any positive integer. We show that x — 1 is a singular point of 
this series by showing it to be a singular point of the following series (differ- 
ing from ìt only by a constant factor) : 


CO 
n=0 
n = Mph + 78 — PY, 


e2Tiÿ = lim e2TiAnd, 
n=00 


where 


Then we have 
lim e2Tiÿn — era, 
n=00 
If we decompose the coefficients of (9) into real and imaginary parts, we 
obtain 
— 4 0,627 a — — iA hn COS Prin — ax,” Sin Ran) 


+ (an cos Bryn + a,’ sin Bryn) « 
We can now show that the coefficients of (10) satisfy all the conditions of 


the Lemma (after rejecting, if necessary, a finite number of terms at the 
beginning of the series), since 
lim sin ryn = lim cos Bryn = 1/2%, 
n=00 n=00 
it follows that | 
Ch, == Op” COS Bryn -H Ay,’ SIN Bryn 
is positive for all n sufficiently large (n > m). Moreover, 


lim aM = 1, n>m. 


n=00 F aai 
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For, 
Tim (an sin myn) = Jim a, 1™ = 1, 
n=00 n=00 
and 
Ch, Z Oy,’ SIN Pryn, 2 > M. 
This proves that 


lim Ca = 1, 

n=00 
That this upper limit can not be greater than unity is a consequence of the 
fact that ca, is the real part of the general coefficient of (10), a series which 
clearly has unit radius of convergence: 


Tim |—ia),e27¥=| 19 — lim | a, PA — 1. 
n=00 n=O 

By the Lemma the point z == 1 is a singular point of (10). That is, the 
points 


ge 627 Pb, (p=1, 2, 3, ro) 
are singular points of (8). Since this set of points is everywhere dense on 
the circle | x | = 1, it follows that the series (8) admits this circle as a sin- 


gular curve. A similar proof applies if 
lim Qy, M == 1, 
4, Applications. By use of the theorem of section 3 we are now able to 
prove the following result: * 


If {An} ts a sequence of positive integers such that the series 


S 1/1 


n=0 


converges, then the function defined by 


00 = 

(11) > anD, lim | a, | Ar 1] 
n=0 n=00 

has the circle | s | = 1 is a singular curve. 


We begin by choosing a subset {øn} of the set {An} for which the unique 
limit (in contradistinction with the upper limit of the hypothesis), lim | a,,|1/“, 
n= 


is equal to unity, and for which all the a,, lie in a single quadrant. Let # 
be any irrational number. The set of points e?it% on the unit circle must 
contain an infinite number of distinct points, so that there is at least one limit 


~~ * Compare Hadamard and Mandelbrojt, loc. cit., p. 71. 
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point e27*¥, Consequently it is possible to find a subset {vn} of the set {pn} 
such that i 


lim e2Tirnÿ goes g2Tiÿ, 
n=O 


(12) lim | ay, | 1/1, 


n=00 
Let the set {».’} consist of those values of À, not equal to vn. If the 
set {rn} contains only a finite number of elements, the series 


CO 
(13) > Apt” 

n=0 
differs from (11) by the polynomial 

X az". 
But (13) satisfies all the conditions of the theorem of section 3, and conse- 
quently admits the circle | s | — 1 as a cut. And (13) must have the same 
singularities as (11), so that the theorem is proved. 


On the other hand, if the set {va} contains an infinite number of elements, 
we set up the entire function 


oO 
(14) g(2) = IE (1—2/w!)*, 
The series 
ox 
5 1 /v»° 
n=0 


converges, so that the infinite product (14) also converges. Moreover, if e is 
an arbitrarily small positive constant, g(z) satisfies the inequality 


tg(2) |< el 
for all |z | sufficiently large.* On this account we may apply a theorem of 


* This is a result of the general theory of entire functions. For this special case 
it may be proved in the following manner: There exists a positive number A such that 
| 1— u |<eAlul for all complex numbers % To every positive e there corresponds an 
integer m such that 


oO 
3 lf,’ < e/4À 
nm 
Consequently, 
co 
| IL (l—2/r,')9 | < eelel/2. 
n=m 


But for | 2| sufficiently large 
m-l 
| IL (1—2/»,')9 | < eeel. 


n=Q 
since the modulus of (1—2/v,,’)* increases less rapidly than eez/4m as |æ] becomes 
infinite. The result is thus established. 
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G. Faber,* and be assured that the series 


(15) È g(rn)o— > gCon) 


is an element of a function which has no singularities in the extended plane 
except the point s = 1. 
But 


es) 00 
(16) 2 g (An) ana” s 2 g (vn) an wo, 
n= n= 


and, since g(vz) is real and positive, the coefficients all lie in a single quad- 
rant. Moreover, it can be shown that the radius of convergence of (16) is 
unity. Indeed, 


lim g(m) 12" = 1 
n=O 


since the radius of convergence of (15) is unity. By virtue of (12) we have 
lim | avg (va) [1/70 == lim L |1/7a =I. 
N=00 n=0O 


Consequently, the theorem of section 3 is applicable to (16), and implies that 
the circle | æ | == 1 is a cut for this series. 

Finally, by an application of Hadamard’s + theorem on the multiplication 
of singularities we see that (11) has all the singularities of (16), and the 
theorem is completely established. 

As an immediate corollary to this theofem we prove the following result, 
mentioned in the introduction: 


If {An} is a sequence of positive integers such that 
(Ansi — An) /An’; 0<oe = 1, 


is greater than some positive constant for all values of n, then the series (11) 
admits vis circle of convergence as a cut. 


For, the inequality 
(Anu — An) /An° > M > 0 


* G. Faber,“ Uber die Fortsetzbarkeit gewisser Taylorscher Reihen,” Mathematische 
Annalen, Vol. 57 (1903), p. 369. 
+ J. Hadamard, “Théorème sur les séries entières,” Acta Mathematica, Vol. 22 
(1898), p. 55. 
10 
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evidently implies the following inequalities: 
Ans > An + n°, 
Anu > M [n° + (n—1) + 42°41), 
dna > (M/nt)[0 + (n—1) + +21], 
Ans, > Mn(n +1) /2n1°. 


Consequently, we have 


Le, © w 
dana < (2/1) È 1/ntr, 
n=0 n=0 


and we are in the situation imposed by the hypotheses of the theorem of this 
section. 

In conclusion, we note that the set A, == n! provides an example of a set 
of integers satisfying the conditions of the theorem of section 3. For, take 
@==e. Then 

nl e = In 4 Bn 


„=1/(n +1) +1/(n +1) (n +2) -< 2/(n +1), 
where J, is an integer. Hence 
e2rinle — e2TiRn, 


lam e2Tinle — 1 : 
n=O 


THE RICE INSTITUTE, 
June, 1927. 
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A Mathematical Theory of Depreciation and 
Replacement. 


By C. F. Roos.* 


1. Introduction. In a previous paper I have formulated a problem of 
depreciation in economics as a Lagrange problem in the caleulus of variations 
and shown that the resulting problem is sufficiently general to include as 
special cases all of the existing depreciation theories, i. e. such theories as the 
straight line, the compound interest, the sinking fund, the unit cost plus and 
that of Hotelling.f 

Inasmuch as a machine is seldom used until its useful life has ended, 
a more important problem is that of determining the time at which a machine 
in operation should be replaced by another machine having a different oper- 
ating expense so that a maximum profit is obtained for some period of time 
extending from an initial time ¢, through a replacement time w to some final 
time {, greater than œ. When formulated as a problem in the calculus of 
variations this replacement problem is a type of Lagrange problem with vari- 
able end-points and discontinuous integrand.f 

In this paper it is intended to formulate a replacement problem as a 
general problem in the calculus of variations and to solve in some detail a 
special example believed to be typical of an actual economic situation. In 
order to save space I will not attempt to give the whole economic setting of 
the problem since this can be obtained from other papers.§ 


2. The general problem. The value of a machine to its operator at a 
time ¢, is the sum of the anticipated rentals which it will yield from the time 


* National Research Fellow in Mathematics. 

+ Roos, “ The Problem of Depreciation in the Calculus of Variations,” to be offered 
to the Bulletin of the American Mathematical Society. See, also, H. Hotelling, “A 
General Mathematical Theory of Depreciation,” Journal of American Statistical Asso- 
ciation, Sept. 1925. 

t Bliss, Lectures on the Calculus of Variations, University of Chicago, Summer 
1925, mimeographed by O. E. Brown, Northwestern University, Evanston, Ill. See, 
also, E. H. Clarke, On the Minimum of the Sum of a Definite Integral and a Function 
of a Point, Doctoral Dissertation, University of Chicago. 

§ For a brief setting of the problem see footnote (+) above. For a more detailed 
economic account see Roos, “ A Dynamical Theory of Economies,” Journal of Political 
Economy, Vol. 35 (Oct. 1927). 
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t, to a time w at which it is to be salvaged each multiplied by-a discount fac- 
tor to allow for interest plus the salvage value also discounted. If we let 
y(u, w, p, p’, t) be the cost of operating a machine producing u(t) units of 
output per unit time which sell at a price p(t); D,(u, w, p, p’, ty be the rate 
of depreciation in market value of the machine, and K, be the cost of the 
machine at ¢,, then, as I have shown,” the value V,(t,) of this machine at 
t = 1, will be 


@ 
(1) Vi (41) = f [pu— y: (u, w, P» P t)— D, (u, w, P» P t)] E(t, t) dt 
: -+ K E(t, w). 
Here and following E (a,b) stands for exp — f ô(v)dv], where 8(v) is the 


rate of increase of an invested sum s divided by s. The value V2(t,) at the 
time ¢, of a machine which will replace this machine at the time o will be 


w 
(2) Vi(t) GE f, [pu — y: (u, w, P: P t) — D, (u, w, Ps v, t)] E(t, t) dt 
+ KE (th, te) 
where yə, D, and K, are defined in a way analogous to yı, D, and Ka, respect- 
ively. For convenience in notation let us write Q: = y; + Di, (¢—1, 2). 
As a likely hypothesis we may suppose that the operator will endeavour 
to maximize the expression 


(3) [ Va + V: — KE (h, w) — KE (4, to) | 


= f ipu— QUE hat + S pu — Qu] E(t, that 


which is the sum of the values F, ‘and V, at ¢, minus the respective cost values 
discounted to take care of interest. In reality K, is the sum necessary to 
replace the first machine by an identical machine at the time w, and hence 


(4) K, (v) = K,(t:) E(w, te). 


The preceding hypothesis is, therefore, justified by the fact that if (4) holds, 
and, furthermore, if K,(t.)==K.(t.) and Q: (u, w, p, p’, =Q. (u, wv’, p, p’, t), 
the expression (3) reduces to the corresponding expression for the case of a 
single machine. In fact, for this special case the replacement problem is 
actually the problem of depreciation. 

We may suppose the rate of production u(ż) and the selling price, p(t), 
of the commodity produced to be related by a differential equation of demand,t 


* Roos, “ The Problem of Depreciation in the Calculus of Variations,” loc. cit. 
+ Roos, “ Dynamical Economies,” Proceedings of the National Academy of Sciences, 
Vol. 13, No. 3, pp. 145-150 (March 1927.) 
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o (5) p(u, uw, P» P, t) = 0, (45 iS to); 
and to satisfy end conditions, 
(6) Ou (tis u(t), p(t), toy u(t), p(t2)) == 0, (u = 1, mrs n = 6). 


We may then state the replacement problem as that of: Finding among 
the arcs u(t), p(t), satisfying an equation of demand (5) and end conditions 
(6), a set which maximizes an integral, J = I, + Iz, where 


ie f * [pu— Qu w’, p, p', t)] E(t t)dt 


and 


ta 
L= f ° Ipu—Qi(u, w, p, p’, t)] Et t) dt, 


This problem differs from the depreciation problem in that the integrand 
of the integral to be maximized is discontinuous at some time w when the 
change in machines is to be made. 


3. Conditions for a solution. Let P, and P, be the end points of the 
curve which maximizes J, and let P, be the corner point of this maximizing 
curve. Then it is evident that along the segment P,P, the Euler-Lagrange 
equations and other conditions of the calculus of variations for the Lagrange 
problem with variable end-points must hold, for, otherwise, it would be pos- 
sible to introduce a variation of P,P. which would give a larger value of the 
integral J, taken along it and consequently, a larger value to J, thus contra- 
dicting the assumption that P,P, and PeP: together give J a maximum value. 
A similar argument holds for the are PP». 

In writing these conditions it will be convenient to introduce the nota- 
tions yı (t) == u(t), yet) = p(t) and 


Fo(%; yy’; Y2, Yo", t, ty, Ac) 
= [YY — Qol Yr, Yrs Vas Yo’, t) Et, €) + A(t) b (ys Ya” Yas Yo’ t); 
w 
H (te) = (o— 2) F(t) + (c — 1) Fo(te) F f [Fite + Pry, tax’ (le) | dt 
tg 
+ f° ate + Fancto (te) lat 
Hy’ (te) = (o — 2) Fins (ti) + (o —1) Foy,’ (t2) 


a ta 
rs f Fanctadt + f Faite dt, 
(ape 0): 
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where & is used as an umbral index with range 1, 2 and subscripts yi, y” 2 
(i = 1,2), and fo, (o = 1, 2), denote differentiation. 
Then the maximizing arc must satisfy the following conditions: 


(a) the Huler-Lagrange equations 


É 
a Fiy? — f Fyy,dt -+ Ciis (ty = t < w), and 
ty 


t 
Poy! =R f Poy dt + Csi; (w = t < ta) > 


(b) the transversality conditions which require that every determinant of 
order # + 1 of the matrix: 
H(t) — y (ti) Ay (t) Hy (t)  H(te) — yo! (te) A," (t2) Hu (ta) 


Ont, uy, (t4) Out Ory t (Ëa) 














vanish ; 


(c) certain second order conditions of the calculus of variations whieh 
we will not give here; 


(d) at the corner point P, the following corner conditions 
By (1) — PCR) — ge’ (o) Brgy’ (1) + B (w) Pog,’ (2) 
6) ta 
-+ f Fiwdt + f Fwût = 0, k umbral as before, 
ty i 


LEH ta 
Fans 1) — Frid (2) H È Piedi + È Paidi = 0, (0 ==1,2), 


where F,(1) means F',(y1, yx’; Yes Yo’, t try M) with the arguments Y; 91’, 
Yo, Yo’, À replaced by the extremal set #1, 91’, Yo, Yo’, Ar for the arc PyPw; 
F,(R) means F2(y1, yx’, Ye, Yo’, À, ti, Ax) With the arguments Y1, 1’, Yos Yo", Az 
replaced by the extremal set #1, 1’, Yo, Jo’, Àz for the arc P,P,, and Fyy,’(1) 
ete. are defined in an analogous manner.* 

The corner conditions (d) are, of course, only first necessary conditions. 
The condition that the second variation at the corner point be not positive is a 
further necessary condition for a maximum, but we will not attempt to derive 
this second order condition.f 


* Roos, “A General Problem of Minimizing an Integral with Discontinuous Inte- 
grand,” Transactions of the American Mathematical Society, not yet published. See, 
also, E. H. Clarke, On the Minimum of the Sum of a Definite Integral and a Function 
of a Point, loc. cit. 

+ Dresden, Transactions of the American Matehmatical Society, Vol. IX, p. 472 
(1908), gives the second order corner conditions for the simplest problems of the cal- 
- culus of variations. 
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The time {= at which the replacement should occur and the rate of 
production and price at that time can be determined from the three corner 
conditions (d). The end times #, and ¢, and the end values y:(t1), y2(4), 
yi(t2) and y(t) can be determined from the n end conditions bu = 0, 
(u—1,""",n<6) and the 6— n transversality conditions (b). 


4. À replacement example. Although the theory of the Lagrange prob- 
lem in the calculus of variations is fairly well developed, there are known com- 
paratively few problems for which the mathematical analysis is sufficiently 
simple to permit the actual determination of the maximizing or minimizing 
curves. For this reason it will be all the more interesting and instructive to 
consider a replacement example which seems to be sufficiently general to typify 
many economic situations and yet which is sufficiently simple to admit a ready 
solution. 

In order to obtain an expression for the operating expense of a machine 
or other property we may as well follow the example set by Walras and define 
certain quantities called coefficients of production.* These quantities are 
defined as the quantities of the services of the factors of production, i. e. 
services of land, services of persons and services of capital that enter into the 
manufacture of a unit of a given commodity. As I have already pointed out, 
there seems to be justification for writing the coefficients of production for a 
commodity C as functions of the rate of production of C, the selling price of 
C and the first derivatives of these quantities. t 

If there is one producer manufacturing an amount u(t) of C in unit 
time and if, furthermore, the selling price of one unit of C is p(t), the coeffi- 
cients of production are functions, f.(u, w, p, p’, t), (æ—1,:::,m}, where 
m is the number of services required to manufacture one unit of C and primes 
denote derivatives with respect to time. If we denote the prices of the m 
services required to produce one unit of C by p,(t), then by the definition of 
the coefficients of production the cost of producing u(t) units of C for the 
first or operating machine is 


mM 
(2, W, p, pt) = S u falu w, p B's t) Palt): 


We may suppose the prices of the services p,({) to be known functions of the 
time. 

As an approximation we may assume that the depreciation A, of the 
operating machine can be represented by A, = nuu (t) + é + éu (tjw (t) 


° V. Pareto, Manuel d'Economie Politique, pp. 607. 
t Roos, “ A Dynamical Theory of Economies,” loc. cit. 
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+ É1ap/ (tp (t) + ww (t) + ép (t), where &, * * *, és are known func- 
tions of the time or constants. We may further suppose that the coefficients 
of production fa, depend only upon the rate of production, but, since there is 
an overhead expense when no units are produced, we would not be justified in 
assuming the f,, to be linear functions of the rate of production. We may, 
however, suppose them to have the form fa: =deiu(t) + bai + Cai/U (t). 
where aar ba and cg, are known functions of the time or constants. 

We may, therefore, write the function Qı, which is the cost of production 
including depreciation in market value of the machine, as 


(7) Qi = fapa (t) + Ar = Aw? + Biu + Ci + Diwa 
+ Epp’ + Fiw + Gp’, è 
where 
A, = lui Pas By = x + bai Pa; Cy = é + Ca1Pas D, = SEP 
E mes É14 H, = E155 Gi = E16 


and « is an umbral index with range 1, : +, m according to the convention 
that whenever a literal suffix appears twice in a term that term is to be summed 
for all values of the suffix.* The quantities 4., : * - , G are, therefore, known 
functions of the time or constants. 

By a similar argument we may write for the replacement machine 


(8) Qe == fazPaz(t) + A, = AQU? + Bou + Ca + Dawu 
+ Epp + Ew + Gp, 


where Az,‘ + +, G are known fuyetions of the time, analogous, respectively, 
to Ai,’ < +, G, defining Qı 

If we suppose the rate of demand to be a linear function of the price and 
the rate of change of price, and, furthermore, that as many units are sold as 
are produced, the demand equation of (5) becomes 


(9) u—a(t)p(t) —h(t) p(t) —b(t) = 0, 


where a, b and h are known functions of the time or constants. 
When the price p and the rate of production u are known at tı = m, the 
equations p = 0, p = 1, 2, 3, of (6) become 


6, — ty — T — 0 
(10) 0a = u (71) — u = 0 
0; == p (r1) — A= 0. 





# A. S. Eddington, “ The Mathematical Theory of Relativity,” p. 50, 22.1. 
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The operator of the machine will desire to choose the rate of production 
` u(t) and the price p(t), satisfying a differential equation of demand (9) 
and having end values satisfying the end conditions (10), so that they maxim- 
ize the integral 


(11) J= f, i [ou—Asu—Biu—C,—D;uvu—#,p p —H w —G p ]E (t, t)di 
ti 


ta ° 
+ f [ pu—A,u®—B,u—O,—D ww Ep p How’ —G op’ | (hy, t) di. 
to 


We first consider the part of the arc which lies between ¿== r; and t == o, 
i. e what would correspond to P,P. of section (8). Since the function F 
of section (3) is Fy = [pu—Aiw?—B,u—O,—D,w'w’—_ Ep’ p —H;u—6G;?° 
+ A (t) (u-—ap—hp’—b) ]E (t,t), we have * 
0F,/0p = [u—ad ]E (t1, t); 0F,/0p = [218 ,p’—G,—ha, | E (t,i) 
OF, /du == [p—2Ayu—B,-+A,] H(i, ¢); 0F,/0u = [2D u —H]E (h, t). 
The Euler-Lagrange equations (a) in the form 0F,/0p — (d/dr) dF; /dp’, ete.. 
obtained by differentiating (a) with respect to t, become on cancelling the 
factor E(t, t) 


U—ah, = [2E p’—Gi—AadA, |8-++-2 Bp’ + Ep” —G h hà” 

p—2Ayu—B, tà = [2D rw —H]8 +2 Drw 42D uH. 

It is possible to carry the problem through as it is, but since we do no‘ 
want to lose the reader in a mass of detail, we will assume À4,,: * *, Gu a, b, L 
and å to be constant. We may then write the last equations as 
(11A) u -— ar, = (2E:p RE Gi os hr1)8 + 2E p” hrs’ 

(11B) p—RAiu— B, + à = (RDiu — A,)8 + 2Dyw”. 

If we solve the second of these equations for À; and substitute the result 
ing value of A; and A,’ == dd, /dé in the first, we obtain on collecting terms 
(12) (a—hô)(B;—H,8)+G,8+ [1—(a—A8)2A,]u 

+ [2A,h—(a—hd) 2D,8] u’+ [2D hd—(a—hS) D, Ju” 
+ Dyhu’’’+-(a—h8) p—(28H#,—h) p’—2 Ep” = 0. 
The demand equation, u = ap + b + hp’, gives us by differentiation w’ == ap’ 


+ hp”, w” = ap” + hp” and u” = ap” + hd*p/di*. When we substitute 
these values of u, > - , w” in (12), we obtain 


° We have chosen A, as A, F(t, t). Since t, is fixed this choice does not introduca 
any new complications and allows us to cancel the factor H(t,, t). 
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(18) Lisd*p/dt* + Lis p/dt® + Ld’ p/d + Lydp/dt + Lup + pro=0, | 


where 
Lis =F RD, 
Lis = 8D,h8 — aD, + AD, 
Ing = 2A,h? — 2ahD, + 2D, hs? + 8ah8D, — a? D, — 2, 
Lu = (RA — 20°D, + 2ahdD, — 2E) 8, 
Lio = 2a(1 — Aza) — h8 (1 — 2a 4), 
Pro = [1 — (a — h8)2A,]b + (a — hd) (Bı — 8) + G.ë. 


Since (13) is a fourth order differential equation with constant coeff- 
cients, its general solution is 


(14) Pi cree Pio + Ki eut + Ki get —- Kig gmat -L Ka emut, 


where Mu, * *, My are the four roots of the quartic L,,m* +- Liem? + Liam? 
+ Lum -+ Lio = 0 and Ka, © * +, Ky, are arbitrary constants. 


Similarly, if we assume that 42, : : -, Ge and 8, for the replacement 
machine, are constant for the period œo = t S t, we can obtain 


(15) Pa = Poo + Ka ent + Koy omnt 4 Kog emmt + Kog erat, 


with poo,‘ * *, Mo, defined by replacing the set 4i1,- +--+, Gi in Pios’ * +, Mas 
for the operating machine by the corresponding set As,‘ * +, G2 for the re- 
placement machine. 

If we substitute the value of p, given by (14) in the equation of demand 
(9), we obtain on collecting terms 


(16) t = apo + b + Kia + hma)jerat Le + > + Kula -H hmua) ent, 
By a similar procedure with p, we obtain 
(17) Uz == EPo0 en b -4- Ka (a -~ hmo) erat + Ate, + Kala + hM) erat, 


In order to complete the solution of the problem we must determine the 
constants Kirt © ', Kys, Ko,  * +, Ka, the time ¢,, the time w at which the 
replacement should occur and the time ¢, at which the replacement machine 
should be serapped. To determine these eleven quantities we must make use 
of the end conditions (10), the transversality conditions (b) and the corner 
conditions (d). We proceed to set up the matrix (b) for the three end con- 
ditions (10) and the function F defined as F = F, on t S t S o and F = F, 
onw tS i. We easily obtain the rectangular matrix with four rows and 
six columns 


Roos: À Mathematical Theory of Deprecialion and Replacement. 155 


S,  O0F(&)/0p  0F(h)/u Sz OR g(t) /Op2’ OFa(t:)/0ux | 
0 0 


1 0 0 0 
0 1 0 0 0 0 
0 0 1 0 0 0 
where 
So == (— 1) [F (te) — po’ (te) OF o(te) /00’ —- Uo’ (te) OF o (te) /Ous] + Lo 
(e == 1, 2) 


and dF o(te) /dpe’ means 0F%/0p" with Do, po’, Uc, Us’ at te substituted for p, p’, 
u, wu’. The value of À, to be used in 0F¢/dpe’ is the value of A, given by 
(11B) and an analogous equation for À. In (11B) p, u, w, w” must be 
replaced by pi, Ui, Uy’, Ui”, and similarly for Ag. 

In order that every determinant of order four of this matrix vanish, it is 
necessary and sufficient that 


(18) Sa = 0, OF ,(t2) /Op2’ = 0, OF (tz) /OuU2’ = 0. 


We have thus three transversality conditions. 
From the corner conditions (d) we obtain the three additional conditions 


Pi(o)— F2(w)— py’ (0) dF (w) /0p1 — uy’ (0) OF, (w) Iu” 
+ po’ (w) OF 2(w) /Ope’ + uz (w) OF 2(w) /Ou2’ = 0, 
(18) OF, (w) /0uy’ — Ofo(w) u = 2D, uz’ (wo) — Dot (wo) = 0, 
OF, (w) /dp,’ — 0F:(w)/0p: = 2H yp,’ (o) — 2 ap.’ (o) 
— [à (o) —Ag(w)] = 9, 


where dF, (w)/dp,’ is defined as 0F,(#,) /0p;/ with t, replaced by o. 
Since we have required our maximizing arc to be continuous at i = o, 
the following equations must be satisfied 


(19) p(o) — po(w) = 0, Ww) —u:(w) = 0. 


For the determination of the eleven quantities #,, w, to, Kin tt t, Kua, 
K,° * +, Kos we have, therefore, eleven equations consisting of the three end 
conditions (10), the three transversality conditions (17), the three corner 
conditions (18) and the two continuity conditions (19). As one may readily 
verify, the equations of the highest degree in tı, w, te, Kig’ * +, Kas will b? 
the transversality equation § = 0, and the first corner condition of (18). 
These equations will be quadratics in Kin © ++, Ke, and will contain f,, o 
and f, as exponents of e. There will in general, therefore, be more than one 
solution for the eleven quantities t,,° * :, Hse, To determine which solution 
maximizes J we need sufficiency conditions for this problem. In an actual 
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case we would probably be able to fix ¢, and t» and this would simplify mat- 
ters considerably. The condition S == 0 would then drop out, and the only | 
quadratie would be the first corner condition. We could then discard all 
values of w which did not lie between t, and ta» The discussion of this phase 
of the problem is, however, beyond the purpose of this paper. 

Let us observe that if we fix all end values and take $==D,==::: 


= mh = D; = -=G,==0 and A, = A, Bi = B, and C, == C;, our trans- 


versality and corner conditions vanish identically and the differential equa- 
tion (13) reduces to the differential equation obtained by G. C. Evans in a 
paper which introduced the new dynamical theory of economics.” 


5. Some further generalizations. The analogue of the Hotelling hypo- 

thesis, that the operator of a machine will do everything in his power to 
maximize the present value V,(¢,) of his machine, would require for the 
replacement problem that the operator endeavor to maximize the sum, 
F(t) + Va) of section 2. This replacement problem does not seem to be 
a special case of a very general Mayer problem discussed by Bliss, because of 
the way in which the corner value œ appears.f It is, however, a special case 
of the general problem to which the conditions (a), (b), (c) and (d) of 
section 3 belong, for, we can obtain the Euler-Lagrange, transversality and 
corner conditions by replacing F, and F, in (a), (b) and (d) of section 3 by 


G = F, + (Kı: + K) E (i, t)/o—t, and G== Fa, respectively. 


I have already discussed a related depreciation problem for the case of 
several competing machines all of which continue in operation for the period 
t, =t=t,, and I do not believe that the introduction of the interest factor 
would unduly complicate matters.[ The replacement problem for several 
competing machines is, however, much more difficult because of the fact that 
all replacements need not occur at the same time w, i. e. one machine may be 
replaced at a time w, another at a time wz, and so on. 

The replacement problem for the case of n cooperating machines, which 
we may suppose to be replaced at the n time w, w2, * * * , wn, ought not, how- 
ever, to impose any serious mathematical complications. For example, if all 


GQ. C. Evans, “The Dynamics of Monopoly,” American Mathematical Monthly, 
Vol. 31, No. 2 (1924). 

+ Bliss, “ The Problem of Mayer with Variable End-points,” Transactions of the 
American Mathematical Society, Vol. 19 (1918). 

t Roos, “A Mathematical Theory of Competition,” . American Journal of Mathe- 
matics, Vol. 47, No. 3 (July 1925). 
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of the n cooperating machines produced a like commodity, we would need to 
° maximize an expression of the form 


J= f fdt S faith S fatit f faadt +++ ++ 


Wn ts 
S ndt f fadt, 
ty an 


where the fig (t—==1,°°'+, n; e= 1, 2), are functions of the rates of pro- 
duction u(t), °° *, Un(t) of the n cooperating machines and of the price 
p(t), satisfying a single equation of demand (t, ti’, Ue, Ue’, * °° 5 Un, Un” 
p, p’, t) == 0. The problem is, however, too important to be disposed of in this 
cursory manner, 

It is possible that this cooperation problem might yield the key by which 
it would be possible to consider a competition problem for a variable number 
of competitors. Certainly, the cooperation problem for a variable number of 
competitors can be set up by the methods of the preceding paragraph, for, it 
is the special case of the general cooperation problem of the preceding para- 
graph when fan = 0. 

There is another important possible direction of extension of this paper. 
As I have already pointed out in another paper, there are instances when a 
more general equation of demand 


t 
(u, w, p, pt) = f O(u, W, p, p’, t, s)ds 
ty 


should replace the differential equation (5) of demand.* This leads to a 
problem somewhat similar to the problem of maximizing a functional proposed 
by Hahn.t+ ° 


# Roos, “A Dynamical Theory of Economic Equilibrium,” Proceedings of the Na- 
tional Academy of Sciences, Vol. 13 (1927), pp. 280-285. 

*H. Hahn, “Ueber die Lagrange’sche Multiplicatorenmethode,” Sitzungsberichte 
der Akademie Wien, Vol. 131 (1922), pp. 531-550. See, aiso, citation (*) above. 
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- A Theorem on Corresponden 
Curves.” 


By S. LEFSCHETZ. 


1. The object of the present paper is to prove the follówing 


THEOREM. The Abelian functions attached to a general algebraic curve 
of genus p, Cp are without complex multiplication. 


The equivalent geometric property is: Cp carries only valence corre- 
spondences. 

This basic proposition was first stated by Hurwitz t and several proofs 
are found in the literature, { but so far as we know, they are all open 
to objection if only on the ground of being essentially too complicated. 
Two proofs are given here, one purely function theoretic, the other geometric,§ 
both very straightforward. The method followed consists in showing that: 
(a) If the Abelian functions of every C, have a complex multiplication, then 
there exists a fixed complex multiplication common to them all, i.e. inde- 
pendent of Cy. (b) There exist C,’s without complex multiplication. 


2. Let © =| wja |, (J= 1,2, °° : p; p= 1,2, -> ,2p) be the period 
matrix of a set of p independent integrals of the first kind 4, * * * , Up 
attached to C. As Riemann has shown there exists an associated alternating 
matrix e of order 2p, with rational terms, such that: | 


Il ct” — 0, 


TI. wee’ is a definite Hermitian matrix. 


* For a résumé of their theory and complete references see the forthcoming Report 
of the National Research Council: Selected Topics in Algebraic Geometry, Chs. 7, 16. 

+ Mathematische Annalen, Vol. 28 (1887), pp. 561-585. 

$ Sec Severi, Mathematische Annalen, Vol. 74 (1913), pp. 515-544; Enriques-Chisini, 
Teoria Geometrica delle Equazioni, Vol. 3, p. 493. 

‘his geometrie proof is based on a theorem of Severi’s recently completed by 
2x, Ki, American Journal of Mathematics, Vol. 50 (1928). At the end of his paper 
Zariski gives another proof of the theorem here considered similar to ours. His two 
propfs and ours have been obtained independently. In a Note which just appeared in 
the \Rendiconti dei Lincei, Ser. 6, Vol. 6 (1927), p. 485, Severi returned to his theorem 
and {completed it. 

I We use substantially the matrix notations of Bécher’s Higher Algebra. The matrix 
|e; j | is designated by æ, its transverse by @’, the matrix of the conjugates of its terms 
by &. 
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These conditions characterize @ as a Riemann matrix in the sense of Scorza.” 
Now any algebraic correspondence T on C results in a relation, 


(1) GG) == Wa 


(a square of order p, a square of order 2p and with terms rational) defining a 
multiplication of the Abelian functions attached to @ (more briefly: multi- 
plication of «). As shown by Scorza (1) leads to a relation 


(2) du» — 0 

analogous to I except that d need not be alternating. . 
Explicitly (2) implies that 

(3) 2 dnyOjpory = 0, (j,k = 1, 2,- :,p). 


From this follows that if u, v are arbitrary integrals of the first kind with 
Qu, Q,’ for uth periods, then 


(4) S duyQuQy = 0 


Conversely of course if (4) holds whatever u, v so does (3) and also (2), so 
that (2) and (4) are equivalent. 

When e and d are linearly dependent, the multiplication (1) is ordinary 
and T is a valence correspondence, otherwise the multiplication is complex and 
T is a singular correspondence. Thus valence correspondences are character- 
ized by the fact that they impose no new relation on @ other than I. 

The question arises however if the mysterious relations existing between the 
periods for p= 4 f imply a complex multiplication, or a neue T. The 
answer according to our theorem is negative. 


3. We recall that if we choose a set of retrosections as the fundam 
circuits on Cp, and the related normal integrals as the independent & 
integrals, @ assumes the form 


| Sins Tir l, (J, k = 1,2, n p) 


where © is the unit matrix of order p. In place of I and II we have now 


“ 


I’, © is symmetrical. 


* A summary of his work and application to correspondences on a curve with com- 
plete references will be found in the Report, Chs. 15, 16, 17. 

t When p= 4 there is a unique relation discovered by Schottky; beyond that hil ae 
are completely in the dark. 
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o IL. Let rx; tir”; Then the quadratic form J, r”jr2j£r is 
definite. | 


The periods r;z, are analytical functions of 3p — 3 parameters for p > 1, 
of one for p = 1.* 
The existence of a complex multiplication implies the existence of relations 


(5) Qa(ris Tia °° ‘y= 0; A= 1,2,°°° ,p(p— 1), 
where the Q’s are quadratic polynomials in the 7’s with integer coefficients. 


4, Consider the 7’s as codrdinates of a point in a function space 
Sn, n= p(p-+1)/2. In that space there exists a certain analytical g-spread 
My, q = 3p — 3 representing the oo? sets of functionally independent normal 
periods of a generic Cp For p==1 we have q—1. 

Since the coefficients of the Q’s in (4) are integers the set of all such sys- 
tems is denumerable. Let {W;},t— 1,2, >+- be the infinite set of the cor- 
responding spreads in some order. If our theorem is false some W; passes 
through every point of Ma. In that case I say that at least one W carries Ma 
itself. Let us assume that this is false. Let A(r;,°) be an arbitrary point of 
Ma Its neighborhood Eg on Af, is an analytical element represented by para- 
metric equations 


tik — TH = buh, > ©" yt), |] Ka 


where the 7’s are power series zero at f = °°° = ty = 0, convergent and with a 
Jacobian matrix of rank g within the range’ considered. The intersections of 
Ea with the W’s are a denumerable set © of analytical spreads of less than q 
dimensions. Since the sections of Hg by a set of parallel hyperplanes of S, 
constitute a non denumerable set of non intersecting analytical q — 1 spreads 
on Hy, one of them at least will be different from every one of those of >. 
Hence F carries a q — 1 spread behaving exactly like M, with respect to the 
set {W;}. Proceeding step by step we come to a situation such as that 
assumed at the start but with g—1. Assume then g==-1. If no W; carries 
M, or a definite analytical element Æ, of 1f,, it intersects it in a finite num- 
ber of points. Hence the intersections of the W’s with E, constitute a 
denumerable set of points on #;. Every point of E, belongs to the set—which 
is absurd since F, is a two dimensional real analytical element and the set of 
all its points has the power of the continuum. It follows that M, is carried 


“ See for example Picard, Cours d'Analyse, Vol. 2, 3rd ed., p. 578. 


162 Lerscnerz: A Theorem on Correspondences on Algebraic Curves. 


by at least one W. In other words, either our theorem holds or else there ts q 
fixed complex multiplication for the period matrix & of every Op” 

The task that we are facing is then to show that for every p there is at 
least one curve of that genus whose ® is without complex multiplication or 
whose correspondences all have valence. 

We shall show that there exists for every p at least two systems of curves 
having the requisite property, one of them composed of arbitrary hyperelliptic 
curves. 


5. Proof that arbitrary hyperelliptic curves carry only valance corre- 
spondences. Consider the general hyperelliptic curve Cp: 


27+2 


(6) y= ITT (@—ai). 
4=1 


We have to show that when the a’s are arbitrary there is no complex multi- 
plication attached to the period matrix œ. This is true for p == 1, 2, since 
the corresponding period matrices are arbitrary Riemann matrices of their 
genus. We shall therefore assume p > 2. 

Let K be the two-sheeted Riemann surface of Cp, La a loop drawn on K 
from g == a to the branch point a, in the first sheet and back to the point æ = a 
in the second. We assume that when we turn around the point in the positive 
direction the loops follow one another around x ==g in the order in which 
they are numbered. 

The system of linear cycles 


Yeu-1 == Loy — Lou 
You = — Loy + Lou — Lopse +- + Lapa 


constitutes a set of retrosections. An equivalent system is as follows: We 
draw non-intersecting cuts GoysGon. Then yoy1 is deformable into a circuit 
surrounding the cut just named in the first sheet, yo, into a circuit crossing 
the cuts of order » and p + 1 and no others. The circuits can furthermore 
be so drawn that you. and y, cross one another but meet no other -.{ 


* A highly sophisticated way of looking at the matter is as follows: It can readily be 
shown that of two analytical elements Æ q £,, either one carries the other, or else their 
intersection has relatively to one of them, say Æ q zero Lebesgue measure,—the measure 


being taken with respect to E, and its 2g dimensional real volume elements. Hence our. 


theorem is equivalent to the statement that the W’s intersect Æ, in a set of measure 
zero, or, in the usual language of real variables to the following: Almost all algebraic 
curves carry only valence correspondences. 

t See for example Appell et Goursat, Théorie des fonctions algébriques, p. 124. 
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: 6. Let then u, v be two integrals of the first kind attached to C, Qu, Qy’, 
their periods relatively to y. Since the y’s- are retrosections we have 


(7) >> (Rou 2p — Qop oy-1) =— 0 
and we must show that any bilinear relation with integer coefficients, 
(8) > Cup Quy = 0, 


satisfied whatever u, v, necessarily reduces to the. preceeding. In so doing we 
may assume p> 2, and the theorem proved for p—1, then proceed by 
induction. 

The method to be followed will consist in making doy1—> don, e == p, and 
finding the limits of the 0’s for u, v suitably chosen. From (8) we shall thus 
deduce a limiting relation for a curve of genus p — 1 from which our theorem 
will readily follow. 


7. It will be convenient to write do, 1— Z, don == 2’. We choose 
u = {[P(x)(a—2’)/y|dz, v= [[Q(z)(x—2)/yldr, 


P and Q linearly independent polynomials of degree p— 2. We are going to 
assume that 2’ — z in such manner that z — z” remains real and positive. In 
other words z’ approaches z along a segment parallel to the real axis and to 
the right of the point. 


8. Let us introduce the auxiliary Opi: 


Y = (2 — u)’ >- (8 — Goo) (T — Gonna) * * * (E — azp2). 


We have in 


u, = f(P/y)da, vı = f(Q/y)dx 


two perfectly arbitrary integrals of the first kind attached to Cy. 


Let K, be the Riemann surface of C,: derived from K by suppressing 
the branch points Go, Gop. 


The circuits yp, p >£ Ru — 1 or 2u, constitute a set of restrosections for K.. 
Let Q;,, 2/19 be the corresponding periods of w, vp When 2 — 2, it is at 
once seen that Q, > Qip, Qp — Qip ps4 2u~——-1 or 2p. Furthermore OQoy-, 
and 24, both — 0 for in the limit they are equal to u, v1, integrated along 
a circuit surrounding an ordinary point of K.. 
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9. There remains then merely to find the limits of Qp Q's: Let us 


confine 2’ to a circle of center z and radius e as small as we please and in any 


case such that all branch points other than z and 2’ are exterior to it. We 
have then 


2+é fap+z 
ou f ute f dpe er er. 
g E+E 


Here I, and J, designate the two definite integrals, the paths of integration 
being a straight line for J,, some finite regular are exterior to the above circle 
for I, The latter is a holomorphic function of 2’ about the point z therefore 


i Gop+y Gapti 
2 


g! -yz z+e +E 


Within and on a certain circle | s—z | = ņ, where > and is to be 
fixed in the sequel, P(x)/y, is holomorphic hence within that same circle, 
| P(x)/y, | < M, a fixed number, and 


Aam 


Cap+ 

lim du = f ' dw te lt) <M 
hee) ate 4 

the path of integration being some finite regular are joining the end points 

and avoiding the critical points. Also == z —z is real on the path of inte- 

gration of I, with 0<2#—zéS.«. Hence on that path 


[(@—2’)/(@—2z)]* = [1 — (7 —2z)/é]* is real and <1. 


Therefore on the path of integration the integrand of I, is in absolute value 
< M, and | I, | < M(z-+«—2#)*< 2Me. 
Tt follows 


ape 
Em Qy—2 Í du: < 6 Me 
2/3 zZ 





R . . . a 
and since e is arbitrarily small Qu —2 f na du. 
& 


We can set by definition u, == f = dur Then Qo > —- 2u, (2). 


@ap+1 


With a similar situation for v, we shall have Q/,, —> — 2v,(z). 
10. The relation (8) will then yield in the limit a relation 
(9) Au(z)v,(2) + Bu (z) + Cor(z) + È Cpr Qie == 0 


where A, B, C are independent of z and p, o run from 1 to 2p omitting 2p — 1 


wr 


+ 
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and 2u. If z follows the closed circuit y», v Æ 2p — 1, 2p, the increment of 
‘the left side must be zero. Hence 


b Á (Qipti (2) + Dit (2) ) = const. 


Since the periods Q, are not all zero, and since w, vı are like P, Q, lin- 
early independent, it follows that A — 0. For the same reason then B == C = 0. 
Therefore (9) reduces to 


> Cpo Qip io = 0; Pp; © af Re — 1 or Rp 


But C, is an arbitrary hyperelliptic curve of genus p — 1 = 2, and uw, v., are 
arbitrary integrals of the first kind attached to it. Our theorem being as- 
sumed true for p— 1 it follows that 


Coprs OV == — Cop, op-1 == C, & fixed integer, y s£ p 


while all other coefficients Cp, are zero, p,o >& 2p— 1 or 2p. 

Since p > 2 there are at least two positive integers p,o & p and s4uy. 
Bring into coincidence do». and azp but no other critical points. This time 
we shall find 


Cop-1,2% = — Cop,au-1 = C 
Cop1,0 == Co,ou-1 == Cou, e == Co, 2p = 0. 
Since o is any integer = p and s4 p, it follows ultimately that C1, ou = 
— Cou, ou-1 = C, Whatever » © p, all other coefficients cp, being zero. In other 
words (8) merely reduces to (7) which proves our theorem. 


11. Another type of curves carrying only valence correspondences. Its 
existence is established by means of the following proposition established by 
Zariski in the paper already quoted: On the general curve C of a simple linear 
system * drawn on a regular algebrate surface + all correspondences have a 
valence. 

Let x, y, z be homogeneous plane coordinates and consider the linear 
system |C | of all curves 


# y 
an a à digg TIYE TE 0, (u+r=m). 


* A linear system |O | of curves on the surface F is simple whenever the curves © 
that pass through an arbitrary point A of F are not constrained to pass through other 
points of # variable with À. 

t The surface F is regular whenever its linear connection index is zero or, equivalent 
condition, when it possesses no simple Picard integrals of the first kind. If every 
circuit on F can be deformed into a point it is certainly regular. It follows that the 
plane is regular—which is all that we need here. 
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We shall show that p, v can be so chosen that the generic C be of genus p, and 
that the system be simple. By Zariski’s theorem it will then have the requisite ° 


property. 

12. The generic curve C has just two multiple points with distinct 
tangents at (1, 0, 0) and (0, 1, 0) with respective multiplicities v, p. Its 
genus is therefore 

p= (7) — (4) — G) =(a—1) —1) 
It is evident that given p we can always find y, v and therefore a | C | whose 
curves are of genus p.* 
The dimension of | C | is one less than the number of distinct coefficients 


age in (10), or r= (p+ 1)(v-+1)—1. The degree of | C |, or number of 
variable intersections of two arbitrary C’s is 


d= (u + v)? — p —v = Quy. 


I say that | O | is simple. For in the contrary case every C through an arbi- 
trary point A of the plane would be constrained to pass through k — 1 0 
other points variable with A. But there are at least two C’s going through 
x — 1 arbitrary points. Therefore any two C’s would intersect in no less than 
(r—1)k variable points and d= (r—1)k. This gives 


uv = k(p + 1) (v +1) — 2k 
(4 —2) py + hu +v—1) = 0 


which is manifestly impossible since k Z 2, =1,2=1. Thus | C | is sim- 
ple and a generic C carries only. Valence correspondences. 


13. Conclusion. We have reduced our basic theorem to the more special 
problem is finding some curves of genus p that carry only valence correspond- 
ences. We have two types of curves of the required nature. For the first— 
generic hyperelliptic curves—the proper behavior has been established by a 
strictly transcendental method. For the second the same result has been 
achieved by a geometrical procedure based in part on a theorem due to Zariski. 
We have therefore given two essentially distinct proofs of the theorem. 


PRINCETON UNIVERSITY. 


* Snyder has established the existence of curves of any genus p on a non-degenerate 
quadric, Bulletin of the American Mathematical Society, Vol. 15 (1908-09), pp. 1-4. 
If the quadric is mapped perspectively on a plane his curves give rise to the linear 
system here considered. 


Concerning the Structure of a Continuous 
Curve.” 


By Gorpon T. WEYBURN. 


LES 
L 


1. Introductory. Notation and Definitions. Cyclic Elements. A con- 
tinuous curve M is said to be cyclicly connected ł provided every two points 
of M lie together on some simple closed curve which is a subset of M. A 
cyclicly connected continuous curve C which is a subset of a continuous curve 
M is said to be a maximal cyclic curve of M if and only if C is not a proper 
subset of any other cyclicly connected continuous curve which is also a subset 
of M. The point P of a continuous curve M is an endpoint of M if and only 
if no simple continuous arc of M has P as one of its interior points.f The 
point P of a continuum M is an endpoint of M provided that if N is any 
subcontinuum of M containing P, then P is not a limit point of any connected 
subset of M — N.§ In this paper the ordinary notation will be used for the 
sum, product, and difference of point sets. Ifa symbol X is used to denote a 
point set, the symbol X will be used to denote the set X plus all the limit 
points of the set X. It is to be understood that the point sets considered in 
this paper lie in a Euclidean plane.|| Also the hypothesis that “ M is a con- 
tinuous curve ” is understood to imply that the point set M is bounded. 

A subset # of a continuous curve M will be called a cyclic element of M 


* Presented to the American Mathematical Society December 31, 1926. The results 
in § 5 were presented to the Society June 18, 1927. 

TG. T. Whyburn, “Cyclicly Connected Continuous Curves,” Proceedings of the 
National Academy of Sciences, Vol. 13 (1927), pp. 31-38. 

{This definition is equivalent to the one given by R. L. Wilder in his paper 
“Concerning Continuous Curves,” Fundamenta Mathematicae, Vol. T (1925), p. 358. 
For a proof of this fact see my paper “ Concerning Continua in the Plane,” Transactions 
of the American Mathematical Society, Vol. 29 (1927), No. 2, pp. 369-400, Theorem 
12, p. 385. 

$ See G. T. Whyburn, loc. cit., p. 382. See also H. M. Gehman, Transactions of the 
American Mathematical Society, Vol. 30 (1928), pp. 63-84. 

| With the aid of some results established recently by Dr. W. L. Ayres on the 
cyclic elements of a continuous curve in n dimensions it follows that practically all 
the theorems in the present paper hold true in n dimensions. I have found that all 
except numbers 24-27 and 29 so hold. In most cases the arguments as given extend to 


m dimensions without modification, although in a few instances a slightly different 
proof is necessary. 
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provided that Æ is either (a) a maximal cyclic curve of M, (b) a cut point * 
of M, or (c) an endpoint of M. The cyclic elements of a continuous curve 
will be referred to by classes (a), (b), and (c) as here ‘defined. That every 
continuous curve is the sum of its cyclic elements follows from the results, in 
particular Theorem 7, of my paper “ Cyclicly Connected Continuous Curves,” 
cited above. On account of the frequent references to that paper, it will be 
referred to hereafter as C. C. The following conclusions are easily deduced 
from the definition of the cyclic elements of a continuous curve M: (1) no 
two cyclic elements of M have more than one point in common, (2) the com- 
mon part of every pair of cyclic elements of M is either vacuous or is itself a 
cyclic element of class (b), and (8) if N, K, and H respectively denote the 
sum of all the cyclic elements of classes (a), (b), and (c) respectively, then 
(I) N-K is countable, and (11) N-H =K-H =0. By an internal point of 
a maximal cyclic curve C of a continuous curve M will be meant a point of C 
which is not a cut point of M. The notation Z(O) will be used to designate 
the set of all the internal points of maximal cyclic curve C of a continuous 
curve. It is readily seen from (7) above that the set of all the non-internal 
points of a maximal cyclic curve must be countable. Also it is easy to see that 
no two maximal cyclic curves of a continuous curve can have an internal point 
of either in common without being identical. 

By an acyclic continuous curve is meant a continuous curve which con- 
tains no simple closed curve. In this paper it will be shown in §§2 and 3 
that if we regard a continuous curve as being composed of its cyclic elements 
instead of points, then every continuous curve is acyclic with respect to 
these elements. Many of the characteristic properties of acyclic continuous 
curves are established for any continuous curve which is regarded as being 
composed of its cyclic elements. In particular it is shown that every con- 
tinuum of cyclic elements is a continuous curve, and that every connected set 
of cyclic elements is arcwise connected in the ordinary sense. In §4 the 
notions of the nodes and endelaments of a continuous curve are introduced 
and characterized in various ways, and some of the familiar propositions 
concerning the endpoints of acyclic continuous curves are shown to hold for 
the endelements of any continuous curve. In §§ 5 and 6 some theorems will 
be established relating to the structure of a continuous curve from the ordinary 
point of view. 


* The point P of a connected set M is a cut point of M provided that the set of 
points 4 — P is not connected. Cf. R. L. Moore, “Concerning the Cut Points of Con- 
tinuous Curves and of other Closed and Connected Point Sets,” Proceedings of the 
National Academy of Sciences, Vol. 9 (1923), pp. 101-106. 
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„2. Simple Cyclic Chains. 


Definition. A point set X will be called a sails cyclic chain of M 
between two cyclic elements E, and E, of M provided that X is connected 
and contains Æ, and Æ, and is the sum of the elements of some collection of 
the cyclic elements of M, and.furthermore no proper connected subset of 
X contains Æ, and E, and is the sum of the elements of such a collection. 

In my paper “ Some Properties of Continuing curves,” * I showed that 
if A and B are any two points of a continuous curve M, K denotes the 
set of all those points of M which separate + A and B in M, and ¢ is any 
arc in M from A to B, then (1) K + À + B is a closed set of points, and 
(2) each maximal segment § of t—(K + A +B) determines a unique maxi- 
mal cyclic curve of M which contains SY. 


THEOREM 1. In order that the point set X should be a simple cyclic 
chain of a continuous curve M between two cyclic elements E, and E, of M 
it is necessary and sufficient that if t is any ara in M joining a point A of 
E and a point B of E,, and K denotes the set of all those points of M which 
separate A and B in M, then X is the set of points E, + E, + K + ail 
those maximal cyclic curves of M determined by the maximal segments of 


t—(K+A-+B). 


Proof. The condition is sufficient. Let X denote the set of points 
E, -+ E,- K + all those maximal cyclic curves of M determined by the 
maximal segments of t—(K + A + B) as described in the statement of this 
theorem. Then X is a simple cyclic chain of M from E, to E, Evidently 
A contains E, and E, and is the sum of the elements of a collection of cyclic 
elements of M. That X is connected follows immediately from the fact that 
X contains ¢ and every cyclic element of M belonging to X has at least one 
point in common with & No proper subset of X has these properties. For 
suppose, on the contrary, that some proper subset Y of X does have these 
properties. Then there exists at least one cyclic element C of M which is 
a subset of X but not of Y. Since each point of K separates A and B in 
M, and since Y is connected and contains both A and B, then Y must contain 
every point of K. Therefore C must be a maximal cyclic curve of M deter- 
mined by some maximal segment S of t—(K + 4A +B). 


* Bulletin of the American Mathematical Society, Vol. 33 (1927), pp. 305-308, 

+ The point X of a connected set M is said to separate in M the two points A and B 
of M provided that M — X is the sum of two mutually separated point sets A, and M, 
containing A and B respectively. 
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Let # and F be the endpoints of S. Since # and F belong to K-+A-+B, , 
therefore they belong also to Y. Now Y can contain no internal point of C, 
for if it did it would necessarily contain all of C. Hence Y-C is countable. 
Since Y-C is countable and contains at least two points, it is not con- 
nected and hence can be expressed as the sum of two mutually separated 
point sets H, and H,. For each point P of Y which does not belong to C, 
let Tp denote the maximal connected subset of M—C which contains P. 
By theorem 2 of ©. C., for each P, the set Tp has exactly one limit point Q 
which belongs to C. It is clear that for each P, the point Q must belong 
to Y and hence must belong either to H, or to H,. Let G, be the set of all 
the points P of Y — Y-C such that the corresponding point Q belongs to the 
set Hı, and let G be the set of all those points of Y—Y-C such that the 
corresponding point Q belongs to H,. Then clearly Y = H, + H, + G, + G,. 
Now no point of H, is a limit point of G,. For suppose, on the contrary, 
that some point Z of H, is a limit point of G,. Then since for no point 
P of G, is Z a limit point of the set Tp, it follows that there exists in G, 
an infinite sequence of points P,, Pa Ps, -:*, having Z as its sequential 
limit point and such that the sets Tps Toy T's * °°, are all distinct and 
have no points in common. But for each t, Tp, has a limit point Q, which 
belongs to H. Now for each point Q of the set Q,4+-0.+Q03+°°°:, 
there are not more than a finite number of sets Tp, which have Q for a limit 
point. For if the contrary were true, then since Z is the sequential limit 
point of the sequence P,, Pa Ps, -++, and since for any given number 
€ > O, not more than a finite number of the sets Tp are of diameter > «, 
it would follow that Q, a point of H 2, 18 à limit point of the set P, + P, + Pa 
-+ +++, and therefore is identical with Z, a point of H,, which is impossible. 
It follows, then, that the set of points Q,-+ Q: + Qs +: : + contains in- 
finitely many distinct points, and since Z is a limit point of the sequence 
P,, Pa Ps, +**, it readily follows that Z is also a limit point of the set 
Qı + Q2 + Qa +. But this is impossible, for Z belongs to H, and 
Qı + Q2 + Qs + °°: belongs to H,, and H, and H, are mutually separated 
sets. Thus the supposition that H, contains a limit point of G, leads to a 
contradiction. Now clearly no point of G, can be a limit point of H,, for 
H, belongs to C, and G, belongs to M— C. Therefore H, and G, are 
mutually separated point sets. A similar argument shows that H, and G 
are mutually separated sets. Then since H, and H, and also G, and G, 
are mutually separated, it follows that the sets (G, + Hı) and (G, + H3) 
are mutually separated. But the sum of these two sets is Y, and Y, by 
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. hypothesis, is connected. Thus the supposition that the set Y exists having 
the properties of the set X leads to a contradiction, and it follows that X is 
a simple cyclic chain of M from E, to E, 

The condition is also necessary. For let Y be any simple cyclic chain of 
M between two cyclic elements #, and E, of M. Let X be the set of points 
E: + E, + K- all those maximal cyclic curves of M, determined by the 
maximal segments of é— (K + À + B), where ¢ is any arc in M from a 
point À of F, to a point B of E., and K is the set of all those points of M 
which separate A and B in Af. It was shown above that X is a simple cyclic 
chain of M from E, to E.. I shall show that Y must be identical with X. 
Suppose this is not so. Then X contains a cyclic element C of M which is 
not a subset of Y. Then by an argument identical with that given in the 
first part of the proof of this theorem, beginning with the sentence “ Since 
each point of K separates A and Bin M,... ,” it is shown that this sup- 
position leads to a contradiction. Hence Y is identical with X, and the 
theorem is proved. 

The method of proof used under Theorem 1 yields immediately the fol- 
lowing theorem. 


THEOREM 2. Lei X be a simple cyclic chain between two cyclic elements 
E, and Æ, of a continuous curve M. Let C be any cyclic element of class (a) 
belonging to X and identical with neither E, nor E, Let E and F be the 
endpoints of the segment of t which determines C (see Theorem 1). Then 
C— (E + F) separates E, and E, in M, i. e., M—[C— (H+ F) ] is the 
sum of two mutually separated sets containmg E, and E, respectively. Like- 
wise I(C) separates E, and E, in M. 


THEOREM 3. If E, and E. are any two cyclic elements of a continuous 
curve M, then there exists in M one and only one simple cyclic chain from 
E to E 20 


Proof. Let t be any arc in M from a point A of E, to a point B of EL. 
Let X be defined as in Theorem 1. Then by Theorem 1, X is a simple cyclic 
chain of M from E, to E» That X is the only simple cyclic chain of M 
from #, to E. follows at once from Theorem 1. 


THEOREM 4. A simple cyclic chain is a continuous curve. 


Proof. Let X be a simple cyclic chain of M between two cyclic elements 
E, and F, of a continuous curve M. Let A and B denote points of F, and E, 
respectively and ¢ any arc in M from A to B. Then by Theorem 1, X is the 
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set of points #, + E, + K + all those maximal cyclic curves of M determined + 
by the maximal segments of t— (K + A + B), where K is the set of all 
those points of M which separate A and B in M. By definition X is con- 
nected. And since, for any positive number «e, at most a finite number of the 
cyclic elements of M are of diameter > e since ¢ belongs to X, and each cyclic 
element of M which belongs to X contains a point of #, it readily follows that 
X is closed. Hence X is a continuum. The continuum X is also regular 
(connected im kleinen). For let P be a point of X and C any circle with P 
as center. Now if P is on t, there exists a circle C, with P as center and such 
that all those points of ¢ lying within C, belong to some subarc of t lying 
within C and containing P. There exists a circle C, concentric with C, and 
such that every cyclic element of M which has a point within C, either lies 
wholly within C, or else it contains P. If N is any cyclic element lying wholly 
within C, and belonging to X, then since NV has a point in common with ż, it 
follows that W lies together with P in a connected subset of M lying within C. 
And since only a finite number of cyclic elements contain P and also some 
point without C, and each cyclic element is a continuous curve, it follows that 
there exists a circle C, concentric with and within C and such that every 
point of X interior to CG; lies together with P in a connected subset of M lying 
within C. Hence X is regular at P if P is on £ Now if P is nto on t, then 
P belongs to some maximal cyclic curve N of M, and is not a limit point of 
X — WN. Hence in this case also X is regular at P. Thus we have shown that 
X is a continuous curve. 


DEFINITION. If X is a simple cyclic chain between two cyclic elements 
E, and E, of a continuous curve M, the elements #, and Æ, will be called the 
endelements of M. 


It may happen, in case F, or Es or both is a cut point of M, that some 
cyclic element of M different from F, belongs to X and contains Æ:, and 
similarly for #,. This will be the case when Æ, is not a limit point of the 
set K of points which separate: in M a point A of E, and a point B of E, In 
this case, Æ, (E2) is an endpoint of a maximal segment of t— (K + A+ B), 
where ¢ is any arc in M from A to B, and clearly not more than one cyclic 
element of M different from Æ,(Æ,) can belong to X and contain E, (E). 
It will be seen later, when the term endelement is defined for continuous 
curves in general, that any element of X which contains either Ẹ, or E, is also 
an endelement of X under the generalized definition. However, in this paper 
wherever we speak of an “ endelement of a simple cyclic chain,” we mean an 
endelement in the sense as above defined. All the cyclic elements of M which 
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* belong to X and contain neither FE, nor E, will be called the interior elements 
of the chain YX. | 


THEOREM 5. If X is a simple cyclic chain between two cyclic elements 
E, and E, of a continuous curve M, and C is any interior element of X, then 
X — 0 =X, + X, where X, and X, are mutually separated point sets, and 
(1) Z, and X, are connected and contain points of E, and E, respectively, 
and (2) X, +C and X; + C are simple cyclic chains from E, to C and from 
E, to C respectively. 


Proof. Since C contains neither E, nor E», therefore, by Theorem 1, C 
is either a point of K or a maximal cyclic curve of M which contains at least 
one point of K, where K denotes the set of all those points of M which separate 
in M a point A of #, (an internal point of FE, in case #, is an element of 
class (a)) and a point B of F. In either case it is easy to see that XY — C 
is not connected and that it can be expressed as the sum of two mutually 
seperated sets X, and X, containing points A and B of F, and E, respectively. 


(1.) The sets X, and X, are connected. For suppose one of them, say 
X, is not connected. Then let Y denote the maximal connected subset of X, 
containing A. Now since, by Theorem 4, X is a continuous curve, it follows 
that XY, and F are each the sum of the elements of some collection of cyclic 
elements of M, and that C contains a limit point of Y. Then since X, + C 
is connected, Y + X, + C is connected and contains Æ, and E, and is the 
sum of the elements of some collection of cyclic elements of M. But X is a 
simple cyclic chain of M from E, to Ez, and Y + X: + C is a proper subset 
of X. This is contrary to the definition of a simple cyclic chain. It follows 
that X, is connected, and a similar proof shows that X, is connected. 


(2.) The set of points ZX, + C is a simple cyclic chain from FH, to C. 
For X, + C is connected and contains both F, and C and is the sum of the 
elements of some collection of cyclic elements of M. Furthermore X, + C 
is irreducible with respect to these properties, for any assumption to the con- 
trary leads immediately to the conclusion that X is reducible with respect to 
similar properties between Æ, and EH, contrary to the fact that X is a simple 
cyclic chain from E, to Fa. Therefore X, + C is a simple cyclic chain from 
E, to C, and a similar proof shows that X, + C is a simple cyelic chain from 
E, to C. This completes the proof of the theorem. 


THEOREM 6. A simple cyclic chain X of a continuous curve M is not 
disconnected by the omission of either one or both of its endelements, E, 
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and E, nor by the omission of either one or both of the cyclic elements of M ° 
(if such exist) which belong to X and contain E, or Ez. 


Proof. Let X, denote the set of points X — E,. Then by almost the 
same argument as given in part (1) of the proof of Theorem 5, it is shown 
that X, (if it exists, of course) is connected. Similarly it is shown that 
X — E, is connected. Now let H denote the set of points ¥ —(KE,-+ E,). 
Suppose, contrary to this theorem, that H is not connected. Then since, 
by Theorem 4, XY is a continuous curve, it follows that some maximal con- 
nected subset Y of H has at least one limit point in each of the sets Æ, 
and E, Then E, + E, 4+ Y is a connected point set which contains F, 
and E, and is the sum of the elements of some collection of the cyclic 
elements of M. But E, + E, + Y is a proper subset of X, and by hypothesis 
A is a simple cyclic chain from E, to E, Thus the supposition that H is 
not connected leads to a contradiction. 

Now if in the argument just given, we replace Æ, and E, by Æ,° and 
E, where E,° and Æ,° respectively denote the cyclic elements of M (if any 
such exist) which lie in À and contain Æ, and Æ, respectively, we arrive at 
the conclusion that X — H,°, X— Ep, and À —(Æ,° + £,°) are connected 
point sets. This completes the proof of the theorem. 

The close relationship between a simple cyclic chain between two cyclic 
elements Æ, and E, of a continuous curve M and a simple continuous arc 
is at once apparent from the foregoing propositions and discussion. The 
definition given above for a simple cyclic chain parallels Lennes’* definition 
of a simple continuous arc. However, the analogy between the two sets is 
not complete, due to the fact that two cyclic elements of a continuous curve 
may have a point in common without being identical. In the case of an 
arc, it is true + that a necessary and sufficient condition that a bounded 
continuum be a simple continuous arc between two of its points A and B 
is that it be disconnected by the omission of any one of its points different 
from A and from B. Theorem 5 shows that a simple cyclic chain is dis- 
connected by the omission of any one of its interior elements. It is not 
sufficient, however, in order that a bounded continuum which is the sum of 
the elements of a collection of cyclic elements of a continuous curve M should 


* N. J. Lennes, “ Curves in Non-Metrical Analysis Situs with an Application in the 
Caleulus of Variations,” American Journal of Mathematics, Vol. 33 (1911), p. 308. 

+ Cf R. L. Moore, “Concerning Simple Continuous Curves,” Transactions of the 
American Mathematical Society, Vo. 21 (1920), pp. 333-347. 
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be a simple cyclic chain between two of its elements E, and E, that it should 
be disconnected by the omission of any one of its cyclic elements different 
from E, and E,. For let F, and E, be two circles each without the other 
except for P and which are tangent to each other at the point P. Let C, 
and C, be circles lying within Æ, and E, respectively except for the point P 
and which are also tangent at P. Let M denote the continuous curve 
E,+f,+0C,+C,. The cyclic elements of M are #,, Fa, Ci, C2, and P, 
and the omission of any cyclic element of M disconnects Jf. But M is not 
a simple cyclic chain from E, to E.. 


8. Some Acyclic Properties of Continuous Curves in General. In this 
section it is purposed to show that many of the characteristic properties of 
acyclic continuous curves are properties of any continuous curve which is 
regarded as being composed of its cyclic elements. It is well known that a 
simple closed curve may be defined as a point set which is the sum of two 

« simple continuous arcs having in common only their two endpoints. In strict 
analogy, let us define a closed curve of cyclic elements of a continuous curve 
M as a point set which is the sum of two different simple cyclic chains of M 
which have in common only their two endelements. Then Theorem 3 shows 
that there does not exist any closed curve of cyclic elements of a continuous 
curve. Thus we get the following interesting theorem. 


THEOREM 7. Hvery continuous curve is acyclic with respect to its cyclic 
elements. 


Thus it is apparent that so long as we are dealing with a single continuous 
curve, a study of the closed curves of its cyclic elements is vacuous. However, 
a consideration of such curves in the study of two or more continuous curves 
having points in common will probably lead to interesting conclusions. It is 
not the purpose of this paper to proceed any further in this direction than 
merely to mention the possibility of further research. 


DEFINITION. A subset H of a continuous curve M will be said to be 
cyche chainwise connected provided every two cyclic elements of M which 
belong to H can be joined by a simple cyclic chain of M which is a subset of H. 


THEOREM 8. If the sum H of the elements of a collection of cyclic 
elements of a continuous curve M is connected, then H is both arcwise con- 
nected and cyclic chainwise connected. Furthermore H contains every simple 

a continuous arc of M which joins two points of H. 
2 


era 


176 Waysugn: Concerning the Structure of a Continuous Curve. 


Proof. Let H be any connected point set which is the sum of the ele- 
ments of some collection of the cyclic elements of M, and let A and B be 
any two points of H. Let E, and E, be cyclic elements of M containing 
A and B respectively and belonging to H, and let K be the set of all those 
points of M which separate A and B in M. By Theorem 3, there exists in 
M a simple cyclic chain X from FE, to E,. Then X must be a subset of H. 
For suppose it is not. Then it contains a cyclic element C which is not a 
subset of H. Since H is connected and contains A and B, then it must 
contain every point of K; and therefore, by Theorem 1, C is a maxi- 
mal cyclic curve of M which is determined by some maximal segment of 
t—(K + A + B), where t is any arc in M from A to B. Now no internal 
point of C can belong to H. For if it did, then it would belong to some 
cyclic element of M belonging to H, and this element must be identical 
with C, for no two cyclic elements can have an internal point of either in 
common without being identical. Hence H-J(C)—0. But this is contrary 
to Theorem 2, which states that J(C) separates E, and E, in M, whereas 
H is a connected subset of M —I(C) containing both E, and E, Thus 
the supposition that X is not a subset of H leads to a contradiction. Then 
since H contains Y and, by Theorem 1, X contains é, therefore H contains 
an arc t from A to B. Hence H is arewise connected. 

That H is cyclic chainwise connected follows by the same argument as 
just given, where we let E, and E, be any two cyclic elements of M belonging 
to H. The same argument shows that H contains every are in M which 
joins any two points of H, for A and B were any two points of H and ¢ any 
arc in M from À to B, and it was shown that H contains t. 

It is interesting to note that the following theorem of C. M. Cleveland’s *: 
Every connected subset of the set of all the cut points of a continuous curve 
is arcwise connected, is a corollary to Theorem 8. This is evidently true 
because each cut point of a continuous. curve is, by definition, a cyclic ele- 
ment of that curve. 

In my paper Concerning certain divas of continuous curves t I showed 
that a necessary and sufficient condition that a bounded continuum M should 
be an acyclic continuous curve is that every connected subset of M should be 
uniformly connected im kleinen. I shall now prove the following related 
theorem. 


* Of. an abstract of his paper “ Concerning Cut Points of a Continuous Curve” in 
the Bulletin of the American Mathematical Society, Vol. 32 (1926), p. 420. 

+ Proceedings of the National Academy of Sciences, Vol. 12 (1926), pp. 761- 767, 
Theorem 2. 
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THEOREM 9. If the sum H of the elements of a collection of the cyclic 
elements of a continuous curve M is connected, then H is uniformly con- 
nected im kleinen. 


Proof. Suppose, contrary to this theorem, that H is not uniformly 
connected im kleinen. Then there exists a positive number e such that H 
contains two infinite sequences of points X,, Xa, Xa, * : , and Y,, Ya Fa, °°, 
having the property that for each positive integer n, the ‘distance from Xn 
to Yn is less than 1/n, but such that for no integer n can Xn be joined to 
Y, by a connected subset of H of diameter less than e. But since M is 
uniformly connected im kleinen, there exists an integer k such that Xy and 
Yy can be joined in M by an arc X%Ÿx of diameter less than e But by 
Theorem 8, the arc Xz¥x, since it joins two points of H, must belong to JI. 
Thus the supposition that H is not uniformly connected im kleinen leads to 
a contradiction, and the theorem is proved. 


THEOREM 10. If the sum H of the elements of a collection of cyclic 
elements of a continuous curve is a continuum, then H is a continuous curve. 


Theorem 10 is a corollary to Theorem 9: 


THEOREM 11. If the sum H of a collection of the cyclic elements of a 
continuous curve M is connected, then each point of H — H is a cyclic element 
of M and H is a continuous curve. 


Proof. Let P be any point of H—H. Then P is either a cut point or 
an endpoint of M. For suppose it is neither. Then by Theorem 7 of C.C. 
it follows that P is an internal point of some maximal cyclic curve C of M. 
Now JZ contains no point of I(C), for if it did it would contain all of I(C) 
and therefore would contain P. Let N denote the maximal connected subset 
of M—I(C) which contains H. Then N is a continuous curve having 
exactly one point Q in common with C. For since H is connected and 
C—I(C) is countable, therefore H contains a point X in common with 
M —C. Let Ns denote the maximal connected subset of M — C containing 
X. Then by Theorem 2 of C. C., C contains exactly one limit point Q of Ns, 
and clearly Q is a cut point of M. Let G denote the collection of all the maxi- 
mal connected subsets of M — C which have Q as a limit point, and let N, 
denote the sum of all the point sets of the collection G. Since by a theorem 
of W. L. Ayres,” at most a finite number of the elements of G are of diameter 


* “ Concerning Continuous Curves and Correspondences,” Annals of Mathematics, 
Vol. 28 (1927), Theorem 1. The special case of this theorem here used holds in # 
dimensions. 
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greater than any preassigned positive number, it follows at once that Vo + Q 
is closed and, in fact, is a continuous curve. Clearly N, + Q is a subset of NW. 
It must be identical with N. For suppose N contains a point Y not belonging 
to Na + Q. Itis easy to see that every point of N belongs to a cyclic element of 
M which is contained in N. Hence, by Theorem 8, N contains an are XY. On 
the arc XY, in the order from Y to X, it is readily seen that Q must be the 
first point belonging to No + Q. By the definition of the set No, it follows 
that the segment YQ of the arc XY must contain at least one point of C; 
but since it can contain only a countable number of points of C, it follows 
that it contains some segment S whose endpoints are on C but which contains 
no point of C. This is contrary to Theorem 2 of C. C., which states that no 
connected subset of M —C has more than one limit point in C. Thus the 
supposition that N is not identical with No + Q leads to a contradiction. 
Hence WV is a continuous curve having in common with C only the point Q. 
But H is a subset of N, and by supposition P, an internal point of ©, is a limit 
point of H. Clearly this is impossible. Thus the supposition that P is neither 
an endpoint nor a cut point of M leads to a contradiction. 


Now since every point of À — H is either an endpoint or a cut point of 
M, and since every such point is, by definition, a cyclic element of M, it fol- 
lows that there exists a collection of cyclic elements of M whose sum is H. 
Therefore, since H is a continuum, by Theorem 10, it is a continuous curve. 
This completes the proof of our theorem. 


4. Nodes and Endelements. A cyclic element E of a continuous curve 
M will be called a node of M proyided # neither is itself a cut point of M nor 
contains more than one eut point of M. Following a definition of an endpoint 
of a continuous curve given in my thesis,” let us define an endelement of a 
continuous curve as follows. The cyclic element # of a continuous curve M 
will be called an endelement of M provided that if À is any simple cyclic 
chain in M having E as one of its endelements, then no connected subset of 
M — À has a limit point in F. It is clear from these definitions that every 
endpoint of M is both a node and an endelement of M and, indeed, that every 
endelement of Af is also a node of M. However, not all nodes of M are neces- 
sarily endelements of M. For let M — C +I, where J is the interval 
(— 1,1) and C is the circle z? +(y—1)’==-1. Then C is a node of M; but 


* G. T. Whyburn, “ Concerning Continua in the Plane,” loc. cit., p. 386. An end- 
point of a continuous curve M is there defined as a point P of H such that if t is any 
are of M having P as one of its extremities, then P is not a limit point of any connected 
subset of Af — t. 


®, 
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it is not an endelement of M, because C contains a limit point of the segment 
(— 1,0), a connected subset of M minus the simple cyclic chain consisting of 
the interval (1,0) plus C. 


THEOREM 12. In order that a cyclic element of a continuous curve M 
should be a node of M it is necessary and sufficient that it should be either an 
endpoint of M or a maximal cyclic curve C of M such that. M —I (C) is con- 
nected (or vacuous). 


Proof. The condition is necessary. For let C be a node of M which is 
not an endpoint of Af. Then since by definition C is not a cut point of M, 
therefore it is a maximal cyclic curve of M. Now unless C is identical with 
M, in which case our theorem is obvious, then C contains at least one cut point 
P of M. By the definition of a node it follows that P is the only cut point of 
Bf which belongs to C. Hence P is a limit point of every maximal connected 
= subset of M — C, and therefore the sum J of all the maximal connected sub- 
sets of M — C plus P is connected. But H = M — C = M — P —(C — P), 
and C — P =I (C). Therefore H + P =M —T(C), and hence M —1(0) 
is connected. 
The condition is also sufficient. For let C be any cyclic element of M which 
is either an endpoint of M or a maximal cyclic curve of M such that M — I (C) 
is connected. Now if C is an endpoint of M, obviously it must be a node. So 
let us suppose C is a maximal cyclic curve of M. Now it was shown in the 
proof of Theorem 11 that if C is any maximal cyclic curve of M, then every 
maximal connected subset of Jf —J(C’) is a continuous curve having one and 
only one point in common with C. And since, in this case, M — I (C) is con- 
nected, therefore it is a continuous curve having exactly one point P in com- 
mon with ©. Hence 7(C)— C — P, and P is the only cut point of M which 
belongs to C. Therefore C satisfies all the requirements of the definition of a 
node of Jf, and the theorem is proved. 


THEOREM 13. In order that a cyclic element E of a continuous curve M 
should be a node of M tt is necessary and sufficient that no simple cyclic chain 
in M should have E as one of ils interior elements. 


Proof. The condition is necessary. For suppose, on the contrary, that 
a node Æ of M is an interior element of some simple cyclic chain X in M 
between two cyclic elements Æ, and FE, of M. Now by the definition of an 
interior element of X, # contains neither E, nor #,. Hence there exist points 
. Á and B in #, and £, respectively which do not belong to E. Let ¿be an are 


180 WEYBURN: Concerning the Structure of a Continuous Curve. 


in M from A to B, and let K denote the set of all those points of M which 
separate A and Bin M. By Theorem 1, X is the set of points E, + E, + 
K + all those maximal cyclic curves of M determined by ihe maximal seg- 
ments of t——(K +A-+B). Since E is a node, it cannot belong to K, and 
it does not belong to either F, or Ea. Hence E is a maximal cyclic curve of M 
determined by some maximal segment S of {—(K + A + B). Let F and G 
denote the endpoints of §. Since F and G belong to E, therefore A, B, F, and 
G are all distinct points. But then F and G are points of K and hence cut 
points of M. This is contrary to the fact that a node can contain at most one 
cut point of M. Thus the supposition that the condition of this theorem is 
not necessary leads to a contradiction. 

The condition is also sufficient. For let E be a cyclic element of M which 
is not an interior element of any simple cyclic chain in M. Then # is not a 
cut point of M. For suppose it is. Then Æ separates in M some two points 
A and Bof M. Then by Theorem 1, # is an element of the simple cyclic 
chain X which joins a cyclic element FE, containing A and an element E, con- 
taining B. And as # contains neither F, nor E}, therefore it is an interior 
element of X, contrary to hypothesis. Now since Æ is not a eut point of M, 
it must be either an endpoint of M or a maximal cyclic curve of M. In the 
former case our theorem is obvious. So let us suppose that Æ is a maximal 
cyclic curve of M. Then M — I(E) is connected. For suppose it is not. 
Then there exist two distinct maximal connected subsets N, and N, of 
M—I(E). It was shown in the proof of Theorem 11 that N, and W, are 
continuous curves containing points P, and P, respectively in common with 
E. Let A and B be points of N, --— P, and N,— P, respectively. Let Ẹ, and 
E, be cyclic elements of M which contain A and B respectively. By Theorem 
8, M contains a simple cyclic chain X from Æ, to Ea Let t be an arc in M 
from A to B and K the set of all those points of M which separate A and B 
in M. Then P, and P, belong to K, and the interval P, P, of t belongs to Æ. 
Hence by Theorem 1 it follows that E is an element of X, and since # con- 
tains neither A nor B, it is therefore an interior element of X. Thus the 
supposition that M —I (FE) is not connected leads to a contradiction. Hence 
M — I(E) is connected and, by Theorem 12, # is a node of M. 


THEOREM 14. If the sum H of the elements of a collection G of cyclic 
elements of a continuous curve M is a continuum, and H itself has more than 
one cyclic element, then H contains at least two nodes of itself. 


Proof. Every cyclic element of H is a cyclic element also of M. For 
every maximal cyclic curve of H is a maximal cyclic curve also of M, every 
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cut point of H is a cut point also of M, and every endpoint of H is a cut 
“point or an endpoint of M. 

Let us suppose, contrary to this theorem, that H does not contain as many 
as two nodes of itself. Then since H, by hypothesis, has more than one cyclic 
element, it follows by Theorem 12 and the definition of a node that H con- 
tains a cyclic element C which is either a cut point of H or a maximal cyclic 
curve of H such that H-—I(C) is not connected. Let # denote C or I(C) 
according as C is a cut point or a maximal cyclic curve of H. Then there 
exist at least two distinct maximal connected subsets H, and H, of H — E. 
Since, by supposition, H has not more than one node, then either H, + C or 
H, +- C, say H, + C, contains no node of H. Now either H, has no point 
whatever in common with © or else (see proof of Theorem 11), H, is a con- 
tinuous curve containing exactly one point P in common with C. In the for- 
mer case, C is a cut point of H and a limit point of H,. In this case let 
P= C. In either case H, contains a countable set of points Pas Pas Pa, © © ‘y— 
all distinct from P, and such that every point of H, is a limit point of this 
set. For each positive integer 1, let C(P;) denote a cyclic element of H which 
either is identical with P; or contains P;, and let E; denote C(P;) or 
I[C(P;)] according as C(P;) is a cut point or a maximal cyclic curve of H. 
Since H, contains no node of H, then by Theorem 12 and the definition of 
cyclic element it follows that for every positive integer 1, H — E; is not con- 
nected. It is readily seen that for no integer 1 > 0 does Æ; contain the point 
P. For every integer t >0, let Hip denote the maximal connected subset of 
H — E; which contains P. There exists an integer n, which is the least integer 
such that P,, belongs to H—[H,+C(P:)]. Now En, contains no point 
whatever in common with Hi, +C(P,). Therefore, since H,, + O(P) is 
connected, it is a subset of Hn». There exists an integer na which is the least 
integer such that P,, belongs to H—[Hn + C(P)] Just as above it fol- 
lows that Hmp + C(Pn,) is a subset of Hn» There exists a least integer na 
such that Pn, belongs to H —[ Hn.» + O (Puna) |, and so on. This process may 
be continued indefinitely, giving an infinite sequence of distinct points Pry 
Pro Png ` ‘ © , and an infinite sequence of connected sets Hn, Hn, * * * ; 
such that for every positive integer i, Ha,p + C(Pn,) is a subset of Hn, ao 

The set of points Pm + Pns + Pr, + ' > + has at least one limit point Q 
which belongs to H,. It is easily seen from the method of selection of the 
points Pa, that Q belongs to none of the sets Hn,». The point Q is not a cut 
point of H. For suppose it is. Then H—Q—N, + N, where N, and N, 
are mutually separated sets, one of which, say Ni, contains X Hy,» But N, 
must contain some point, say Pr, of the sequence P,, P2, Ps, © : +. Clearly 
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this is impossible, because the above process of selection of the points Pas, 
Pn» © * © would, after at most k + 1 steps, throw the point Px into one of the 
sets H,,», contrary to what has just been shown. Hence Q is not a cut point 
of H. Therefore, by a theorem of the author’s,* Q is either an endpoint of H 
or else it is an internal point of some maximal cyclic curve F of H. The point 
Q is not an endpoint of H, because by supposition H, contains no node of H. 
But neither is P an internal point of any maximal cyclic curve F of H, 
because Q is a limit point of $, Hn,» and >! Ha,» is connected and a subset of 
H —I(F), and therefore no internal point of F is a limit point of À Hp. 
Thus the supposition that H does not contain two nodes of itself leads to a 
contradiction, and the theorem is proved. 

Mazurkiewicz has shown ł that if M is an acyclic continuous curve and t 
is any are of Af, then M contains a maximal arc which contains t, 4. e., M 
contains an are T containing ¢ and which is not a proper subset of any other 
arc of M. This theorem is evidently not true for any continuous curve which 
contains a simple closed curve. I shall now prove the following theorem which 
gives a similar result for any continuous curve, provided we use simple cyclic 
chains instead of simple continuous ares. 


Turorrem 15. Jf X is any simple cyclic chain of a continuous curve M, 
then M contains a maximal simple cyclic chain which contains X, i. e, a 
simple cyclic chain which contains X and is not a proper subset of any other 
simple cyclic chain of M. 


Proof. Let E, and E, denote the endelements of X. Now if F, is not a 
node of M, then, by Theorem 12, it is either a cut point of M or a maximal 
cyclic curve of M such that M —I(,) is not connected. In either case, it 
follows with the aid of Theorem 6 that there exists a maximal connected subset 
H, of M — X which has exactly one limit point P, in Æ,, where P, is not a 
limit point of X — E, if F is an element of class (a). Likewise if E, is not a 
node, then there exists a maximal connected subset H, of M-— X which has 
exactly one limit point Pa in Fa, where P, is not a limit point of X — F, if 
Hi, is an element of class (a). Now if either of the continuous curves H, + P; 
and H,-+ P, has only one cyclic element, it is clear that that element must be 
a node of M. And if either of these curves contains more than one cyclic ele- 
ment, then by Theorem 14 it follows that that curve contains at least two 


* Concerning Continua in the Plane,” loe. cit., Theorem 22. 


t S. Mazurkiewicz, “ Un théorème sur les lignes de Jordan,” Fundamenta Mathema- 
ticae, Vol. 2 (1921), p. 129. 


Wirysurn: Concerning the Structure of a Continuous Curve. 183 


, nodes of itself; and since at least one of these nodes does not contain the point 
P;(i= 1,2), it is readily seen that in each case at least one of these nodes 
must be a node also of M. Hence in any case if E, and F, themselves are not 
nodes of M, then IT, + P, and H, + P: contain nodes N, and N, respectively 
of M. If either F, or FE}, or both, is a node of M, then let N: = F, No = fhe, 
or both. By Theorem 8, M contains one simple cyclic chain T from N, to Na 
With the aid of Theorem 1 it is easy to see that T must contain X, and since 
N, and N, are nodes of M, therefore, by Theorem 13, they are the endele- 
ments of every simple cyclic chain of M which contains them. Hence by 
Theorem 8 it follows that T is identical with every simple cyclic chain of M 
which contains T. Therefore T is a maximal simple cyclic chain in M con- 
taining X. 

R. L. Wilder has shown * that a necessary and sufficient condition that a 
point of an acyclic continuous curve M should be an endpoint of M is that it 
should be a non-cut point of M. This theorem obviously does not hold for 
any continuous curve which contains a simple closed curve. However, I shall 
now show that it does hold for any continuous curve provided we use cyclic 
elements instead of points. 


THEOREM 16. In order that the cyclic element E of a continuous curve 
M should be an endelement of M it is necessary and sufficient that it should. 
be a non-cut element of M. 


Proof. The condition is necessary. For suppose, on the contrary, that 
an endelement E of M is a cut element of M. Then since # is a node of M, 
it readily follows that there exist two maximal connected subsets H and N of 
M — E and a point P of E which is a limit point of each of the sets H and N. 
Let x be a point of H and Fa cyclic element of M containing z. By Theorem 
3, there exists in Af a simple cyclic chain X from F to E. Since, by Theorem 
6, X — E is connected, therefore it is a subset of H. Hence N contains no 
point in common with X. But the point P of Ẹ is a limit point of N, which 
is impossible, since # is an endelement of M. Thus the supposition that the 
condition of this theorem is not necessary leads to a contradiction. 

The condition is also sufficient. For let # be an element of M such that 
M — E is connected, and suppose, contrary to this theorem, that F is not an 
endelement of M. Then there exists in M a simple cyclic chain X from Æ to 
some other element F of M and a maximal connected subset N of M — X 
having a limit point P in E. Now since M — E is connected, by Theorem 2 


* «í Concerning Continuous Curves,” loc. cit., Theorem 7. 
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of C. C., P is the only limit point of M@— E which belongs to F. There | 
exists in X an arc AP, where A is some point of X — E. By a theorem of 
R. L. Wilders,” there exists an are BP such that BP — P belongs to N. By 
a theorem of R. L. Moore’s, + M — E contains an arc AB. The sum of the 
ares AB, AP, and BP contains a simple closed curve J which contains a seg- 
ment of each of the arcs AP and BP. But then by Theorem 1, J must belong 
to X, and BP belongs to N and therefore contains no point of X. Thus the 
supposition that Æ is not an endelement of M leads to a contradiction. 


Theorem 16 gives immediately the following theorem: 


THEOREM 17. In order that a cyclic element E of a continuous curve M 
containing more than one cyclic element should be an endelement of M it is 
necessary and sufficient that it should be either an endpoint of M or a masi- 
mal cyclic curve C of M which contains exactly one cut point P of M and such 
that M — P =(C — P) + 8, where C —- P and K are mutually separated and 
connected point sets. 


It has been shown by the author f and also by Menger f that the sum of 
all the endpoints of a continuous curve is a totally disconnected. point set. It 
is not necessarily true, however, that the sum of all the endelements of a con- 
tinuous curve contains no connected set containing more than one endelement 
of M. For let M = Cı + Ca, where C, and C, are circles tangent to each 
other at a point P. Then both C, and C; are endelements of M and their sum 
is connected, The following two theorems are of interest in this connection. 


THEOREM 18. In order that two different endelements E, and EH, of a 
continuous curve M should have a common point it is necessary and sufficient 
that FE; -4- E, Seene M. 


Proof. The condition is sufficient. For F, and E, are closed point sets, 
and if their sum is M, a connected point set, evidently they must have a com- 


mon point. 
The condition is also necessary. For suppose the endelements E, and Es 


of a continuous curve M have a common point P, and suppose, contrary to 


* “ Concerning Continuous Curves,” loc. eit., Theorem 1. 

+“ Concerning Continuous Curves in the Plane,” Mathematische Zeitschrift, Vol. 15 
(1922), pp. 254-260, Theorem 1. 

G. T. Whyburn, “Concerning Continua in the Plane,” loc. cit., Theorem 21; 
K. Menger, “ Grundzüge einer Theorie der Kurven,” Mathematische Annalen, Vol. 95 
(1925), pọ. 272-306. 
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. this theorem, that E, + F24 M. Then there exists a maximal connected 
subset N of M—(#,-+ E). But since F, and F, have a common point, it 
is clear that if X denotes the simple cyclic chain in M from Ẹ, to Ep, then 
E,-+H,==X. Hence M—(#,+ #.)—M—X. But X contains at least 
one limit point P of N. The point P must belong either to E, or to #2. But 
this is impossible since both E, and E, are endelements of M, and hence, by 
definition, neither contains a limit point of any connected subset of M — X. 


THeorem 19. If the continuous curve M has more than three cyclic 
elements, or has two mutually exclusive elements, then the sum of all the 
endelements of M contains no connected point set which contains more than 
one endelement of M. 


Proof. If M has more than three cyclic elements, then no two endele- 
ments of M can have a common point. For if two endelements E, and F, 
of M have a common point P, then by Theorem 18, #, + E = M, and M 
has only the three cyclic elements #,, Ea, and P. Furthermore, if M has two 
mutually exclusive cyclic elements, then again no two endelements of M can 
have a common point. For if two such elements E, and Æ, had a common 
point P, then by Theorem 18, E, + F, == M, and M has only the three cyclic 
elements Æi, #2, and P, every two of which have the point P in common. 
Hence, in either case, no two endelements of M can have a common point. 

Now suppose, contrary to this theorem, that the sum of all the endele- 
ments of M contains a connected set H which contains as many as two endele- 
ments F, and E, of M. Let N denote the sum of all the endelements of M 
which contain at least one point of H. Then by Theorem 8, N contains a 
simple cyclic chain X of M from E, to Ez. But since E, and E, have no 
common point, it follows that there exists an element # of M which is an 
interior element of X. But E belongs to N and hence is an endelement of M. 
This is contradictory to Theorem 13 and the fact that every endelement of M 
is also a node of M. Thus the supposition that Theorem 19 is not true leads 
to a contradiction. 


5. Some Theorems on Continuous Curves. 

THEorEm 20. Let P be a cut point of a continuous curve M which is an 
irregular“ point of some subcontinuum Ny of M. Then P belongs to some 
simple closed curve in M. 


* The point P of a point set N is an irregular point of N provided W is not connected 
—im kleinen at P. 
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Proof. Since for each positive number e, not more than a finite number | 
of maximal connected subsets of M — P are of diameter greater than e, it 
readily follows that there exists a maximal connected subset H of M — P 
such that P is an irregular point of the continuum Ne (H +P). Let N 
denote the continuum No (H + P). Now P is not a cut point of the con- 
tinuous curve H + P. Therefore, by a theorem of the authors," P either is 
an endpoint of H + P or belongs to some simple closed curve in H +- P. Let 
us suppose that P is an endpoint of H + P. Then since, as proved by H. M. 
Gehman,t for the case of a continuous curve, our definitions for the term 
endpoint as applied to continuous curves and for the same term as applied to 
continua in general are equivalent, it follows that P is an endpoint of the con- 
tinuum H + P and hence is an endpoint of the sub-continuum N of H + P. 
Now P obviously is accessible from some complementary domain of N, namely, 
from the one which contains some maximal connected subset of M —( H + P). 
Therefore, by a theorem of mine,f it follows that P is a regular point of N, 
contrary to hypothesis. Thus the supposition that P is an endpoint of 
H + P leads to a contradiction, and it follows that P must belong to some 
simple curve in H + P. This completes the proof. 


Tueorem 21. If G denotes the set of all those cut points [P| of a con- 
tinuous curve M such that P is an irregular point of some subcontinuum of 
M, then G is countable. 


Theorem 21 is an immediate consequence of Theorem 20 and of the 
theorem of the author’s § which states that the set of all the cut points of a 
continuous curve M which belong to the sum of all the simple closed curves 
contained in Jf is countable. 

T have recently succeeded in establishing the conclusion of Theorem 21 for 
any plane continuum M. Since the proof of this much more general proposi- 
tion is of considerable length and is foreign to the material presented in this 
paper, it will be reserved for a later paper. 


THEOREM 22. In order that the point P of a continuous curve M 
should belong to no simple closed curve in M it is necessary and suficient, 


* G. T. Whyburn, “Concerning continua in the plane,” loc. cit., Theorem 22. 

7 “Concerning End Points of Continuous Curves and Other Continua,” Trans- 
actions of the American Mathematical Society, Vol. 30 (1928), pp. 63-84. 

t Loc. cit., Theorem:30. 

§ Loc. cit., Theorem 29. 
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. that it should be an endpoint of every continuous curve obtained by adding it 
to some maximal connected subset of M — P. 


Proof. The condition is necessary. For suppose P belongs to no simple 
closed curve in M, and let N be any continuous curve obtained by adding P 
to some maximal connected subset H of M — P. Then P belongs to no simple 
closed curve in N. And since H — N — P is connected, therefore P is not a 
cut point of N. But every continuous curve is the sum of its cut points, end- 
points, and simple closed curves.* Therefore P is an endpoint of N. 

The condition is also sufficient. For suppose P is an endpoint of every 
continuous curve obtained by adding it to some maximal connected subset of 
M — P, but suppose, contrary to this theorem, that P belongs to some simple 
closed curve J in M. Then since J — P is connected, it must belong to some 
maximal connected subset H of M — P, and clearly P is not an endpoint of 
H + P, contrary to hypothesis. Thus the supposition that P belongs to some 
simple closed curve in Af leads to a contradiction. 





THEOREM 23. Let P be any endpoint of a continuous curve M. Then 
there exists in M an infinite sequence of points Xi, X,, X3,° © © , having P 
as its sequential limit point and such that if A is any point whatever of M — P, 
then there exists an integer ka such that if 1 1s any integer greater than ka, 
then X; separates A from P in M. 


Proof. Let Ay be any point of M — P, & any arc in M from À, to P, 
and Ke the set of all those points in M which separate À, and Pin M. Then 
P is a limit point of Ky. For if not, there’exists ł a maximal cyclic curve of 
M which contains P, contrary to the fact that P is an endpoint of M. Hence 
there exists a sequence of points X,, Xe, X3,°-- , all belonging to Ko, and 
having P as its sequential limit point. Now let A be any other point of 
M — P, t any arc in M from A to P, and K the set of all those points of M 
which separate A from P in M. On é, in the order from A to P, let # be the 
first point belonging to to Since P is an endpoint of M, E must be different 
from P. There exists an integer ką such that if + is any integer greater than 
ko, then X; belongs to the segment EP of to Let 7 be any integer greater than 
kg. Then X; must belong to K. For M — X; — My, + Mp, by hypothesis, 
where M1, and Mp are mutually separated sets containing A, and P respec- 
tively. Now the arc AHA, does not contain X;, for X; belongs to the segment 


*G. T. Whyburn, loc. cit., Theorem 22. 
j +G. T. Whyburn, “ Some Properties of Continuous Curves,” loc. cit., Theorem 2. 
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EP of t. Therefore the arc AHA,, and hence also the point A, belongs to p 
Ma, Hence X; separates A from P in M and therefore belongs to K. This 
completes the proof of the theorem. 


Theorem 23 is a generalization of H. M. Gehman’s* theorem that every 
endpoint of a continuous curve is a limit point of cut points of that curve. 


THEOREM 24. .In order that the continuous curve M should fail lo sepa- 
rate the plane it is necessary and sufficient that every maxima cyclic curve of 
M should be a simple closed curve plus its interior. 


Proof. The condition is necessary. For suppose M does not separate 
the plane. Let C be any maximal cyclic curve of M, and let J be the boundary 
of the unbounded complementary domain of C. By Theorem 10 of ©. C., J 
is a simple closed curve. Since M does not separate the plane, clearly every 
point within J belongs to M and also to C. That J plus its interior must be 
identical with C follows immediately from the fact that J is the boundary of 
the unbounded complementary of C. 

The condition is also sufficient. For suppose every maximal cyclic curve 
of a continuous M is a simple closed curve plus its interior, and suppose, 
contrary to this theorem, that M separates the plane. Then there exists at 
least one bounded complementary domain À of M. Let J denote the boundary 
of the unbounded complementary domain of the boundary of R. By a theorem 
of R. L. Moore’s,} J is a simple closed curve whose interior J contains À. 
By Theorem 3 of C. C., M contains a maximal cyclic curve O which contains J. 
By hypothesis there exists a simple closed curve K such that if D is the 
interior of K, then K + D Ce But C contains J and hence must also 
contain J, the interior of J. But I contains À, a complementary domain of M. 
Thus the supposition that M separates the plane leads to a contradiction. 


THEOREM 25. In order that a maximal cyclic curve C of a continuous 
curve M should be a simple closed curve it is necessary and sufficient that C 
should be the common boundary of two complementary domains of M. 


Proof. That the condition is sufficient is a consequence of a theorem of 
R. L. Moore’s.f I shall show that it is necessary. Let C be a simple closed 
curve in M which is a maximal cyclic curve of M. If the interior J of C is a 


* H. M. Gehman, loo. cit. It is interesting to note that the condition in Theorem 
23 characterizes an endpoint of a continuous curve, whereas that in Gehman’s theorem 
does not. 

-tR. L. Moore, “Concerning Continuous Curves in the Plane,” Mathematische 
Zeitschrift, Vol. 15 (1922), pp. 254-260, Theorem 4. 

t Loe. cit. 
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, complementary domain of M, then let I= R. And if I is not complementary 
to M, then there exists in I a maximal connected subset H, of M—C which 
has exactly one limit point P in O. Let H be the sum of all the maximal 
connected subsets of M — C which lie in J and have P for a limit point. 
Let B be a point of C—P and À, a point of H. There exists an arc AoB 
such that A,B — B belongs to I. In the order from B to Ay on the are A,B, 
let A be the first point belonging to the continuum H + P. Then A belongs 
to H, and there exists an interval AX of the arc AB such that AX — A 
contains no point whatever of M. Now let Æ denote the complementary 
domain of M which contains the point X. Then every point of C belongs to 
the boundary of R. For suppose some point Y of C does not belong to the 
boundary of R. Then by a theorem of R. L. Moore’s,* there exists in M a 
simple closed curve J which either encloses À and has Y in its exterior or 
encloses Y and has È in its exterior. And since, by hypothesis, C is a maximal 
cyclic curve of M, it is readily seen that J cannot enclose Y. Hence J 
encloses À and has Y in its exterior. Now since C is a maximal cyclic curve 
of M, it follows that J can have at most one point Q in common with C. 
Then since (J -+ Q) —@Q is a connected subset of M — C, which evidently 
is within C, therefore it belongs to some maximal connected subset N of 
M — C. Now N cannot belong to H, for since X belongs to the segment AB 
of the arc AB, which contains no point of H, evidently X, and hence also R, 
must belong to the unbounded complementary domain of H+ P. Now N 
has exactly one limit point Q in C, and Q is different from P. But since the 
segment AX of the arc AB belongs to # and contains no point whatever of M, 
the connected point set R + H + P contafns no point of N but contains a 
limit point of the exterior of C. Therefore À belongs to the unbounded 
complementary domain of N + Q. This is contrary to the fact that R is 
within J, a simple closed curve belonging to N + Q. Thus the supposition 
that C is not a part of the boundary of R leads to a contradiction. 

Now by a suitable inversion of the plane, the exterior of C can be thrown 
into the interior of the image of C. And by the same argument as given above 
it is shown that there exists in Ẹ, the exterior of O, a complementary domain 
D of M whose boundary contains C. Therefore C is the common part of the 

„ boundaries of the two complementary domains À and of M. 


` THEOREM 26. The boundary of every complementary domain of a masi- 
mal cyclic curve of a continuous curve M belongs to the boundary of some 
single complementary domain of M. 
f 


* Loo. cit. 
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Proof. By Theorem 10 of C. C., the boundary of every complementary 
domain of a maximal cyclic curve of M is a simple closed curve, and by the 
same method as used in the proof of Theorem 25 it is shown that there exists 
a complementary domain of M whose boundary contains this simple closed 
curve, 


THEOREM 27. If the continuous curve M is not the boundary of any 
domain, then in order that every proper subcontinuum of M should be the 
boundary of a domain tt is necessary and sufficient that M should be the sum 
of three arcs joining two points A and B of M and having no other points 
common to any two of them. 


Proof. The condition is evidently sufficient. I shall show that it is 
necessary. In my thesis * I proved the following theorem. THEOREM A. In 
order that the continuous curve M should be the boundary of a connected 
domain it is necessary and sufficient that if J is any simple closed curve in M, 
then (1) M is a subset either of J +- I or of J + E, where I and E respec- 
tively denote the interior and exterior of J, and (2) if A and B are any two 
points of J, then M— (A+ B) is not connected. Now M must satisfy 
condition (1) of Theorem A. For suppose, on the contrary, that Af contains 
a simple closed curve J such that J contains a point X of M and E contains 
a point Y of M. Then M contains an arc XY, and the arc XY contains a 
proper subare ¢ containing points of both J and #. But the continuum ¢-+ J 
is a proper subcontinuum of M and hence, by hypothesis, is the boundary of 
some domain. This is contrary to Theorem A. It follows that Mf satisfies 
condition (1) of Theorem À. , 

Now since, by hypothesis, M is not the boundary of any domain and 
since M satisfies condition (1) of Theorem A, it follows that M cannot satisfy 
condition (2) of Theorem A. Hence there exists a simple closed curve J in 
M and two points X and Y of J such that M— (X + Y) is connected. Let 
A, be a point on one of the segments of J from X to F, and B, a point on 
the other. Then by a theorem of R. L. Moore’s,f M — (X ~+- Y) contains 
an arc ¢ from À, to By. There exist points A and B on ¢ which belong to 
the segments XAY and XB,Y respectively of J and such that the segment 
AB of ¢ lies wholly either within J or without J. Let Z be a point on the 
segment AB of t. Then the three arcs AXB, AYB, and AZB all belong to 
and every two of them have in common exactly the points A and B. T 
AXB + AYB + AZB = M follows immediately now, using the fact thai 
satisfies condition (1) of Theorem A. This completes the proof of Theorem me 


* “ Concerning Continua in the Plane,” Loc eit., Theorem 6. — 
+ “ Concerning Continuous Curves in the Plane,” loc. cit., Theorem 1. 
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6. Properties of a Continuous Curve as determined by ils Maximal 
Cyclic Curves. The nature of a continuous curve is determined to a large 
extent by the nature of its maximal cyclic curves. A considerable number of 
propositions are true about a continuous curve M provided the same proposi- 
tions are true for all or for some of the maximal cyclic curves of M and vice 
versa. In this section some propositions of this sort will be given, and in 
some cases merely stated without proof, since the proofs present no especial 
difficulty. j 


THEOREM 28. In order that every subcontinuum of a continuous curve 
M should be a continuous curve it is necessary and suficient that every sub- 
continuum of each maximal cyclic curve of M should be a continuous curve. 


THEOREM 29. In order that a continuous curve M should separate the 
plane it is necessary and sufficient that some maximal cyclic curve of M 
should separate the plane. (See Theorem 24.) 


THEOREM 30. If H is any connected subset of a continuous curve M 
and C is any maximal cyclic curve of M, then H-C is either vacuous or 
connected. 


Proof. Suppose, on the contrary, that H-C — H, + H, where H, and 
H, are mutually separated point sets. Now for each point X of H which 
belongs to M—-C, the maximal connected subset Me of M—C which contains X 
has exactly one limit point P, which belongs to C, and Ps must belong either 
to H, or to H, Let K, denote the set of all those points X of H in M—C 
such that the corresponding point P, belongs to H,, and let K, be the set of all 
such points such that Pe belongs to Ha. Thet clearly H —H,+H,+K;+LK2. 

Now H, contains no limit point of K. For suppose it does contain a 
limit point P of K}. Then since no subset of K, every point of which belongs 
to some single maximal connected subset of M — C can have a limit point in 
H, it follows that K, contains an infinite subset D which has P for its 
sequential limit point and such that no two points of D lie together in the 
same maximal connected subset of M — C. Let G denote the collection of 
maximal connected subsets of M — C each of which contains a point of D. 
Since P is a limit point of D, then P belongs to the limiting set of the col- 
lection G. Since P is not a limit point of H, there exists a number e such 
that every point of H, is at a distance greater than e from P. But now each 
element of G has a limit point in Hz, and therefore the limiting set of G has 
a point whose distance from P is Ze. It follows that infinitely many ele- 
ments of G must be of diameter > €/2. This is contrary to a theorem of 

3 


192 WEYBURN: Concerning the Structure of a Continuous Curve. 


W. L. Ayres.* Thus the supposition that H, contains a limit point of K3 
leads to a contradiction. . 

Now since H, belongs to C and K, belongs to M —C, it is clear that no 
point of K, can be a limit point of H,. Hence H, and K, are mutually sepa- 
rated point sets. A similar argument shows that H, and K, are mutually 
separated. Hence, as H, and H, by supposition, are mutually separated, and 
clearly K, and K, are mutually separated, it follows that (H, + K;) and 
(H + K2) are mutually separated point sets. But the sum of these two sets 
is H, and H, by hypothesis, is connected. Thus the supposition that H: C 
is neither vacuous nor connected leads to a contradiction, and the theorem is 
established. 


THEOREM 31. If the subcontinuum C of a continuous curve M has no 
cut point, then in order that C should be a maximal cyclic curce of M it is 
necessary and sufficient that if H is any connected subset of M, then H:O is 
either vacuous or connected. 


Proof. Theorem 30 shows that the condition is necessary. To show that 
it is sufficient, let us first show that C is a continuous curve. Suppose the con- 
trary is true. Then there exists a point P of C and a positive number e such 
that no matter what number 8 we choose, there are points of C whose distance 
from P is less than § but which lie in no connected subset of C containing P 
and of diameter less than e. Now since Af is connected im kleinen at P, there 
exists a positive number 6, such that every point of Jf whose distance from P 
is < & can be joined to P by an arc + of M of diameter less than e. Let X be 
a point of C whose distance from P is < 8, and which cannot be joined to P 
by any connected subset of C of*diameter less than e There exists in M an 
arc XP of diameter less than e. The arc XP is not a subset of C. Hence 
there exists an interior point O of XP not belonging to C. On the arcs OX 
and OP of XP, in the order from O to X and from O to P respectively, let A 
and B denote the first points belonging to C. Then the arc AOB of XP is a 
connected subset of M having in common with C only the point set A + B, 
which clearly is not connected. This is contrary to hypothesis, and it follows 
that C is a continuous curve. 

Since C has no cut point, then by Theorem 1 of C. C., C is cyelicly con- 
nected. Now suppose, contrary to this theorem, that C is not a maximal 
cyclic curve of M. Then by Theorem 2 of ©. O., there exists a connected 


* W, L. Ayres, loo, cit. The special case of Ayres’ theorem here used holds in n 
dimensions. 

+ Cf. J. R. Kline, “ Concerning Approachability of Simple Closed and Open Curves,” 
Transactions of the American Mathematical Society, Vol. 21 (1920), footnote to p. 453. 
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subset N of M —C which has at least two limit points A and B which belong 
to C. This is impossible, because the connected subset N + A + B of M has 
only the point set A -+ B in common with C, and À + B is not connected. 
Thus the supposition that Ç is not a maximal cyclic curve of M leads to a 
contradiction. 

It is interesting to note that with the aid of ae 80 the proof of 
Theorem 1 can be considerably shortened. 


THEOREM 32. If H is a connected subset of a continuous curve M such 
that the subset of H contained in each maximal cyclic curve of M is arcwise 
connected, then H itself is arcwise connected. 


Proof. Let A and B be any two points of H, let t be any arc in M from 
A to B, and let K denote the set of all those points of M which separate A 
and B in M. Clearly K belongs to both T and H. By a theorem of the 
author’s,* K + À + B is a closed set of points. Hence t—(K + À +B) is 
the sum of a countable number of non-overlapping segments 8, Ss, Ss, * * 
For each positive integer 7, let A; and B; denote the endpoints of 8;. For 
each 1, S, determines +} a maximal cyclic curve C; of M which contains S;. 
Now for each i, A; and B; belong to K + A + B, and hence belong also to H 
and to C; Then since by hypothesis H - C; is arcwise connected and contains 
both A; and B;, therefore it contains an arc 4; from A; to B; Now let 


T=K+A+B4+3%. 


i=, 2, 3, o 
Then T is a subset of H, and since for no two integers k and 7 can tp and t; 
have an interior point of either in common, apd since for no positive number e 
does there exist more than a finite number of maximal cyclic curves of M of 
diameter greater than «, it is easy to see that T is a simple continuous are from 
À to B. Therefore H is arcwise connected. 


THEOREM 33. In order that every connected subset of a continuous curve 
M should be arcwise connected it 1s necessary and sufficient that every con- 
nected subset of each maximal cyclic curve of M should be arcwise connected. 


Theorem 33 follows at once from Theorems 32 and 31. 
THEOREM 34. If every maximal cyclic curve of a continuous curve M is 
a simple closed curve, then every connected subset of M is arcwise connected. 


Theorem 34 is a corollary to Theorem 33. 
It is to be noted that Theorem 34 includes the following important 


* G. T. Whyburn, “Some Properties of Continuous Curves,” loc. cit., Theorem 1. 
t Loc. cit., Theorem 2. 
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theorem of R. L. Wilder’s *: every connected subset of the boundary of a com- 
plementary domain of a continuous curve is arcwise connected. It is readily 
seen with the aid of Theorem 25 that every maximal cyclic curve of the 
boundary B of a complementary domain of a continuous curve is a simple 
closed curve. Hence, by Theorem 34, every connected subset of B is arcwise 
connected. 

In connection with Theorems 25 and 34, the following proposition is 
interesting because of the light it throws upon the nature of a continuous curve 
every maximal cyclic curve of which is a simple closed curve. 


THEOREM 35. Jf every maximal cyclic curve of a continuous curve M is 
a simple closed curve, then M is the sum of its endpoints plus the boundaries 
of all of its complementary domains. 


Proof. Suppose, on the contrary, that M contains a point P which 
neither is an endpoint of M nor belongs to the boundary of any complementary 
domain of Jf, Since P is not an endpoint of M, by the definition of an end- 
point, there exists an arc APB in M having P as an interior point. Let d be the 
smaller of the two numbers d, and dz, where d, is 14 the distance from À to P 
and dz is 1% the distance from B to P. Then since P belongs to the boundary 
of no complementary domain of M, by a theorem of mine,t there exists in Jf 
a simple closed curve J which encloses P and is of diameter less than d. 
Clearly J does not enclose either A or B. In the order from P to A and from 
P to B respectively on APB, let X and Y denote the first points belonging to J. 
Then J is not a maximal cyclic curve of M, because the segment XPY of the 
arc APB belongs to M —J and has two limit points in J. This is contrary 
to Theorem 2 of ©. C. Hence >is not a maximal cyclic curve of M. But J 
belongs to some maximal cyclic curve C of M. Therefore C is not a simple 
closed curve, contrary to hypothesis. Thus the supposition that Theorem 35 
is false leads to a contradiction. 

In conclusion I wish to point out that the above theory of the structure of a 
continuous curve as being composed of its cyclic elements appears much more 
perfect if we restrict the types of continuous curves considered to any one of 
the following three types: (1) continuous curves no two cyclic elements of 
which have a common point, (2) continuous curves which are the boundary 
of some domain, or (3) continuous curves which do not separate the plane 
(see Theorem 24). 
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* R. L. Wilder, “ Concerning Continuous Curves,” Loc. cit., Theorem 20. 
+“ Concerning Continua in the Plane,” loc, cit., Theorem 7. 


Compound Statements on Four Classes. 
By Frances E. BAKER. 


1. Introduction. W. K. Clifford * first enumerated the compound state- 
ments on four classes, applying an intuitive method which allowed no check. 
Cayley ł carried a check as far as three-fold statements. Up to this stage, 
the point of view of simple combinations was sufficient, but further progress 
demanded the use of a theorem of groups, viz., that if an object is invariant 
under a subgroup of order W, and the total group has order M, M/N is the 
number of conjugates. In the present paper this check is carried out com- 
pletely, showing that in several cases Clifford was in error. 

The order M of the group is here 384 — 4! X 2*, representing the num- 
ber of permutations of the four classes multiplied by the group of logical 
operations whose primitive elements are negations. Certain theorems about 
possible subgroups are proved. 

À special notation proves convenient in which [a] means logical multi- 
plication, or denial of the class A; and the usual signs, as (#8), mean inter- 
change of classes. The rules for transposition of the square and round brack- 
ets are relatively simple. In the case of the eight-fold classes, the material 
to be worked upon is obtained by a special enumeration which gives duplicates 
but is inclusive. 


2. Notation. To facilitate the counting of distances, and to serve as a 
basis for the subsequent group technique, a new notation has been introduced, 
namely: 


The identical element I ~ ABCD = 0 (no ABCD exists) 
a~ aBCD — 0 (no aBCD exists) 
B— AbCD — 0 (no ABCD exists) 
y~ ABcD — 0 (no ABcD exists) 
ô— ABCd = 0 (no ABCd exists) 


* Clifford, W. K., Memoirs of the Literary and Philosophical Society of Manchester, 
Vol. 16, No. 7, pp. 88-101. Also, Mathematical Papers, by W. K, Clifford, pp. 1-16; 
and Lectures and Essays, by W. K. Clifford, Vol. 2, pp. 89-105. For the origin of the 
problem, see also: Jevons, W. Stanley, Proceedings of the Manchester Philosophical 
Society, Vol. 6, pp. 65-68, and Memoirs, Third Series, Vol. 5, pp. 119-130; The Principles 
of Science, Vol. 1, pp. 154-164. [New Edition, pp. 134-143.] 

t Cayley, A., Memoire of the Literary and Philosophical Society of Manchester, 
Vol. 16, p. 113; Collected Papers, Vol. 10, p. 248. 
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Consequently: «8 ~ abCD—0 
aBy ~ abcD—0 
a«fByô — abcd =0 etc. 


Economy of letters is an advantage gained. For example, BCD — 0 in 
the old notation representing the two-fold statement ABCD = 0, aBCD —0, 
may now be expressed simply as J, a Similarly, dC = 0, standing for 
ABCD = 0, AbCD = 0, ABCd = 0, AbCd = 0, becomes I, £, 8, Bô. It may 
be noted that statements denying entirely a particular class, such as the eight- 
fold statement I a B y aß ay By «By, are inconsistent according to Jevons,* 
but are included by Clifford. 

If we now consider J as the origin, the 4 proximates become @ B y ô; 
the 6 mediates become «8 ay «ð By BÈ yd; the 4 ultimates become «By «Bd 
æy By; and the obverse to I becomes aBy8. Hence there are altogether 
16 marks: 


TaByôap ay ad By Bò y8 aBy aB8 ayd Byd aBys. 
This set of 16 objects is invariant as a whole under: 


(1). Multiplication by any member of itself. Let [ ] be the symbol for 
multiplication, so that [aBô| means multiply by «gô. There are 16 multi- 
pliers, in which « 8 y 6 are commutative. Multiplication is taken modulo 2 
with respect to exponents. Thus [a™@*y°s*] represents a general multiplier, 
where w, x, p, e = (0,1). 


Ex. [a°B°y33*] [a878] — [y8] [By] = I+ BI == [BD]. 
The permutations of the set I æ B y: ++ aByô effected by [ ] all change I. 


(2). 24 substitutions, viz., the G*,,. The permutations of the set 
Ta By: «By effected by ( ) do not change J. 


8. The Order of the Group of Permutations. To prove that the order 
of the group of permutations of the set I « B y : - - aBy8 is 16 X 24: 

Every operation is reducible either to [] () or to () [] or to a succession 
of []J()[]0:::. As a general element of the set take E — {a98%"85} and 
as elements of multiplication and substitution, respectively, take M, = 
[a™B*yPs7] and Sı = (a8) where p, q, T, 8, 7, k, p, c = (0,1). Let I} [1 QO 
mean first multiply into the operand, then permute; and let {} () [] mean 
first permute, then multiply into the result. 


* Loc. cit. 
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Examples: 
(1) peer E 
‘ E \ M, S 1 1 \ S i 
= { atk Be Tyr paete \ 
— E, 
Since we can write: : 


mn {PE | (a8) Loree 
j E Si is 


it is seen that HM,S; == ES,M,. Treating the multiplication symbols as sub- 
stitution symbols: 
ESS, = ES SM 
ss MS M, 
i. e. (a8) >M (a8) M, 


| 


(2). Likewise 
[M] (a8) (ay) = (a8) [Me] (ay) 
(a8) (ay) [Ms] 
where [M.] — (¢8)*[M,] (a8) 
[Ma] = (ay) (4B) [M] (a8) (ay) 
= (aßy) > [M] (aBy) 


| 


(3). Similarly 


[M] (a8) (ay) (8) = (a8) (ay) (8) [422] 
[M] (@By8) = (@By8) [M] 
where [M:] = («8y8) [M] (aByé). 


It is evident that when the substitution is moved from the right of the 
multiplier to the left, the new multiplier is the transform of the old by the 
substitution. Proceeding in the same way, we find upon reversing the order 
of multiplier and substitution that: 


(4). (a8) [ALT = [Bf] (48) 

[Me] = {(«8) 7) [Mz] (08) 
(5). (aß) (ay) [Mi] = [M:](«8) (ay) 

[ALT = {(aBy) TU] (28y) 
(6). (aß) (ay) (a8) [WT] = [M:](«8) (ay) (28) 


[M2] = {(a8y8) [M] (ays). 


Obviously, when the substitution is moved from the left of the multiplier 
to the right, the new multiplier is the transform of the old by the inverse of 
the substitution. 
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It is to be observed that similar multipliers and substitutions permute ;* 
also multipliers and substitutions neither of which contain any marks of the 
other. 


Ex. [a8] (28) = (a8) [ap] 
(aPy8)[aBy8] = [aByd](aByë) 
(aB)[y8] = [yò] (a8) 


Since every substitution can be expressed as the product of transposi- 
tions, the laws for the right-hand and left-hand transposition of the substi- 
tution symbol hold for all substitutions. Consequently the group of permu- 
tations contains only operations reducible to the form [](). Therefore its 
order is 16 X 24, since these operations are distinct. 


4. Discussion of Subgroups. As the multiplication laws show that the 
16 multipliers do not affect the 24 substitutions, the possible orders of sub- 
groups of the G*z6x24 are those of the orders of the subgroups of the G“.,, which 
may be multiplied by 2* where k == 0, 1, 2, 3,4. The subgroups are therefcre 
of orders: 1, 2, 4, 6, 8, 16, 24, 32, 48, 64, 96, 192, 384. 


G12 does not occur, for a two-valued function of œ, B, y, 8, necessarily 
contains (a — B)(a—y)(a—8)(B— y)(B — 8) (y— 8), which of course 
does not occur in this mere collection. 


C, does not occur, because if C, leaves a collection invariant then if & 
occurs, a, B, y, à occur; if «By occurs, Byd, yda, af, occur; if «B occurs, 
By, y8, da are present. At most only æy, 68 are absent, and these are invariant 
under Gs. 


5. Determination and Description of Types. In the main, Clifford’s 
work has been followed, the types overlooked by him in the six- and seven-fold 
statements having been found by trial. However, the number of mistakes 
in the eight-fold statements makes necessary for their detection an inde- 
pendent device, which gives some duplicates but includes all the possible 


types. 


(1). The determination of the eight-fold set is accomplished in the 
following manner :— If one letter, say ô, not occurring oftener than any other 
be abstracted from an eight-fold type, the residue may be called a base. 
It represents a set of eight points of a cube, and may be the whole set 
Ia By aB ay By «By or may have some duplicates and lack the same number. 
Not more than two can be alike, otherwise in the original set two would 
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«have agreed. The types of duplication and omission which are distinct may 
be classified by geometrical intuition on the cube, and verified by counting 
the number of conjugates and finding the total. 


Ex. If two are omitted and two duplicated, the duplicated may be an 
edge, a face diagonal or a cube diagonal, and so for the omitted, but they 
can have no common members. 

We get such symbols as [I, «](y, ay), read “Double J, a, omit y, ay.” 
These are opposite edges of the same face. The symbol is invariant uncer 
[a], [y](12), i.e. under multiplication by æ and under multiplication by y 
followed by interchange of parts. Since the whole group on three classes is 
of order 2°- 3 ! = 48, and this subgroup is of order 4, there are 12 conjugates 
to it. Proceeding in this way until we have im all .C2- 602/2 == 210 conju- 
gates, we have a check. Similarly are treated the cases in which one is 
doubled, one omitted; three are doubled, three omitted; four are doubled, 
four omitted. 

The set of possible bases is then set out, 32 in all. There is 1 base when 
none are doubled; there are 3 when one is doubled; 12 when two are doubled; 
10 when three are doubled; 6 when four are doubled. Each base is now filled 
with 8s in all possible ways so that the & does not occur oftener than any 
other letter. Repetitions which are ineffective because of a group invariance 
of the base are omitted. Duplications will arise if the number of ẹs is equal 
to that of the ys, for instance. Actually, out of 108 types found by this 
method, 74 are distinct. 


(2). Throughout, the types have been named with reference to their 
sets of distances as a preliminary distinction. Taking the distance in a type 
of every mark from its successive neighbors, the number of times each dis- 
tance occurs is noted. The five-fold statement I aByS æ By a8, for example, 
has distances 4122: 322:31:4. The fact that 1 occurs twice, 2 occurs 4 times, 
3 twice, 4 twice, is expressed as 2422. Likewise the eight-fold statement 
Ia B 8 oB ay B8 yd with distances 1112222 : 221138 : 21313 : 3311: 224: 42 :2 
is called 9, 11, 62. 

Appearance of more than one type with the same set of distances neces- 
sitates further differentiation. As the above eight-fold type contains 3 œs, 
3 B’s, 2 ys, 8 Vs, it may be designated a member of the 3323 set, indicated 
in the tables under “letters.” Moreover, the three marks containing « form 
a triangle with distances 112; the three containing 8 form a triangle with 
distances 112; and the three containing $ form a triangle with distances 112. 
Because two other kinds of triangle are also possible, namely those with dis- 
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tances 123, and 222, the three kinds may be conveniently distinguished ass 
numbers 1, 2 and 3. Since the marks containing y are at distance 2, the 
above type 9, 11, 62 bears a further classification, 1121, under “ basis.” 

When an eight-fold type exhibits a letter occurring four times, the four 
marks represent four corners of a cube. These sets are classified in the fol- 
lowing order: 


1 Ta B y 111222 
8. la B aß 112211 
8. la B apy 113222 
4 [a apf aBy 1238121 
5. I aB By ay RRRRÈR 
6. La By aBy 1233821 


I B y aß aS BS «By ay can now be described thus: 


Letters Distance Basis 
4.433 6, 11,10, 1 6482 


It allows a 2 group, with generators I, [#8] (a8) (y8) and 192 conjugates. 


(3). Should an n-fold type display a letter in more than E{n/2} marks, 
it is impossible to determine the kinds of triangles and quadrilaterals until 
the type has been reduced to a minimum form in which for two- and three- 
fold types no letter appears more than once; for four- and five-fold types no 
letter appears more than twice; for six- and seven-fold types no letter appears 
more than three times; for eight-fold types no letter appears more than four 
times. Obviously this reduction can be accomplished by multiplication by 
the offending letter or letters. If the multiplier be not a member of the 
type, the identity will be lost. In the tables, the types are set out in mini- 
mum form. 

Note that, in the tables, (all) means all the permutations on the letters, 
whereas [all] means multiplication by all the members, of the type form 
listed. 


6. Errors in Clifford’s Work. This table compares the present results 
with those of Clifford. 
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Type Chfford Total Corrected Total No. of Conjugates 


One-fold ........... 1 1 1 1 16 == 440, 
Two-fold ........... 4, 4 4 4 120 = 1603 
Three-fold ... berasas 6 6 6 6 560 = 1603 
Four-fold 
Pure peresisesed 12 12 
1 pair obverses.... 5 5 
2 pair obverses.... 2 2 
19 19 1820 = eels 
Five-fold 
Eure tie 12 12 
1 pair obverses.... 12 12 
2 pair obverses.... 3 3 
27 27 4368 a UE 
Six-fold 
Parë issue 12 14. 
1 pair obverses.... 22 22 
2 pair obverses.... 11 12 
3 pair obverses.... 2 2 
47 50 8008 = 1606 
Seven-fold 
Pute cevissporira 8 8 
1 pair obverses..., 24 23 
2 pair obverses.... 19 20 
3 pair obverses.... 4 b 
55 56 11,440 == 160% 
Total < eight-fold.. 159 : 163 26,332 
Complementary ..... 159 163 26,332 
Hight-fold 
Put ss eee 7 7 
1 pair obverses.... 14 17 
à pair obverses.... 41 33 
3 pair obverses.... 12 13 
4 pair obverses.... 4 4 
78 74. 12,870 = 1608 
Grand Total......... 396 400 65,534 — 224 


The last column of statements forms the final check of the work. 


% Tables of Statements. There is of course only one type of simple 
statement, which may be represented as J, having a group of order 24, since 
it is susceptible to all interchanges, with 16 conjugates. 
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Four Classes; Two-fold Statements. . 
Letters Distance Type Generators Group Order Conjugates 
1111 0001 I aByé (a8); (ay) 48 8 
aS) ; [aByè] 
1110 0010 I aßy (aß); (ay); [aBy] 18 32 
1100 0100 I af (aß); (y8); [e8] 8 48 
1000 1000 . La (By); (88); [a] 12 32 
120 
Four Classes; Three-fold Statements 
Letters Distance Type Generators Group Order Conjugates 
111i 0120 a B yò (e8); (y) 4 96 
0201 I aB yò (aB) ; (ayB8) 8 48 
1011 I a Byè (By); (88) 6 64 
1110 0300 x B y (aß); (ay) 6 64 
1110 Ta By (By) 2 192 
1100 2100 Ia B (aß) ;(yô) 4, 96 
560 


Four Classes; Four-fold Statements. | 
Group Con) 
Letters Distance Basis Type Generators Order gate 


RRRR 0240 I aB «yè By (aß); (y8); [all] 16 24 
0402 I aB yè aByé (aß); (aBy8) ; fall] 32 12 
2022 I a Byè aByd (By) ; (88) ; [all] 24 16 
2221 0330 I aB By ays (ay); [aB] (28) ° 64 
1221 T a By aByé (By) 192 
2220 0600 I aB wy By (aß); a [all | 16 
2220 I «x By apy (By); [all] 8 48 
2211 0501 T aB aS By (aß); (48); [22] (aB) 4 96 
1230 I « By aps . [a 1G 8) 2 192 
2121 38 I « BB aByè (aß); (yô) 4 96 
2181 11 I y «af ape (aß); [op] (y8) 4 96 
2210 2810 I «a B «By aß) à 192 
2200 4200 I «@ B æ (aB) ; (yè); [all] 16 24 
2111 1320 I 8 aB ay (By) 2 192 
2211 I a B a (yò) 2 192 
2110 3210 I «a B ay [a] (By) 2 192 
1111 0600 a B y Ô (aß); (ay) ; (ad) 24 16 
2220 I a à By (a5); (By) 4 96 
1110 3300 I «a B y (aß); (ay) 6 64 


atters 


ee 


YA! 


3332 


3391 


3330 
8322 
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Four Classes; Five-fold Statements. 
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Group Conju- 


Distance Basis Type Generators Order gates 
0640 a B y à aByd (aB); (ay); (a) 24 16 
0802 TaB ay B ys (ad); (af) (y8) 8 48 
1450 I «a By yë «By (By) 2 192 
1531 a y 8 Bd «By (ay) 2 192 
2341 1122 a B ay PÈ yè (aB) (y) 2 192 
2341 32832 I «x y Bo aByô (ay); (88) 4 96 
R422 I a Bay By (aß); (yè) 4, 96 
3232 I a aB yè By (yò) 2 192 
0901 a Bp y 8 apy (aß); (ay) 6 64 
1630 I 8 aß «y By (aß); (ay) 6 64 
2440 223 Ta B yd «By (aB 2 192 
2440 112 a BP 8 ay By (aß) 2 192 
2521 I B ay a By 1 384 
3331 333 I « B y «By (aB); (ay) 6 64 
3331 111 ~ B yaa By (By) 2 192 
3331 211 I a 8 By «By (By) 2 192 
3331 213 I « B By ayd 1 384 
3610 [Ta B y aßy (aß); (ay) 6 64 
4420 T a B ay By (af) 2 192 
2620 ea B y È ap (aß); (y) 4 96 
3430 I B èB ay 1 384 
3511 [Ta B y aps (aß) 2 192 
4321 11 IT a B&A By (aß) (y8) 2 192 
4321 11 T a B ap y (aß); (y8) 4 96 
5410 fa B y «ap (af) 2 192 
4420 Ta B y æ (By) 2 192 
4600 [a B y 8 (aß); (ay); (aò) 24 16 
° 4368 
Four Classes; Six-fold Statements. 
Group Conju- 
Distance Basis Type Generators Order gates 
0, 12, 03 I ay aS By BS aByë (ab); (y8); [28y8] ; 
By] (By 48 8 
2661 T œ By y8 aBS aByS (B8); [aByé] (ay) 4 96 
4443 I «aè By Byè aByd (By); [By] (48); 
Byè 8 48 
1941 a B y 8 aBy aßyèð (aß); (ay) 6 64 
2670 I a By BaBy ayè  [aByl;[8y](B) 4 96 
2832 a y Ô By «By api [a«B](xB) 2 192 
3561 T a y BÈ aBy aByd ay 2 192 
4452 1213 I B ò «y aBy «By (ay); [«8y] 4 96 
4452 2221 I a y aB Bys aByd al (By 2 192 
4641 222 I a B y aBy aßyë (aß); (ay) 6 64 
4641 232 I a yaß By aByd (ay) 2 192 
6630 [a yaB By aBy (ay); [a](By);[aBy] 12 32 
0, 13, 02 a B y 8 aBy «afp aB); (y8); [a8] 8 48 
2760 382338 I BaB ay ad Byè (y8) ; [28] (<8) 4 96 
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Four Classes; Six-fold Statements— (Continued). : 
Group Conju- 


Letters Distance Basis Type Generators Order gates 
2160 8222 à By ads BS «By (aB) ; [ap] 4 96 
3651 3882 I B y aB a aPyé 1 384 
8651 1212 a y aß By aps 1 384 
4542 2222 I a BaB yë apyd (aB) ; (y8); [ap] 8 48 
4942 2222 I a Bad By aByd (aß) (yè) 2 192 
4542 2213- I a B Gaby «By (aß) 2? 192 
4542 2111 I y aB ay BÈ aps [aß] (yè) 2 192 
4542 1122 I y S ap aBy aps (aB) ; (y8); [as] 8 48 
3321 3921 Ia B yaBy «£8 (a8) 2 192 
4650 I a Bay By aps (af) 2 192 
5541 RZ TI «a B y aß aByéd (aß) 2 192 
5541 211 I B yap ay aps 1 384 
3320 6720 I «a BaB ay By (aß); [ap] 4 96 
8311 6621 Ia B È aB apy (aß) ; [8] (y8) 4 96 
8222 2931 I 8 ap «y 28 By By 2 192 
3660 22382 I a aß By ayè [a] (88) 2% 192 - 
8660 38111 B y aB ay ad (By); (88); [a] 12 32 *. 
8822 I a B 8S apy ayè (88) 2 192 
4551 2233 I «a y 8 aß «By (y8) x 192 
4551 2211 I B yay «ð apd 1 384 
5442 2111 I a BaB yè ayd (yò); [a] 4 96 
5442 1131 I a Bad By ayè [æ] (88) 2 192 
3221 4740 311 I B y aB ay ad (By) 2 192 
4740 122 I a Gap ay By (By) 2 192 
5631 212 I « B y af  ayd 1 384 
5631 121 IT «a B S ay apy 1 384 
8220 7620 la B y a@B ay (By); To] 4 96 
3811 6630 I «Bye [a] (yè 2 192 
2022 4641 2333 I a B ye 38 aByd (aß); (ay); (ad) 24 16 
4641 i111 a B y 8 ag yè (a8); («y8 8 48 
4641 1232 I a B 8 ay Byè 2 192 
4641 1212 I a ya By Bè (ay) (88) 2 192— 
2221 4911 I «a By 8 «apy («8); (ay) 6 64 
5640 IB y 8 aB ay (By 2 192 
6531 T a B y ap y (aß) 2 192 
2211 6720 IaBßy 8 aß (aß); (yè) 4 96 
8008 


Four Classes; Seven-fold Statements. 
| Group Conju- 
Letters Distance Basis Type Generators Order gates 


8333 0, 18, 08 T aß ay a By BS yë (aß); (ay); (aS) 24 16 
2, 13, 42 “a B y 8 aß ayd Byè («ß); (yò) 4 96 
3990 a B ya B yd «By (aß); (ay) 6 64 
3,10, 71 I aß ay a By By y 2 192 
3, 12, 83 I B y SaBy aps ayd (By); (88) 6 64 
4881 2222 a B y 8 aB yd aßyð (aß); (ayB8) 8 48 
4881 2223 I æa aß By ay Byè 1 384 
4962 8282 I B Say ad By aßyè (ay) (88) 2 192 
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Four Classes; Seven-fold Statements—(Continued). 


otters Distance Basis 


1332 


3331 


3330 
Bane 


3321 


B222 


3221 
RARR 


4962 
5772 
5772 
5853 
6663 
6663 
3, 13, 32 
4,10, 61 
4, 10, 61 
5871 
5871 
5871 
5871 
5952 
5952 
5952 
5952 
6:62 
762 
"62 
6762 
6762 
4980 
6960 
6,10, 41 
7851 
7851 
7851 
9930 
4,13, 22 
5970 
5,10, 51 
6861 
6861 
6861 
6861 
6942 
6942 
7752 
7752 
7950 
7, 10, 31 
8841 
6960 
6,10, 41 
7851 
8940 
8841 


1331 
Zell 
RRRR 


R211 
1122 


3323 
2212 
1222 
1211 
R212 
2233 
R232 
1232 
1121 
2223 
1121 
1123 
2a11 
1112 
IARR 


112 
TLI 
122 


2239 
2112 
1232 
1111 
1122 
1122 
1211 
1181 


bo g Peg Dag Rang Bang Bag Pg Fong Pag ng Pg O Pag ag Bg BS BB Pag Re g PS R Praag by y Q By By bog QO RB SB RTE R 


R 


R 
À 60 op co DLLN COR 


Generators 


(By) ; (28) 


(a8) ; (yè) 


(aß) (yè) 
(aß) (yè) 
(x8); (y8) 


(By); (B) 
(By) 


(By) 
(a8); (ayB8) 
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Group Conju- 


Order 


4 


OO WD Ai DD ap Et OD DD DD in DD A Ed Hi a mi OD a OD 20 D DD RD Où DO NO RO A Hi A GD W Hi RO BW Ft BW WW WW HW DW H 


gates 
96 
384 
192 
192 
96 
192 
192 
192 
192 
192 
192 
384 
192 
192 
384 
192 
64 
38-4 
38-4 
384 
192 
192 
192 
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Letters 
4444. 


4443 


4442 


44.41 
4440 
4433 


4432 


4431 
4422 


4333 
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Distance 


0, 24, 04 


4, 12, 12, 0 


4, 14, 82 


6, 10, 10, 2 


6, 12, 64 


0, 83 
0, 83 


“OM 


Ne 


4, 62 
0, 82 


Ne Ne Ne 


wa 


2, 61 


Ne wm 


4,72 


u Vs MN 


fed pod bed PPR PL ELEY PEEL PEEL foi PL Hi bd 


Ne 


Où Co Où En Où Où Cr Hi CO O0 OOM OÙ EX O 


0, 92 


Ne 


2 10,0 


12, 40 


Basis 


7662 
4444 


4443 
3333 
3331 
8412 


3421 
4462 
4413 


8320 
6432 
3311 
8333 
3133 
1322 
1422 
3411 
4322 
4411 
4422 
6212 
3412 
4433 
8811 
1322 
4412 
1423 


D222 
8223 
3011 
6311 
4322 
1222 


Fray Ba ay Bay By BR RR BB By yg PRR RRR RR RR AN Bt RYN 


R 
RRDe RARBWBARRRLRRARARR AWA DRL QQRRWBRY DDDRDR VQ RY DDR NN AV DRL ŠL D 


HD DE bor we 223 


QR 


R 


R 


R 


Sot VD DDDDDDDD YY Me DYD VYD: DDN = x DX DUD WX 


Four Classes; Kight-fold Statements. 
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, Four Classes; Eight-fold Statements—Continued). 
Letters Distance Basis Type 


8, 10, 73 4811 I a 8 aw où By È «By 
8, 10, 73 2212 I a y aB a By yd apò 
4332 7,14, 52 I a y aB ay aë By è 
8,11, 81 3111 I B y à af ay a apy 
8, 11,81 1223 I a B y aB ay cù By 
8, 11, 81 4122 I «a B 8 a@B ay By «ay 
9,10, 72 4211 I «a B y ay að By apê 
9,10, 72 4111 I «a B & ay aw By aky 
9,10, 72 4113 I «@ B y æ ay BS ays 
4381 10, 12, 51 I «a B y à ay By aßy 
4322 9,12, 61 I a B 8 aB ay ð By 
4222 10, 12, 60 I a B y à GB ay ð 
3333 6, 12, 10, 0 I B y 8 af ay a By 
6, 14, 62 3311 I y 8 aB ay a By Æ 
6,14, 62 2233 I «a B y à ay aps By 
8, 10, 82 2211 I B y è wy a By ad 
8, 10, 82 R222 I «&« B y è aB y8 aByè 
8, 10, 82 1111 eo B y 8 aB ay è y 
3332 8, 12,71 3111 I B y 8 af ay aù By 
8,12, 71 2122 I a B y 8 ay By ape 
9,11, 62 2111 I a B y à Gy Bd «af 
9,11, 62 1112 I a B 8 aB ay B y 
3331 10, 12, 60 I a B y 8 ap ay By 
3322 10, 11, 61 I a B y 8 GB «y y% 
Four Classes; Eight-fold Statements. 
Distance Generators Group Order Conjugates 
0, 24, 04 (all); [e8]; [ey]; [28] 192 2 
4,12, 12,0 (aß) ; ; (a ad) ; [all] 48 8 
4, 14, 82 (4B) ; (78) ; [78 8 48 
6, 10, 10,2 [ad] (By) ; [By8] 4 96 
6, 12, 64 (a8); (ay); Lays] 12 32 
8884 (By ) ; (a8) ; [all] 32 12 
8884 [a] (aBy8) ; [a] (B8) ; lapy] 16 24 
3, 18, 43 [ay] (ay) : ; [8 By] (By) ; > 6 64 
5,12, 10,1 [By] (By) 2 192 
6,11, 92 2 192 
6, 11, 92 (af) 2 192 
7, 10, 83 1 384. 
6, 12, 10, 0 a8 | (a & 12 32 
D (8y); ke B]( B); [28y] ~ 
8, 10, 82 [By] (By) 3 [a 4 96 
8, 10, 82 (af) ; [ag 4 o 
8, 10, 82 (aß) ; [aby] 4 96 
9, 12, 61 (By); fal (a8) 6 64 
12, 12, 40 (a8); (ay) ; [all] 48 : 
5, 14, 72 1 384 
6, 11, 10, 1 fa | (af) (y8) 2 192 
6,11, 10, 1 [28] (a8) 2 192 
pe (a8) ; La] (78) 4 96 
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Four Classes; Eight-fold Statements—(Continued). 


Distance Generators Group Order Conjugates 
6, 13, 63 (28) ; [aB] (y8) 4 96 
6, 13, 63 (18) ; [a] (ap) 4 96 
6, 13, 63 (18) ; [a8] (a) 4 96 
7, 10, 92 1 384 
7, 10, 92 [a] (yè) 2 192 
7,10, 92 [81 (y5) 2 192 
3983 (aB) (yò) ; [a8] (aB) 4 96 
8983 (af) (y8) ; [aB] (8) 4 96 
8983 1 384 
7,12, 81 [28] (<8) 2 192 
7,12, 81 [a8] (a8) 8 192 
8, 11,72 1 384 
8, 11, 72 1 384 
8, 11, 72 (aß) 2 192 
8, 11, 72 [x8] («8) 8 192 
10, 11,61 aß) À 192 
8, 12, 80 (28) ; [a] (y8) ; [a8] 8 48 
8, 14, 42 (aB) ; (yò) ; fap] 8 48 
10, 10, 62 (aß) (y8) ; [8] 4 96 
4, 18, 83 By); (y8) 6 64 
6, 12, 91 (8y); (x8) 6 64 
6, 12, 91 1 384 
7, 11, 82 1 384 
7, 11, 82 (yò) 8 192 
7,11, 82 1 384 
7, 11, 82 (By) 2 192 
8, 10, 73 1 384 
8, 10, 73 (a8) 2 192 
7, 14, 52 1 384 
8,11, 81 « (By) 2 192 
8, 11, 81 (By) 2 192 
8, 11,81 1 384 
9, 10, 72 1 384 
9,10, 72 [a] (By) 2 192 
9, 10, 72 [a] (By) 8 192 
10, 12, 51 (aß) 2 192 
9, 12, 61 1 384 
10, 12, 60 (85) ; (yè); [a] 12 32 
6,12, 10, 0 (By) ; (yè) 6 64 
6, 14, 62 (aß); (y8) 4. 96 
6, 14, 62 (xy); (88) 4 96 
8, 10, 82 I 384 
8, 10, 82 (28) ; (ayB8) 8 48 
8, 10, 82 (a8) ; (æydB) 8 48 
8, 12, 71 (By) 2 192 
8, 12,71 (aß) 2 192 
9, 11, 62 (88) 2 192 
9, 11, 62 . (aà) 2 192 
10, 12, 60 (aß); (ay) 6 64 
10, 11,61 ay) (Bs 2 192 


* A Memoir on the Invariants of Biternary 
Quantics. 
By O. E. GLENN. 


An object of this paper is to apply transvection ł as the fundamental 
process in methods which may be employed, in the case of any connex 
f—a,”a,", to find the complete system of invariant formations. The results 
possess, for this object, a generality not before attained. Use is made of 
analogies with methods current in the binary field, for instance a new result 
reached is a theory of constant symbolical moduli for biternary forms. The 
applications treated relate to the system of a2’a,. The system of az%, is well 
known.{ By a process of investigation from one degree to the next higher 
we obtain the complete system of 32 concomitants of az’a, of the first three 
degrees. Maisano gave,§ quite analogously, the complete system of the first 
five degrees of the ternary quartic. Another result reached is a system of 90 
concomitants of a,?¢, which is relatively finite and complete with regard to 
a set of symbolical moduli. This result is comparable, in principle, with E. 
Noether’s system || for the ternary quartic, which is also relatively finite and 
complete with respect to a set of moduli. We also obtain a formulary and 
theory which constitute a noteworthy generalization of the reducing series 
known in the binary theory as Gordan’s series.{ 


1. Introduction. A biternary transvectant T of two forms, 


D = Gros" * * AraliuGon * * Sens 


y= bisbat °° bozBiuBou (i Bous 


is characterized by four indices 1, 7, k, l, and is the result of an analytical 
operation consisting of multiple polarization. The definitions formulated 


* Presented to the American Mathematical Society, May and September, 1926. 

} Gordan, Journal für Mathematik, Vol. 69 (1868), p. 323; Cayley, Mathematical 
Papers, Vol. 7, p. 348; Isserlis, American Journal of Mathematics, Vol. 45 (1923), 
p. 04. 

+ Clebsch and Gordan, Mathematische Annalen, Vol. 1 (1869), p. 359; Clebsch, 
Vorlesungen über Geometrie, 1 Aufl., p. 942. 

§ Giornali di Battaglini, Vol. 19 (1881), p. 198. 

[| Journal für Mathematik, Vol. 134 (1908), p. 23. 

T Mathematische Annalen, Vol. 5 (1872), p. 95; Grace and Young, Algebra of 
Invariants, lst Ed. (1903), p. 56. 
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from this initial point of view are to be found in a previous paper by the 
present writer.* An equivalent definition is the following: Given two 
forms, oe y 
b= Og" Qu, Y= ba? Bu’, 
then, by definition,t 
T 2i (p, W) [ijkl] z= aptba* (abu) j (aBx) i agt TI Dal TR Gus RIRE, 

and we have, necessarily, 
(1) itjSr k+iSs, itlSo, j+khSp. 
The integer g =r +s- p+o, which is the sum of the order and the class 
of the product $y, is called the grade of T. 

Accordingly a transvectant T is a polynomial in expressions formed by 


means of seven types of factors, viz., dz, Zu, da, (abe), (aBy), (abu), (aB2), 
types which can be produced within a single form (connex) 


C= Adie * © * Mrazu’ ° * Osu 


by use of three operations of convolution, thus, 


Cı == A (Got) dee "radin * "sus 
0, = A (18T ) O10 * © * GraQau ” * Asus 
C: = Atia fer °° t Argau’ * * Keue 


For example the factor (a:4:a:) is obtained from C, followed by the type Cs, 
after writing (a,a2u) == (@@2)y. The result of applying, to C, £ convolutions 
of the first type (C1), n of the second and 6 of the third will be designated 
in this paper by, a 

(2) bn 8/0. 


2. The definitive process of construction. The theory of ternary trans- 
vection was treated, in its relation to simultaneous systems, in two previous 
papers by the present author. The system of the pair | n°, 4.4, and that of 
the pair § dr%u, PeO. were found. That transvection is a definitive process 
for the generation of all concomitants of a single connex is a result of the 
following: 


* Transactions of the American Mathematical Society, Vol. 17 (1916), p. 405. 

t In previous papers this formula was written (+, y)i?. Cf. This JOURNAL, Vol. 
48, p. 45. 

t Transactions of the American Mathematical Society, loc. cit., p. 412. 

§ American Journal of Mathematics, Vol. 48 (1926), pp. 45 to 56. 


GLENN: A Memoir on the Invariants of Bilernary Quantics. 211 


+ Turorem. Every monomial mized concomitant t of a Conner p = dz"ay", 
(including invariants and covariants as special cases), is a term of a trans- 
vectant T = (P,Q) [ijkl], where P = aa" Pay"? and Q is a monomial con- 
comitant of a degree (in the coefficients of p) one less than the degree of t. 


The most general form of ¢, omitting numerical factors, may be written 
in three parts, 


== Pasta X (abc) Maglib, (ay) UW (abu) (abr) 
«FC, 6" = 8,45" * *); 


in which a If function represents the product of all factors in ¢ of the indi- 
cated type and the symbols are equivalent according to the rule a;’"a," == 
be” Bu” =: +. The first part contains those factors of ¢ that involve a or g 
with no other symbols, the second part contains all symbolic factors that in- 
volve either a or « with any of b, ¢,: +--+, B,y,°° +, and F includes all factors 
that do not contain a or &. 

In the second part of £ we are to replace a by u and @ by æ but for prac- 
tical reasons it is desirable first to replace a by v and æ by y where v is co- 
gredient to u and y is cogredient to x, obtaining a preliminary form, 


ben == lalau” X (bev) pHo, I ( Byy) MW (buv) (Bry) 
LCD PS Be) 


As is well known,” (buv) == bz, (Bzy) = Bu. Suppose that the number of 
factors (bev), Be in ta; is 4, that there are 7 factors (buv), k of the types 
(Byy), by and ? of the type (Bry). Then ¢ js a term of 


T, == (P, O (bcu); Gube W(Byx) UebslloBuF (B, €," 3 By, A [ijkl]. 


Note that the first product of factors Bu, i. e. 1,81, was derived from IIIf, 
while the second product ILB, was derived from Il(Bary): Likewise in the 
case of Ibz, Iob. The theorem is proved. 

We refer to the process which produces tı) from ¢ as contraction with 
regard to aa," or with reference to the pair of symbols (a, a). 

In the analogous manner we may contract any monomial with regard to 
any set of symbolic pairs, {(a,«), (b, B), : °°}, which are involved in it. 

The sum of the numerical coefficients in any T is unity and it follows 
from theorems in my former paper (Transactions of the American Mathe- 
matical Society), quoted above, that, if ¢ is a term of T, the difference t — T 
equals a linear combination of terms each of which is a term of a transvectant 


* Grace and Young, loc. cit., p. 258. 
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of grade < g whose two forms are forms derived by convolution from ¢ and y» 
respectively. If% is a term of t— T and if ¢’ is a term of T’, we have, 


(3) t= T4 Sof = T+ Yel’ LS de’, 


{’’ being a term of a transvectant of grade less than that of 7’. Since the 
grade can be reduced only a finite number of times the arbitrary monomial à 
is ultimately expressed as a linear combination of transvectants. Hence, 


THEOREM. By the operation of transvection we can generate all inva- 
riant formations in the system of a connec. 


3. Inductwe procedure relating to the degrees. One method of pro- 
cedure, if the problem is to find a fundamental system of 4—a,"a,", is to 
construct an irreducible set, containing the maximum number, of degrees 
= d — 1 and proceed by induction to the construction of a complete set of 
irreducible forms of degree d. This induction starts with the following com- 
plete set of degree one, (n = m): 


(4) Pp = lalag Pay" P, (p= Dies n). 
Let the maximal set of degrees = d— 1 be, 


Yis Yes °° 7, Ye 


Any form of degree d is a linear combination of monomials ¢ and hence of 
transvectants, 
Ti (dp, G) [ijkl], 

and G, being of degree d — 1, is a polynomial in y’ ', Ye 

It has been shown that if [iskt] = [m + q, n+ r, o-s, p+ t] and 
$ = AB, y = CD, all factors being equal to non-symbolical quanties, while 
(4, C) [mnop], (B, D) [grst] exist and are not zero, T= (¢, y) [tikl] is reduc- 
ible (Transactions of the American Mathematical Society, loc. cit., p. 409). 

Now the transvectant (p, G) [ijkl] is a linear combination of the trans- 
vectants, of the same matrix, of d, and the various terms of G. Hence we 
have only to find the transvectants of the formula, 


Ti = (dp; yry” >. » œ ys”) [2341], 


which are not reducible by the process of separation just described. It is 
known that the number of these in any case is finite. Hence when these are 
found the induction will be complete. 

In $ 7 of this paper this method is applied to the special orders (2,1). 
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_ 4. Biternary reducing series. Previous writers have considered forms 
of generalization * of the finite series of Gordan which expresses a doubly 
binary quantic as a power series in the determinant (ty). A modification of 
this series reduces it to a linear relation between transvectants { of the type 
(f, (g,h)"}® and this form of the series may be effectively generalized for 
biternary transvectants T. The method leads to a very general reducing series 
by means of which reducible biternary transvectants of forms of numerical 
orders (m,n) may be reduced by substitutions in a formula. The method 
of proof of the series is also of an inductive nature such that it applies to the 
direct construction of the special forms of the reducing series which are re- 
quired in order to reduce special transvectants. We therefore also arrive at an 
important practical process of performing reductions. We treat two cases of 
some complexity in full. 
Let 
f = dg?ty = ba’ Bus J = lalo = bpbz. 
Then, 
(f, f) [0110] == (bcu) cgbayu. 

Consider the form, 

T = (g, (f, f) [0110] ) [1000]. 


It has the term t = 8acg(abc)yube. But this is also a term of f 


S = — (f, (g. f) [0100] ) [1010]. 


Successive use of the theorem on the difference between a transvectant and one 
of its terms will give, therefore, an equalitÿ between two finite series whose 
terms are transvectants, and each series is equal to #. Thus, (cf. (3)), 


pl + pls + + + pole = QS + ga ++ * + git. 


The order of arrangement of the quantics g, f, f in any T; is the same as in T 
and the order in any S; is the same as in S. To derive this series we have 


(5) T == (date, Cabcyu(bew) ) [1000] = 4{¢ + agcgaybe(bcu) }. 
T — t = hagcgba{ (be) wya —(0C) ayu} = ddacgba({(be)y}ua) = ds. 


* Study, Methoden zur Theorie der terndéren Formen (1889), p. 54; Capelli, Giornalé 
di Battaglini, Vol. 18 (1880), p. 17; E. Noether, Journal fiir Mathematik, Vol. 134 
(1908), p. 29. 

+ Grace and Young, loc. cit., p. 58. 

$ Contract ¢ with regard to 6,78... 
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Now s is a term of 


Ti = (data, Cpba({be}yx) ) [0100] = 44s + aacg (abu) ({bc} yx) }, 
and 


Tı — $ = $ (date, (b{ (be) y}u) cp) [1000 Jus + $ (date, ({ (bc) y}bu) eg) [0000] 
== AT ote + 473. 


We obtain, likewise, from S, 


S == (ba Bu, daCryu(cau) ) [1010] — 4{t + agegb,be (can) }. 
S—t = faacpba{ (60) wyo —(ca)vyu} = ddacpba({ (ca) y}ub) = gr. 


Also r is a term of 
Si = (Da Bus dala ({ca}yx) ) [0110] = 3{r + aba ({ca}yp) (beu) }, 
as is shown by contracting r with regard to b.?B4 Hence, 


Si— T = }dabe{ ({ca}y) a(bcw) — cg(b{(ca)y}u) } 
= ddabe{ ({ (ca) y}bc)ug + ({(ca) y}cu) bg} 
= 4 (b° Bu, da(e{ (ca) y}w) ) [1000] + 4 (bebe, aa({ (ca) y}eu) ) [0000] 
= 48. + 45s. 


Equating the value of ¢ given by the formulas relating to T to the value of ¢ 
obtained from S we get the reducing sequence * for T, S, viz., 


(6) T — IT, + 47. + 473 = S— 48, + 48. + 183. 


The analogy with Gordan’s series may be emphasized by writing, according to 
the general theory, the second form in each transvectant T; as a result of 
applying convolutions to (f,f) [0110] and the second form in each S; as a 
convolution from (g,f)[0100], under the notation (2). It will be under- 
stood that the &, in £76/C,, produces only factors of the type (abu) and the 7, 
factors of the type (#82) only. Our series may then be written, 


(g, (f, F) [0110] ) [1000] — 3(g, 010/(f, f) [0110] ) [0100] 
+ £(g, 110/(f, f) [0110] ) [1000] ue 
+ £(g, 110/(f, f) [0110] ) [0000] 
= — (f, (g, f) [0100] ) [1010] + 3(f, 010/(g, f) [0100] ) [0110] 
— 2(f, 110/(g, f) [0100] ) [1000] 
— }(001/f, 110/(g, f) [0100] ) [0000]. 


The notation used in this form of the series (only) is indefinite since if a 








# Stroh, Mathematische Annalen, Vol. 31 (1888), p. 444. 
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Symbolical product C involves a large number of factors of the various types 
there will be several ways of forming the convolutions represented by £00/C 
for instance. For this reason we shall usually represent the forms in the 
transvectants by their actual expressions as symbolical products (cf. (5)). 

The degree of complexity to be anticipated in a reducing series is illus- 
trated better by the following instance: 


f= ake Pa pares ba? Bu?, J = Agha, = baobabu, 
(f, F) [1101] = ag&ube (aßx) (abu). 
The transvectant, 


T = (g, (f, F) [1101] ) [0110] = (¢ycoya, g&ubs(aßr) (abu) ) [0110], 


has the term, 
t == agyu (aBy) (abu) (chu). 


By contraction with regard to &z°@4„” it is shown that ¢ is also a term of 


S = — (f, (g, F) [0101] ) [1110] = (aa°an, CyBuba (Bys) (cbu) ) [1110]. 


The series headed by T and S respectively are calculated by the methods shown 
in the previous problem. There are 17 terms in the resulting series, as follows: 


(CyCayus Aptn(abu) (48x) be) [0110] —4(cycayu, agu (abu) ( {a8 }bw) ) [1000] 
+ 2(¢y’, agau (abu) ({a8}bw) ) [0000] — % (cycoyu agba (abu) (a Bx) ) [0100] 
+ Y (CyCayu, Uptubs ({%B}ab) ) [0100] 
= (s&u, CyBuba(cbu) (Byz) ) [1110] — Lara, cybo(Byx) ({be} Bx) ) [0210] 

+ Y (aaau, cy( {be} Be) ({By}bu) ) [1100] + % (datetny Cbs ({ (be) B} (By)w)) [C1 0 
+ 76 (Gran, Cyba( (By) { (be) pyu) ) [1100] — $(datatu, CyBu( bow) ({By}bu) ) [1000 
+ % (Aattu, Cy (b{By}u) ({be} Bx) ) [0100] 

+ Ye (Gate%u; Cy(bew) (B{ (By) b}a) ) [0109] 
— (ar an, CyBu (ebu) ({By}bu) ) [2000] 

+ 2 (ts tu", OyBu({ (By) b} (cb) x) ) [1109] 

+ A2 (talasu, CyBu( (be) { (By) b}x) ) [0100] 

+ Y o (ao, Cy (edu) ({ (By) b} 8x) ) [1100]. 


5. The general series. The series developed in the preceding section are 
special cases of something very general to which attention may now be given. 
Consider three connexes, 


f = deen", G= balha, h = Ca yu". 
The arbitrary transvectant of f and g is a monomial, 


(f, g) [ight] = agta (abu)! (apx) tabanda But, 
¿E= m—i— j, y=p—j—k, @=n—k—l, = y—i—l, 
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Suppose that p, q, r, s are fixed chosen integers which satisfy the conditions, , 


(cf. (1)), 
PrsSirers, GtrSl+it+tyn p+gEÆo r+ssSr, 


and consider any set of solutions of the linear diophantine equations, 


(1%) otostos=p, S1 + s:t s= g 
t, Hilo + h =r, Ti F Ta F Tg =S. 


Under these conditions, Z being numerical, 


(8) T = (h, (f, g) Lijkt] ) [pars] 
== S, Zaga (abc) Ceg (cfaß}u)(cau) (chu) % 
X (y{ab}a) (yar) (ype) (aBy) yayo (abu) r 


x (aBz) i-Sy-ty ays 82 ts bgt ea tag, 9-09-72 Byki os Ts Ca P ayy TTE, 


The terms of this summation are given by the totality of solutions in integers 
of the equations (7). For the term ¢ from which we may develop a reducing 
series, we select the above summand, with s, == rı == 0, and contract ¢ with 
regard to a"æs". Hence, 


la = Botby (ben) are (euv)® (yy) (By) yo 
XxX (buv) į- ( Bzy) l-t; (— 1) 82+Ta Pe zh Sr tagy -ITa 
F = Cg ( chu) 8a (y Bx) Ts-yyis b gt beta Buts Ts Cat Pty yt TE | 


Therefore the term ¢ of T is also a term of the transvectant, 


(9) S== (f, (—1)'(h, g) Los, Ss + ci tss Ts + t] ) 
X [t + or + ta 7 + s2 — oi k +4 + 02,1 -H rec til, 
(E= c -+ t + 82 + Te). 


Also since 
(h, (F; g) legket]) [pars] = (— 1) (h, (g, F) [kj] ) [pars], 
t is a term of 
(10) R = (g, (— 1) (h, F) [oa 83 + 01, tas Ta + ta]) 
X LE où + taj + 82 — out + tit oyl Era]. 


Applying the methods of section 4, which were based on the theorem on the 
difference between a transvectant and one of its terms, we can immediately 
assert that the following reducing series exist, T, A, E being rational numbers: 


(11) T+ ZE (00a/h, bed/(f, g) [ight] ) [piqarsss]ua™ 
== D js > A (00a/f; By8/(h, (= 1)*9) Los, Sg + Tis las Ta Fp t] ) [P2921282] Ug? 
= R + ZT (008/g, wr/(h, (—1)E IF) Los, S8 + or ts, Ta + t1] ) [Psdaress ] Ua 


+ 
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These are finite series of multiple entry (cf. (6)), arranged according 
to descending grades of the transvectants. Every transvectant in a series is 
of lower grade than the one which forms the leading term of that series. 

Let the grades of T, 8, R be r, o, p, respectively. We refer to the set 
(T, 8, E), with its grade numeral (r, s, p), as a reducing triad. 

By analogous reasoning if we contract a monomial é of degree v in the 
coefficients of » forms fı, © > +, fp, with regard to the symbolical letters which 
appertain to those respective forms, we obtain a reducing v-ad of transvectants 
(T,,:-°, Ty), whose grade numeral is of the form (71, * °°, ty). 

When we come to the applications of these series to the problem of 
reducing transvectants, where f == g = h = a"au", not more than one form of 
each reducing triad need be retained as irreducible, since every transvectant 
of the first summation is of grade lower than T and every transvectant in the 
second summation is of lower grade than S and the series is finite. 

If we define the index * of (P, Q) [ijkl] us” to be the number, 


e = Zi + j+ 2k + 1—2m, 


the terms of the sequences can be arranged according to both decreasing grade 
and decreasing index. The difference between a transvectant and one of its 
terms is exclusively a sum of terms of transvectants of both lower grade and 
lower index. 


6. Reduction of ordered sets. The transvectants of a given degree de- 
rived from a Connex aa,” can be arranged as a linear aggregate, 


(12) DL a Sad oe eT T= (>i), 


in which the grade of T; is = the grade of T;. In searching for the irre- 
ducible transvectants we examine each term of (12) beginning with T, testing 
the cases, in order, for reducibility by separation, by identities, ete. If T; 
is a transvectant T and S precedes T in (12) or is reducible in terms of those 
which precede or possesses a term which is so reducible, then T, is reduced. 
In any event not more than one transvectant of the triad (T,8,#) need be 
retained. The number of irreducible cases for a given degree will be finite. 


7. Fundamental system of concomitants of asa, of the first three 
degrees. The list (4) for this quantic is f == @g°@u, g = date. 


* Transactions of the American Mathematical Society, loc. cit., p. 409. In the 
formula for e 22 represents the number by which the grade of PQ is reduced by ¢ 
convolutions. The other terms of e have like interpretations when we attach to u, 
the property of an operator which raises the grade by 2. 
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The transvectants of degree 2 are all monomials. 
reducible by separation are arranged as an ordered set in the following table 


=, 
(to be read by rows): 
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Those which are not + 


(g, g) [0100] = aabg(abu), (g,f) [1000] = agagba’, (g, f} [0100] = aa (abu) Buda, 

(f, f) [1000] = agauteba”, (f, f) [0100] = (abu) &ußuazbz, (f, f) [0200] = (abu)’&ußu, 
(f: f) [1100] = ag(abu) aube, (F, F) [0010] = baßultz dr, (F, F) [0001] = (aBx)az*b.’, 

(F, f) [1010] = agbatzbs, (f, f) [0101] = (abu) (aBr)azbz, (f, f) [0201] — (abu)? (aße), 
(F, f) [0110] = ba (abu) Buas, (f, f) [1110] — agba (abu). 


Referring to these quantics by their numbers in the set we note that a change 


of sign occurs in (1), (5), (9), (12), 


(14) when the pairs (a, æ), (b, 8) are 


interchanged. Hence these forms vanish. Likewise (8)—(4), (13)=(7). 


We have 
Qa ag hz 
(18) (Ff) [0101] = |b, bp bs 
Qu Bu Uz 








Hence (11) is reducible. 


Orde = Guy + 2(4) — fg — (10) uz 


There remain six concomitants, (2), (3), (4), (6), 


(7), (10), for which we use the notation, A, B, C, D, E, F. 
The next table contains the ordered set of non-separable transvectants of 


degree 3. 


To obtain their explicit symbolical expressions we represent the 


first quantic in each as f = Cz°yu Or g = CyCz, and the second quantic in the 
form given in the above list for the degree 2. In accordance with the theory 
it is sufficient in most developments to write one term only of each trans- 


vectant. Thus, (f, F) [0110] = agayba(cbu) ce. 


(g, A) [0100], (g, F) [0100], (g, B) [0100], 
(g. C) [0100], (g, C) [1000], (g, D) [1000], 
(f, A) [0200], (f, A) [0010], (f, 4) [0110], 
(f, F) [0110], (f, B) [0010], (f, B) [1010], 
(f. B) [0101], (f, B) [1101], (f, B) [1000], 
(f,#) [0001], (f, #) [1001], (f, Æ) [0101], 
(f, #) [2010], (f. E) [1000], (f, #) [2000], 
(f, C) [0001], (f, C) [0101], (f, C) [0201], 
(7, C) [1110], (F, C) [0210], (f, C) [1000], 
(7, D) [1000], (F, D) [2000], (f, D) [0001], 
(f, f?) [1101], (f, f) [2000], 


(f, P”) [2010], 


(g, B) [1000], (g, E) [0100], (g, E) [1000], 
(f, 9?) [0200], (F, g°) [0110], (f, A) [0100], 
(f, F) [0100], (f, F) [0200], (f, F) [0010], 
(f, B) [2010], (f, B) [0001], (f, B) [1001], 
(f, B) [2000], (f, B) [1100], (f, B) [0100], 
(f, E) [2101], (f, Æ) [0010], (f, Æ) [1010], 
(f, E) [0100], (f, E) [1100], (f, gf) [0210], 
(f. C) [0010], (f, C) [1010], (f, C) [0110], 
(f, C) [1100], (f, C) [0100], (f, C) [0200], 
(7, D) [1 0011, (f,D) [2001], (f, f”) [1001], 
(f, F>) [0210]. 


ary ta 


The actual operation of reducing series in the problem of the discovery 
of all reducible transvectants in this set will now be shown in detail in a score 


of cases. 


The series (6), of which (11) is the general expression, give all 


uv 
ee ses ee Ceo: a mamen —— ++ 
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reductions in this problem, including those types for which Clebsch and Gor- 
dan employed a special identity. The number of irreducible transvectants 
is 24. These are collected, finally, in explicit symbolical form, in a separate 
list, one term, only, of each transvectant being written. 

(a) Consider the case, 


S = (f,— B) [1010] = —(f, (g, f) [0100] ) [1010] = ageg(abe) yubs. 
Contracting ¢ with regard to az"a, we find it to be a term, also, of 
T = (g, — E) [1000] = —(g, (f, f) [1100] ) [1000]. 


Likewise ¢ is a term of (f, B)[2000] — À on the basis of contraction with 
regard to ¢z"yu. The first series of (11) is that given in (6). The reducing 
triad is 

(14) {T, 8, R}, 


with the grade numeral (4,6,6). Hence S, À are reducible in terms of T 
and other transvectants, Ti, Te, Te, 81, So ° * * of grade < 6: The calculation 
does not reduce T, in fact it is ultimately retained in the irreducible system. 

The transvectants of the aggregate being ordered it is unnecessary to 
compute each reducing sequence in the explicit form (6). It is sufficient to 
determine the reducing triad by contraction except in some cases where one 
or more members of the triad vanish identically and in certain other cases 
where the methods are augmented by special processes. 


(b) (g,#) [0100] = age,(abu) (chu)ay,. + Contraction with regard to az’, 
and bs’ßu, respectively, gives the reducing triad, 


{(g, Æ) [0100], (f. B) [1100], (f, fg) [0210] }, 


for which the grade numeral is (4,6,7). The first form is not reduced but 
when the grades 6, 7 are reached in the problem of the discovery of the irre- 
ducible transvectants of the aggregate the other two forms of the triad are 
reduced in terms of (g, #)[0100] and other transvectants of grade less than 
that of the transvectant considered. 


(c) (f,A)[0200] = aag(chu)*ys The reducing triad is 
{(f, A) [0200], (g, D) [1000], (f, fg) [0210] }, 


with the grade numeral (5,5,7). We retain the second transvectant. In- 
stead, we could retain the first. 
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(d) (f,4) [0100] == a.ag(chu)yubecs. Contracting with reference to aa. 
we find 
S = (dads, (chu) BuyubzCe) [1000] — 0. 


The reducing triad is 


{(f, 4) [0100], 0, —(f fg) [0110]}, 
with the grade numeral (5,6,7). We resort to a special process. Since, 
D = 3{da(acb ) Buyubace + t + May (cbt) Bubsca}, 
in which the first term is zero, there results 
S — t = Qa (cbu) ({yB}auv) bete. 
Contracting the latter with regard to az’?a, it is found to be a term of 
(Gade, (By) (bcw) bez) [0100] = (g, gus + 20 — 2gf — Fus) [0100]. 


Now (g,C)[0100], of grade 5, is one of the forms retained as irreducible 
while (g,g°)[0100], (g, gf) [0100], (g,#)[0100] are lower forms in the 
problem of the grade 5. Hence ¢ is reduced. No form is retained from the 
reducing triad. 


(e) (f,#) [0110] = aga,ba(cbu)cz The reducing triad is 
(CF F) [0110], (f, (cebu) Buyubece) [2010], —(f, C) [1110] }, 


for which the grade number is (5,8,7). The second form is zero but the 
interval from 5 to 8 for the grades is too large for successful use of the method 
employed in (d). The first form is retained and the last one is reduced. 


(£) (f, #) [2010] = asbyca(abc). This transvectant is reproduced by con- 
traction in any one of the three possible ways. Hence the three reducing 
series (11) are identical and there is no reduction. In fact this is the only 
pure invariant * of degree 3 and the invariant of lowest degree of f. 


(g) (f,#) [1101] = ag(abc) (yar) (chu). We find the reducing triad, 
(fF) [1101], (f, —D) [2001], (f,0)[1110]}, 
with the grade numeral (6,7,7). The first form is not reduced by this. 


Expansion gives 


* There is an invariant of degree 6, (dea) (def) o,¢,a5b b rfg 
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Oey lg x 
Oye Ca Cz 


(chu) ag == ag(chu)a,bacs + ag(cbu) bycade 


+ ag(chu)cyaaba — ag (chu) Cybade — dp(cbu) ayCabs —ag(cbu) by Gate 


By contraction we find these six monomials to be terms of the respective trans- 


vectants, 


$ 


(f, F) [0110], (f, E) [1010], (g, B) [1000], 
(g, F) 10100], (f, F) [0110], (g, #) [1000]. 


These are all of grade < 6 excepting the second and, since it is of grade 6 
and is one of the forms retained as irreducible, (f, E) [1101] and, therefore, 
each form of the reducing triad, is reduced. 

The calculations which were necessary for the preparation of the follow- 
ing table,” involved the reduction of over fifty transvectants. 


TABLE I. 
The Complete System of f of the First Three Degrees. 


Degree 1. 


f ca he On, gJ == Aga 


Degree 2. 
(g. F) [1000] = agagbe”, (g, F) [0100] = aa (abu) Bubo 
(F, f) [1000] = agautrbr?, (f, F) [0200] = (abu) dußu 
(f, f) [1100] m ag(abu) aude, (fe f) [1010] ds apbet2bo 


Degree 3. 


(g, A) [0100] = agage,(cbu) ba, 

(g, B) [0100] = aacy (abu) (chu) Bu, 
(g, E) [1000] = apCaCy (abu) dz, 

(g, D) [1000] = cacy (abu) Bu, 

(f, F) [0100] = agba (cbt) yutece, 
(f, F) [0010] — Apdybabsly’, 

(f, #) [0001] — ag(abu) (yar) bas”, 
(f, #) [1010] = agb.,c, (abu) co, 

(f, #) [1000] = ag(abc) auyubsce, 
(f, E) [1100] = ageg (abu) (cbu) yu, 
(f, C) [0010] = agayauba?¢2?, 

(F, C) [0200] = ap (chu)? &uyuts, 


(g, F) [0100] == agbacy (cau) bz 

(g, E) [0100] == age, (abu) (chu) ay 
(g, C) [0100] == age, (caw) ayb2? 

(f A) [0010] aü OgApbybetn” 

(f, F) [0200] == agba (cau) (chu) ys 
(f, F) [0110] == aga,ba(cbu) cz 
(fF, E) [0010] == agb, (abu) ante” 

(f, E) [2010} == agbyca (abc) 

(f, E) [0100] == ag(abu) (chu) euyuts 
(f, C) [0001] == ag( yar) d2be*c2” 
(f, C) [0100] == ag(caw) &uyubz Co 
(F, D) [2000] == (abc)? &ußuyu 


“The form w, of zero degree belongs to the list. 
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8. Theory of symbolic moduli. Simplification and further condensa-, 
tion of notations in connection with the processes which relate to the dis- 
covery of complete systems is attained by means of a theory of moduli. 


Definitions. If a system (A) of connexes is finite and complete and 
(B) is finite and complete then the system (C) which consists of all terms 
of all transvectants, (A, B){[1jki] is also finite and complete (Transactions of 
the American Mathematical Society, loc. cit., 411). 


A system such as (C) is said to be relatively finite with respect to a set 
of constant symbolic moduli ag, daag, (abc), + ° +, when every form of (C) 
is expressible as a polynomial in a finite set of forms (C) together with forms 
which contain at least one of the moduli as a factor. 

A multiple convolution in a product N of powers of forms (A) may be a 
polynomial. We express this by /N—%//N and each form //N may be 
obtained singly by the properly chosen convolution £78/N. 

A system, as (C), is said to be relatively complete with regard to a set of 
moduli when every form //N obtained by convolution from a product of 
forms (C) is a polynomial in forms (C) together with terms containing a 
modulus as a factor. 


Special Lemma 1. The two forms f = aga, D = (abu)*auBu, of Table 
I constitute a system which is relatively finite and complete modulis aa, by, 
(abc)?. 


Since the forms are finite in number we need only to investigate the 
forms obtainable by the processes of convolution between products. 

No process of convolution is applicable to g. From Daf" we obtain only 
expressions Deft modulis aq, ag, (abc), (aBy), as is evident from Table I 
together with the following considerations relating to convolutions from D4. 
From D alone we obtain, 


010/D = (abu)? («Br) = 0, 
010/D = (abu) ({ab} ar) Bu = (abu) ({ad} Br) a, = B+ E, 
020/D = ({ab}axr) ({ab} Br) = 2A — g — F. 
(D, D) [0001] == £ (abu) (oy) P + dS({ab}rz)Q, (r= (cd), y or à). 


All terms of both summations contain factors @a, by or ar. 

We next prove that (abc) is a reducible modulus, that is, any monomial 
which contains it can be transformed into a linear expression in monomials 
each containing a factor 4, or by or (abe)?. 
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.  Ifany monomial t = (abc) P be contracted with regard to the three pairs 
(a,«), (b, 8), (c, y) it is seen to be a term of, 


T = (/Q, R) [ijkl], 


where R does not contain the symbols of these pairs and Q is the leader of 
the form-sequence * which appertains to (abc), viz., Q = (abc) acbscstuBuys 
= ©. Hence ‘ 


(15) t = ZI(/0Q, /R) [ijkl |ua”, 

I being numerical. All transvectants of the summation in which no actual 
convolution occurs in Q vanish. All convolutions in Q result in factors 
Qa, by excepting G == (abc)*a,Buy, and three instances equivalent, by inter- 
changes of symbols, to 

But, 


H — ca (abu)? Buyule == Qa (abu) (beu) Buyucz — ba (abu) (acu) Buyucz. 
A like argument deletes the factor (aßy) from the modular system. The 


lemma is proved. 


COROLLARY. A monomial which contains a factor a,{abc) can be trans- 
formed into a sum each term of which contains a constant composed of two 
factors chosen from the types đa, Oy. 


Special Lemma 2. The quantics 
J = Qals, C = Opteba*tu, H = ag(abt)aubs, G = (abc)*auBuyn, 


each containing one and only one of the moduli ag, by, (abc)* as a factor, 
constitute a system which is relatively finite and complete modulis: 


(S): Gag, Agba, daby, agcs, dabg, ag({cde)*, (abc)*(def)?. 


To prove this it is only necessary to identify the results of convolution 
in the list which follows, from which convolutions which vanish identically 
have been omitted. Any convolution in gG contains daag. A convolution in 
any product of powers of g, C, E, G, other than gG, contains one of the last 
five moduli as a factor. 


100/C == ag(abu) dubs == E, 001/0 = apboardz = F, 


(16) 
001/0 == dgagba” = A, 110/0 = 010/E = ag( {ab} ar) bg = A — F. 


* Cf. § 9. 
5 
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9. The modular form-sequence (Formenreihe, Noether). A quantic 
which has a given constant symbolic factor, for example P == aby (abu) Buta”, 
is a member of a sequence of forms which are obtainable from a given one 
of the sequence, called the leading form, and which all have this same constant 
as their only constant factor. We use only outer indices 7, / of the matrix 
[tikl] in constructing a form-sequence and omit convolutions which would 
bring an additional constant factor into a form. The form-sequence of which 
P is a term is, 


(17) L == tabytebrla*Bu, P, Qaby (OCU) BuboCo, Qaby (BCU) Butea, 
Qaby (acu) (beu) Bu 


The form ab({ab}Bæ)cs?, for instance, is not included since it equals 
Agbyapgbole” oe gdb Barr". 

The rank of a modulus. The factors of a modulus are of three types, 
ar, (abc), (aBy). However it is usual to write (abc) = atc) = as, (aBy)= tas 
thus reducing all types to one. The number of factors of the type as in a 
modulus, 

M == as9bi%" * Ne’, 


is the rank of M. Thus the modular systems used in the special lemmas 1, 2 
are not homogeneous in rank. 


General Lemma. If a finite system (A) of connexes, Ai, Ao, - * +, all 
of which are concomitants of f == ac™a,", includes f and 1s relatively complete 
for a set (G) of constant symbolic moduli, Gi, Go,- * +, and if, also a finite 
system (B) of connexes By, Bz, “+ - ; concomitants of f, is relatwely complete 
for a set (T) of moduli T,, Te, -© <, and contains the leading form of the 
form-sequence whose quantics have as their only constant symbolic factor the 
modulus G;, for each case 1==1, 2, : > +, then the system (C) derived by 
transvection from (A) and (B) is relatively finite and complete, modulo (T). 


The proof is in two parts. 


Proposition I. If //P is an expression derived by convolution from a 
power P of f, any term ¢ of o = (//P, B) [ijkl] can be expressed (mod (T)) 
as an aggregate of transvectants of the type r == (A, B) [ijkl] where A, B are 
forms from the respective systems (A), (B) and A is of a degree = the 
degree of P. 

The proof is by induction with reference to advancing degrees of P, 
Initiated by the case (k =£ 0, a numerical constant), (kus, B)[0000] where 
//P is of zero degree and the proposition is evidently true. 


NA PER 


w 


} 


ae 
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. X = CC, + + Ca, 


is a term of a transvectant (//A, //B) [ijkl] where //A, //B are derived by 
convolution from forms (4), (B) respectively. Hence, 


//X = (7/4, //B) [ykl] + EI(///4, ///B)lufilihi lue" 
= > (A, B’) [pqrs|uc™ (mod (T)), 


where A’ is a form (A) of degree = the degree of //A. All transvectants of 
the latter summation are polynomials in a finite set, 


Cy, Cas" Co Ua 
Hence the system (C) is relatively complete, as well as finite, modulo (T). 


10. The special investigations resumed. The general Lemma, used in 
connection with the methods relating to the special lemmas 1, 2, enables us to 
construct systems of concomitants which are relatively finite and complete 
with respect to a set of moduli of rank = y from a system which is relatively 
finite and complete with respect to a set of rank = y—1. Since the number 
of such forward steps is finite * an absolutely finite and complete system will 
be reached. For example the system derived by transvection from {f, D} and 
{g, C, E, G} is relatively finite and complete modulo (S). We can also in- 
crease the second set g, C, E, G by adjunction of other forms, as A and F, 
making corresponding alterations in the set of moduli. 

An outstanding problem is how to reduce a modular system to the mini- 
mum number. In the binary theory, due to Gordan, there is one modulus in 
each system of moduli, that for the rank 2% being (ab)** and that for the 
next higher rank, (24+ 2), being (ab)?™2. The theory underlying the 
binary transformations is a lemma due to Jordan: If v, + v2 + v = 0, then 
any product of powers of vı, Vs, vs, of order n can be expressed linearly in 
terms of such products as contain an exponent = 4n. For use in the binary 
theory the equality is, 


(ab) ¢e + (bce) ae + (ca) bz = 0. 
The generalization of Jordan’s lemma to four variables has been made by 
Wood and by A. Young.t If 


Vs + Ve + Us + V = 0, 


for example, 


* Grace and Young, loe. cit., p. 274. 
+ Proceedings of the London Mathematical Society, Series 2, Vol. 1 (1901), p. 345; 
Vol. 22 (1923), p. 185. 
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(19) (abc)dg— (bed) az + (cda) bz — (dab) cz = 0, 


any monomial of degree n in v1, Ve, Va, Va can be expressed linearly in terms 
of such as contain an exponent = n. Young’s paper deals with perpetuants 
which are free from ur, U2, Us. No extensions of Jordan’s lemma which would 
be applicable to mixed concomitants have been made. 

Modular theory of the system of f—aza,. The form f constitutes a 
system which is rélatively finite and complete modulis ag, ag. The form 
fa = baletu constitutes a system which is relatively finite and complete modu- 
lis agba (~= 1), bady. Since t= a, is an invariant and f, contains as a factor 
the modulus ag (== ba), the General Lemma states that the transvectant 
system, 


(20) (77, f°) [kt], 


with 1, is relatively finite and complete modulis 4, bady. At this point it was 
necessary to test all transvectants (20), not reducible by separation, for redu- 
cibility as members of reducing v-ads. The irreducible cases are tz, g, h, 


Ig = AgbyCay g=Da(Byt)acls, h = ba (act) Buys. 


The modulus bady contains four symbols. Any form which contains it 
as a factor is of a degree, in the coefficients of f, = 4 and hence is reducible in 
terms of the irreducible forms already found. Thus bađy is a reducible 
modulus. Since % is an invariant the following system* is absolutely 
complete: 

they t tis toy Í; fis g> h. 


11. The relatwely finite and complete system of f= as°&u, (mod (8)). 
The set of symbolic moduli (T) of the second rank for a.°a. is the set (S) 
of Special Lemma 1. The transvectants, 


(21) (FDP, g’C2H'G*) [ijkl], 


which are not reducible, form a relatively finite + and complete system (mod 
(S)). Hence we first determine the non-separable transvectants of this 
formula, (cf. TableII). The biternary reducing series (11), while still useful 
in performing reductions, is not infallible as in the problem of investigating 
from degree to degree for the irreducible concomitants. For, a reducing v-ad 
will here usually contain transvectants which do not occur in the system (21). 
An example is the triad, 


* Due to Clebsch and Gordan, Mathematische Annalen, Vol. 1 (1869), p. 359. 
tE. Noether, Journal für Mathematik, Vol. 134 (1998), p. 90. 
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{(f, E) [0010], (f, C) [1100], (—f, F) [1110] }. 


This is analogous to the corresponding situation in the binary theory. The 
number of non-separable transvectants of the formula (21) exceeds 250. The 
following list includes all which have no modulus (©) as a factor, omitting a 
small number which were reduced (mod (S)) by the biternary series. In con- 
structing the table we write all pairs of products of quantics for which (21) 
is of a given grade > 3. The totality of matrices [ijkl] which may be used 
with a given pair of products is constructed from the integers which satisfy 
(1). It is then an elementary exercise in tactic to identify the cases which 
are not separable. An example of reduction by series is afforded by the pair, 


T = (f, C) [1100], &= (f, #) [0010], 
which were shown above to be terms of the same triad. From (11), 
T + Se(/f, /C) lijkl]ua” = 8 + X 8(/f, /E) [pars] ue", 
and from this formula there follows a relation (cf. (16)), 
T =S + DS I(f, E) [abcd]us® (mod (S)). 


If one term, only, of each transvectant (cf. Table I) is written in the 
table the equalities are congruencial modulis transvectants of this same list, 
of lower grade, of forms derived from the given forms by convolution. 


TsroremM. The irreducible transvectants of Table IT constitute a system 
for as*@u, which is relatively finite and complete modulo (S), when the forms 
f, D, 9, C, E, Q, uz are added thereto. | 


TABLE IL 
Grade 4. (f,g)[0010], (f,g)[0100]. Grade 5. (D,g)[0010] 


Grade 6. 
(f, E)[0001], (f, E)[1001], (f,#)[0101], (f E)[1101], (f, E)[0010] 
(f,B)[1010], (f, E)[2010], (f,B)[1000], (f, E)[0100], (f, Æ) [1100] 
(f,@) [1000], (f,@)[2000], (f,@)[1001], (f, @) [0001], (f, @) [2001] 


Grade 7. 
(f> C)[0001], (f, C) [0101], (f, C) [0201], (f, C)[00107, (f, C) [1010] 
(f, C) [0100], (f, C) [0200], (D,Æ)[0010], (D,#) [0001], (D, E) [0002] 
(D, E) [0011], (D, #) [0012], (D, Œ) [0001], (D, Œ) [0002], (D, G) [0003] 
(F. gG) [1100], (f, gG) [1010], (f, gG) [0101], (f, gG) [1101], (f, gG) [2010] 


C 
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Grade 8. 1 
(D,C)[0010], (D,C)[0001], (D,C) [0020], (D,C)[0021], (D, C) [0011] 
(D, C) [0030], (D, C) (0031), (D, g@) [0011], (D, g@) [0012], (D, gG) [0013] 


Grade 9. 
(ft, E) [0011], (7,2) [1011], (f%,2) [0002], (f°, E) [0102], (f°, @) [3000] 
(f°, G) [0002], (7?, G) [1002] 


Grade 10. 
[0020], (f°, C) [1020], (f?,@) [0120], (F, C) [0300], (f°, C) [1120] 
(F, C) [0011], (f°, C) [0111], (f°, C) [0211], (F, C) [0301], (F, C) [1200] 
[1210] 


(f?, gG) [3010], (F, gG) [0102], (f°, g@) [1102], (FD, G) [1002] 


Grade 11. 
(fD,C) [1020], (fD,C) [0120], (fD,0) [1030], (fD,C) [0111], (fD,0) [1120] 
(7D,C) [0121], (fD,C) [0211], (fD,gG) [1102] 


Grade 12. (f°, #) [0012], (f, G)[0003]. Grade 16. (f*, C) [0031] 


Grade 13. 
(fs, C) [0030], (f°, C) [1030], (f, C) [0021], (f°, C) [0121], (f°, gG) [0103]. 


12. Conclusion. We add some data concerning the modular systems of 
rank = 8 and the next step of the general method of finding an absolutely 
complete system for a,’a,. Some progress can be made toward reducing a 
modulus such as agcs in terms of other products by use of the jacobian iden- 
tity (19). But, in view of the extent of Table IT it is obvious that the next 
transvectant system will yield several thousand non-separable cases. We can 
encompass this system by theoretical considerations. We readily find forms 
which have the respective moduli of (8) as their only constant factors, as 
follows: @abg: 9°; Gattg: A; dgba: F; Gaby: The form-sequence (17) led by 
L — g0 ; ages: The form-sequence (B,,-- -, Bip) led by Bı == C?; ag(cde)?: 
The form-sequence of CG; (abc)?(def)?: The form-sequence led by G*. If 
these quantics be written B,,: --,B,;, and those of Table II as À,,: * -, Ag, 
the irreducible transvectants of the formula, 


(22) (Ame + + Ag, Bite + + Br) [ijkl], 
compose a system which is relatively finite and complete (mod (T})}, (T) 
being the set of moduli with respect to which the system B,,- - +, B, is rela- 


tively finite and complete. The set (I) is of rank = 3. If it should consist 
of pure invariants only, the formula (22) would give the fundamental system. 
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Transitive Substitution Groups Containing Regular 
Subgroups of Lower Degree. 
By F. E. JOHNSTON. 


§ I. Introduction. 


In 1831 E. Galois noted * that in any substitution group the totality of 
substitutions each of which leaves invariant a particular letter constitute a 
subgroup. This subgroup, which in a modern notation is denoted by the 
symbol G, when the original group G is transitive (and in what follows it is 
assumed that such is the case), was first studied in detail by A. L. Cauchy 
about 1845. Many of his results now seem trivial, but some of them arc 
significant. In particular, he first demonstrated ¢ the fundamental theorem 
that the order of G, equals the order of G divided by its degree. He showed j 
further that when the G, of a transitive group is the direct product of transi- 
tive constituents the given group is imprimitive, a fact which is worth noting, 
since it is along a line which remained undeveloped until G. A. Miller recently 
treated § the subject of transitive groups whose subgroups consisting of the 
totality of operators which omit a particular letter are the direct product of 
transitive constituents. Cauchy also proved | that if a transitive group G oï 
degree n contains a cyclic substitution of order n, the number of such substitu- 
tions is a multiple of the order of G, a theorem of interest, since it is a special 
case of the more general one which states that in every group the number of 
letters in a cycle and its conjugates equals the order of the group. He 
announced erroneously that a simply transitive group is imprimitive unless 
all the constituents of G, are of the same degree.** 

From 1845 until the recent work of G. A. Miller there was no direct at- 
tempt to study the properties of substitution groups by means of their G,’s, 


* Manuscrits d'Hvariste Galois (1908), page 39. 

1 Oeuvres Complétes D’Augustin Cauchy, First Series, Vol. 9, page 295. 
+ Ibid., pages 317-320. 

§ Proceedings of the National Academy of Sciences, Vol. 2, page 150. 

| Oeuvres Completes d'Augustin Cauchy, First Series, Vol. 9, page 469. 
T American Journal of Mathematics, Vol. 44, page 122. 

*" G, A. Miller, Bibliotheca Mathematica, Series 3, Vol. 10, page 321. 
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although some theorems relating thereto appeared as by-products of other inves- 
tigations. E. Mathieu showed * that for every value of p” where p is a prime 
there is a doubly transitive group of degree p” and order p” (p™® — 1) contained 
in a triply transitive group of degree p” -+ 1 and order (p” + 1) p™(p™—1). 
He demonstrated { likewise the existence of the two well-known five-fold transi- 
tive groups on 12 and 24 letters respectively. ©. Jordon proved f that in a 
simply transtive primitive group each prime that divides the order of one 
constituent of G, will divide the order of every such constituent. F. Rudio 
demonstrated § the fact that if G, omits more than one letter G is imprimitive, 
a theorem which he said had been communicated to him by Frobenius. H. W. 
Kuhn showed || that the number of substitutions on the letters of any transitive 
group which are commutative with each of its substitutions equals the number 
of letters that are left unchanged by G;. Shortly afterward it was proved f 
that if the number of letters left unchanged by G, is a, then G, is invariant 
under an intransitive subgroup of G of order ag, (gı being the order of G), 
which has a regular transitive constituent on the letters omitted by G. 

G. A. Miller has considered ** those groups whose Gs are the direct 
products of transitive constituents showing, among other things, that in such 
a case if G, has a non-regular transitive constituent of lowest degree, there 
can be only one constituent of lowest degree; that if there is more than one 
constituent of lowest degree, these constituents are simply isomorphic regular 
groups, the degree of each of them being equal to the number of letters omitted 
by G; that if G, contains constituents of more than one degree, every con- 
stituent, except possibly those of lowest degree, is non-regular and the degree 
of every such constituent equals tHe sum of the degrees of all the constituents 
of lower degree increased by the number of letters omitted by Ga. 

The same author treated *** also groups whose G,’s are of prime order or 
transitive, showing that the regular group or odd prime order » is always the 
G of one, and only one, transitive group of degree 2p; that in the special case 
when p is of the form 2%— 1 it is also the G, of one, and only one, group of 
degree p + 1, and that it can not be the G, of any other transitive group; 


* Liouvilles Journal, Second Series, Vol. 5, pages 9-42. 

+ Ibid., Vol. 6, pages 241-323, 

t Traité des Substitutions, page 284. 

§ Crelle’s Journal, Vol. 102, page 3. 

|| American Journal of Mathematics, Vol. 23, page 173. 

TG. A. Miller, Bulletin of the American Mathematical Society, Vol. 14, page 19. 
** Proceedings of the National Academy of Sciences, Vol. 2, pages 150-152. 
*** Transactions of the American Mathematical Society, Vol. 27, pages 137-145. 
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_that the regular group of order 2 is the G, of the octic group and of the sym- 
metric group of degree 3 and of no other group; that the number of transitive 
groups of degree 2k+-1 which have for their G,’s the group of order 2 and 
degree 2k is the same as the number of abstract abelian groups of order 2k + 1, 
k being an arbitrary positive integer; that every two different subgroups which 
are separately composed of all the substitutions which omit one letter of a 
transitive group of degree n generate a group of degree n;.that a regular group 
of order 2%, g > 2, can not appear as the G, of a transitive group of degree 
289; that if a regular abelian group of order M is the G, of a transitive 
group of degree m -+ h, then m/h equals 1 or 2. 

It is the object of this paper to consider further those transitive groups 
whose G,’s are regular, or more particularly the properties of those regular 
groups which may present themselves as the G,’s of transitive groups. Since 
the number of letters omitted by G, is a divisor of the degree of G as well as 
of the degree of G,, it follows that if a regular group of degree m appears as 
the G of a group G, then G is of degree m + m/k where k is a divisor of m. 
We shall confine ourselves to those groups in which m/k > 1, that is to impri- 
mitive groups. It is known * that every regular group of degree m may 
present itself as the G, of at least one transitive group of degree 2m and order 
2m? ; that is, if k is 1 there is no restriction on Gi. In $ 2 of this article we 
shall determine those groups regular on m letters which may appear as the 
G,’s of groups of degree m + m/2; and in § 3 we shall consider some of the 
general properties of such regular groups where k > 2, proving in particular 
that there is no upper limit to the values which k may assume. 


SII. REGULAR GROUPS or DEGREE M WHICH MAY APPEAR AS THE G,’S OF 
GROUPS OF DEGREE m + m/2, m/2 > 1. 


We know that G, is invariant under a subgroup of G which we shall call 
H,. In the present case H, is of order m?/2 and has two transitive constitu- 
ents, one on the letters of G, which we shall denote by K,, and a second which 
is regular on the m/2 letters of G which do not appear in G, and which we 
shall denote by C,. In Hı, @ corresponds to the identity of C, but evidently 
to no other operator; and so K, is a subgroup of the holomorph of G,, each 
defective + substitution omitting exactly m/2 letters. In other words the 


*G. A. Miller, Transactions of the American Mathematical Society, Vol. 27, 
page 137. 

{ In speaking of substitution groups of degree m we shall use the term defective 
substitution to denote any substitution of degree a where l<a< m. 
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subgroup of K,, which consists of all the substitutions of K, omitting a , 
particular letter, and which we shall call Gi: is a substitution group on m/2 
letters; and since it is simply isomorphic with C, it is regular. Moreover, 
each coset of K, written with regard to G; contains exactly one substitution 
from G,, and one form is conjugate (,,’ the substitutions having no letter in 
common. Cı is therefore abelian, since from a coset of K, corresponding to 
any particular operator of C, we may choose a substitution on m/2 letters, 
while from the coset of K, corresponding to any other arbitrary operator of 
Cı we may choose a substitution on the other m/2 letters of K,, and hence 
their product in one order is identical with their product in the reverse order. 
Again, since G,, must appear as one of the constituents of a subgroup of index 
2 in G,—this subgroup consisting of a simple isomorphism between G,, and 
G: — it follows that no regular substitution group of degree m can be the 
G of a group of degree m + m/2 unless it involve an abelian subgroup of index 
2, which is simply isomorphic with a subgroup of the group of isomorphisms 
I of this regular group of degree m. In particular, no cyclic regular group 
of degree m except that of degree 4 can be the G, of a group of degree 
m -+ m/2, m/2>1, since the order of the group of isomorphisms of a 
cyclic group of even order is always less than half the order of the cyclic group, 
unless the cyclic group have for its order 2%, in which case the group of 
isomorphisms although of half the order of the cyclic group, is always non- 
cyclic whenever « > 2. It is known that the cyclic regular group of degree 
4 appears as the G, of exactly one group of degree 6. 

Let us consider what abelian groups, outside the cyclic group mentioned, 
can appear as the G, of a transitive group of degree m+ m/2. We have 
seen that G, contains a subgroup of index 2 consisting of a simple isomorphism 
between Gi, and Gu’. In each coset of K, there appears some subsitution of 
G11, say s and also a substitution of Gi’, the latter substitution being that 
constituent of the substitution of G, whose other constituent is the inverse of s. 
Furthermore, these two defective substitutions in each coset of K, are con- 
Jugate under G,; and since G is abelian, it follows that every cycle in a 
substitution of @, is conjugate with every other cycle in that substitution. 
Hence s must be of order 2; otherwise we could pick out a cycle of G; such 
that the number of letters in it and its conjugates would exceed the order of 
G,, which is impossible. Hence G; is of order 2¢ and either of type (1, 1, 1, 
‘+ +) or of type (2,1,1,---). This condition is sufficient as well as neces- 
sary. For suppose we have a regular group of order 2% and type (1, 1,1,: : - ) 
which we shall denote by G;, although as yet we have not shown that it may 
actually possess the properties of the groups heretofore denoted by that symbol. 
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o The group of isomorphisms of G, involves a subgroup of order 2%1 which 
leaves fixed each operator of a subgroup L of index 2 in G, while it multiplies 
successively an operator ¢ of G, which is not in L by all the operators of L. 
This subgroup of J, therefore, when considered as a subgroup of the holomorph 
of G:, omits the m/2 letters of one constituent of L and so is exactly the Gu 
referred to in the previous discussion. Hence G, may have associated with 
it a group similar to H, above. If we now extend this H, by an operator 
which together with the group of order 2%1 consisting of a simple isomorphism 
between Gu, and C, will generate a group similar to Gi, we get a transitive 
group of degree m + m/2, under which the three subgroups Ci, Gi: and Gu’ 
are permuted according to the symmetric group of degree 3, H, corresponding 
to a subgroup of order 2. Hence the transitive group thus generated is of 
order 3m?/2. So we have a transitive group G of order 38m?/2 and degree 
8m/?. Its subgroup consisting of all the substitutions that omit a particular 
letter will be of order m and is therefore G,. Moreover, from the method of 
construction we see that all such groups formed with a given G, are conjugate. 
The same reasoning would apply throughout if G, had been assumed to be of 
type (2,1,1,: ++). Hence we have the 


THEOREM: The necessary and sufficient condition that a regular abelian 
group of degree m appear as the G, of a group of degree m + m/2, m/2 > 1, 
is that it be of order 2% and either of type (1,1,1, : : +) or of type (2,1,1, 
++); and every such group appears as the G, of exactly one group. 


It was noted above that, as a consequence of the fact that 2% has primitive 
root only if a < 3, we could say at once that the only regular cyclic group of 
degree m that could appear as the G of a group of degree m + m/2, m/2 > 1 
is the cyclic group of order 4. We can now show, conversely, that a number 
of the form 2% can have primitive roots only if a==1 or 2. Otherwise, the J 
of a regular cyclic group G, of order 2%, (a > 2) would be cyclic. Since the 
operator of order 2 in G, is characteristic, 2%? of its transpositions would have 
to be permuted cyclically among themselves by a substitution of order 291 in 
the I of G,. Since the subgroup LZ of index 2 in G, is characteristic, these 
212 transpositions in G, are on the letters of one of the two regular con- 
stituents of L. Moreover, this substitution of order 2°1 in J can not involve 
any letters from the other constituent of L; for if it did the average number 
of letters in the holomorph of G, would be greater than n—1. So I would 
be simply one of the constituents of Z and by an argument similar to that 
employed above such a G, could appear as the subgroup consisting of the 
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totality of operators that omit a particular letter of a group of degree. 
m + m/2, which is impossible. Hence the theorem.” 

Let us now consider the non-abelian groups which will satisfy the con- 
dition under discussion. As before the two defective operators of each coset 
of K, are conjugate under G,; and if s represents an operator of Gi, which 
appears in a particular coset of K,, then the other defective operator of this 
coset appears in G in a substitution whose other constituent is s+. Hence 
every operator of G, outside its abelian subgroup of index 2 transforms each 
operator of this subgroup into its inverse. So G, is either a generalized 
dihedral group or a generalized dicyclic group. Moreover, we can show, just 
as before, that this condition is sufficient as well as necessary. Indeed this 
same argument has already been used to determine the groups of isomorphisms 
of the generalized dihedral and the generalized dicyclic groups.t Hence we 
have the 


THEOREM: The necessary and sufficient condition that a non-abelian 
regular group of degree m appear as the G, of group of degree m + m/2, 
m/R > 1 is that it be either a generalized dihedral group or a generalized 
dicychic group; and every such group appears as the G, of exactly one group. 


S III. REGULAR GROUPS or DEGREE m WHICH MAY APPEAR AS THE Gys 
oF Groups OF DEGREE m A+- m/k, k > 2, m/k > 1. 


It is known that no abelian group of degree m can be the G, of a group 
of degree m + m/k, k > 2, m/k°> 1. That such a non-abelian group may 
exist is evident from the group of isomorphisms of the non-cyclic group of 
order 9 when the former group is written on eight letters corresponding to the 
operators of order 3 in the latter group. There results a group of order 48 
whose G, is the regular, non-cyclic group of order 6.1 

Considering further the case where & is 3 and retaining the notation of 
the last section, we notice that such a G, is invariant under a subgroup in 
G of order m?/3, this subgroup H, arising from an m to 1 isomorphism 
between two transitive constituents: C, which is regular on the m/3 letters 
omitted by G,, and K, which is a subgroup of the holomorph of G; Each 
defective substitution of K, omits exactly m/3 letters. If we denote by Gi 


#C, F. Gauss, Disquisitiones Arithmeticae, § 89. 
FG. A. Miller, Philosophical Magazine, Vol. 231, page 223. 
ł Transactions of the American Mathematical Society, Vol. 27, p. 145. 
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«the subgroup of K, consisting of all the operators of K, which leave invariant 
a particular letter we see that Gi, consists of a simple isomorphism between 
two regular constituents, each of order m/3; for it is simply isomorphic with 
the regular group C, of order m/3 and each of its operators, other than the 
identity, involves 2m/3 letters; we see further that it is invariant under a 
subgroup of K, of order m?/9, this latter group having a regular constituent 
C,, of order m/3 on the letters of K, omitted by Gu. Phere is, therefore, in 
G, a subgroup of index 3 which we denote by L. It is simply isomorphic with 
a subgroup of the group of isomorphism of G, and has 3 simply isomorphic 
regular constituents, one of them being Cı. Furthermore, as the argument 
is perfectly general, we have the 


THEOREM: A regular group of degree m can not appear as the G, of a 
group of degree m+ m/k, m/k >1, k > 1 unless it contains a subgroup 
of index k which is simply isomorphic with a subgroup of the group of isomor- 
phisms of this regular group. 


Returning to the special case where k is 3, let us denote by L’ that part 
of L which remains after dropping the constituent €... Now L’ is a simple 
isomorphism between two regular constituents which we shall denote by Jy, 
and L, It has been shown that G:, is of order m/3 and each of its sub- 
stitutions is commutative with every substitution of L’. Consequently Gi, is 
either a one-to-one isomorphism between the conjoint of L, and the conjoint 
of L, or it is such that half of its substitutions interchange the letters of L, 
and L}. We proceed to consider the second of these alternatives. 

Since C, and C,, are simply isomorphic groups, so likewise are L’ and Gr, 
these latter having no common operator except the identity and every operator 
of one being commutative with every operator of the other. Therefore 
{Gu, L’} is of order m?/9. Those operators of G, which do not interchange 
Lı and L, form an invariant subgroup of Gi; of index 2. This subgroup, 
which we shall denote by M, consists of a simple isomorphism between a 
subgroup of index 2 of the conjoint of L, and a subgroup of index 2 of the 
conjoint of La. If we write {G::, Z’} with regard to the invariant subgroup 
L’, the multiplying operator in each coset being an operator of Gi:, we see 
that each coset corresponding to an operator of M (except the coset L’ itself) 
contains exactly two operators of degree m/3, one operator in each coset being 
on the letters of one of the conjugates of (,, under K, and the other operator 
in each coset being on the letters of the other conjugate of Cı, under K, If 
one of the operators from M should be such that those of its constituents 
which are on the letters of L, actually constitute a substitution of Z,, then 
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every operator of Jf is such that all its cycles on the letters of L, actually. 
constitute a substitution of L. We proceed to prove that this is impossible. 
If it were true, half the substitutions of £, would be in its central and con- 
sequently Z,, and therefore C,, would be abelian. So every coset of K, written 
with regard to G, would go into itself when transformed by the operators of 
K,. Suppose we consider a coset corresponding to one of the operators of M 
and consider in it a substitution of degree 2/3 which would omit the letters 
of Z,. Let us transform this substitution by one of the substitutions of Gis 
which interchanges the letters of L, and Lə. As this latter substitution omits 
the letters of C,,, it transforms the former substitution into itself; for the 
substitution in this coset on the letters of C1, and L, could not have its con- 
stituents on the letters of C,, the same as those constituents on the letters of 
C1 in the other substitution. This, however, is impossible, since the former 
substitution omits the letters of L, and is transformed into one omitting the 
letters of La. So we see that no substitution of M can be such that the totality 
of its cycles on the letters of L, will constitute a substitution of LZ, The 
same remarks apply to the letters of Lə. In other words, Lı must have a 
subgroup of index 2 corresponding to a similar subgroup in its conjoint, the 
two subgroups having nothing in common except the identity. Furthermore, 
this shows that no substitution of the subgroup of index 2 of L, is invariant 
under L,. For the subgroup of its conjoint corresponding to its subgroup of 
index 2 contains no substitution of D; but these are all the substitutions of 
the conjoint which do not interchange the two systems of letters of the 
subgroup of index 2 in Ly. 

Returning to the subgroup É of Gu, we see that it contains a subgroup 
of index 2 which has 6 simply isomorphic regular constituents which we shall 
denote by A, B, C, D, E, and F, where A and B are subgroups of Z4, C and D 
subgroups of La, and E and F subgroups of Cı. The group {G., E} is of 
degree 2m/3 and order m?/9; moreover its subgroup Gin consisting of all 
the substitutions which omit a particular letter is, as we saw, of degree m/3 
and order m/6; it contains 2 simply isomorphic regular constituents. The 
substitutions of Giu can not interchange the letters of L, and L, since they 
do not involve all those letters. Hence one of the constituents of Gi is on 
letters of L, and the other on letters of Lẹ. Moreover, that one which is on 
the letters of L, involves half the letters of £,; and since the letters of A and 
B are systems of imprimitivity of L:, this constituent must be on the letters 
of one of them—say A, and similarly the other constituent must be on the 
letters of C or D—say C. Again, they are actually the conjoints of A and C 
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respectively, for they must be commutative with each substitution of 
{A~ B~0~D}.* Moreover, the inverse of each substitution must be 
among the constituents of {A ~ B ~ 0 ~ D} and consequently they are the 
groups À and C. That is, A, B, C, D, E, F are abelian groups. Likewise the 
2 transitive constituents of the conjugate of G1: under {Gh L’} are B and D. 
We see, therefore, that M is a simple isomorphism between the four groups 
A, B, C, D,—different, of course, from that which appears in L. The sub- 
group {A ~ B~ 0 ~ D ~ E ~F} is invariant under G, and these 6 sub- 
groups give us systems of imprimitivity which are permuted under G, accord- 
ing to the regular non-cyclic group of order 6. The subgroup L permutes 
them thus: AB-CD-EF, The subgroup of G, containing a conjugate of 
Ci under K, will permute them according to a similar substitution of order 2; 
and likewise the subgroup containing the other conjugate of Cı, under Ky. 
Moreover every coset of K, for which the multiplying operator is from M 
will permute them in a similar manner, while each of the remaining cosets 
of K, will permute them according to the other 6 operators in the subgroup 
of order 12 in the holomorph of the non-cyclic group of order 6. We know 
that each of the subgroups A, B, C, D, E, F, is abelian and that L, contains 
invariantly the abelian subgroup {4 ~ B}, no operator of which except the 
identity is invariant under Lı. The group L, is, therefore, a generalized 
dihedral group and A is of odd order. 

Hence, considering G, as isomorphic with the non-cyclic regular group 
of order 6 according to which A, B, C, D, E, and F are permuted, we see 
that every operator in the cosets corresponding to these operators of order 2 
is of order 2. Furthermore, these operators of order 2 interchange the 2 
cosets corresponding to the 2 operators of order 3 and so none of them is 
commutative with any operator in the subgroup of Gh, of index 2 corresponding 
to the subgroup of order 3 in the group of order 6. Hence we see that G, is 
a generalized dihedral group. Moreover, the subgroup of index 2 of G, is of 
order 3% and G is a subgroup of its group of isomorphisms of order ? - 841, 
Hence G, must be a generalized dihedral group whose subgroup of index 2 
is of order 3% and type (1,1,1-::). 

That such a group can exist for all values of æ is evident from the follow- 
ing considerations: represent the group of isomorphisms of an abelian group 


* In general, if we are given r simply isomorphic groups, F, Ip Dy. -I we 
shall denote the groups consisting of a simple isomorphism between them by the 
symbol Ceres. wT, 

+ Burnside, Theory of Groups (1911), page 90. 


6 


240 JOHNSTON: Transitwe Substitution Groups 


of order 3% and type (1,1,1, + : ) transitively on 83*—-1 letters. Its sub- 
group consisting of the totality of operators which omit a particular letter 


will be transitive, of degree 3¢*—-3 and order (3©— 3) : - : (30—301); 
and its subgroup consisting of all the operators which omit a particular letter 
will in turn be of degree (37— 9) and order (3%— 9) - - : (37 31), 


Proceeding in this way we arrive at a regular group of degree 8% — 3%! which 
is the G, of a transitive group of degree 3% — 892, 

We have so far been considering the case where half the substitutions of 
G@:, interchange the letters of L, and Le We shall show in what follows that 
in the other case, that is, where G,, consists of a simple isomorphism between 
the conjoint of L, and the conjoint of La, Gh can have no subgroup of index 2. 
Hence we have the 


THEOREM: The necessary and sufficient condition that a regular group 


of degree m which contains a subgroup of index 2 shall appear as the G of : 


a group of degree m + m/3, m/3 > 1 is that it shall be a generalized dihegral 
group of order 2:3% whose abelian subgroup of index 2 is of type 
ee N Res y 


As the existence proof employed above is perfectly general we have at 
once the additional 


TEroREM: For every prime value of k there exists an infinitude of 
_ regular groups of degree m which may appear as the Grs of groups of degree 
m+ m/k, m/k >1. g 

For composite values of & the matter is not so simple. Indeed, it is not 
certain that there is any composite value of k and a corresponding value of 
m for which a regular group of degree m may appear as the G, of a group 
of degree m +- m/k, m/k > 1. 

We have now to consider for k ==3 the possibilities when G, consists of 
a simple isomorphism between the conjoints of L, and La Since Gu, omits 
the letters of C,,, each substitution of G,, is commutative with each substi- 
tution of L’; and since in the present case the substitutions of Gi; do not 
interchange the two systems of L’, it follows that G is an isomorphism 
between L, and L,,—-different, of course, from that which they enjoy in L’; 
consequently Lı, Le, L, Giu, Ci C, are all simply isomorphic abelian groups 
and G, contains an abelian subgroup of index 3 which is simply isomorphic 
with a subgroup of the group of isomorphisms of G,. Since the letters of 


o 


Containing Regular Subgroups of Lower Degree. 241 


L,, Le, Cy, form systems of imprimitivity of G, L is an invariant subgroup 
of G, and its three systems are permuted by G, according to the group of 
order 3. Furthermore, since Ga, is a subgroup of the group of isomorphisms 
of G, which leaves invariant each operator of L and transforms into itself 
each of the cosets of G, with regard to L—for it leaves the three systems of 
imprimitivity invariant—all the operators of G, outside of L are of the same 
order. So the number of Sylow subgroups of G, each haying for its order a 
power of 3 is k, the order of G, being 8%, k prime to 3. If G, contained a 
subgroup of index 2, the number of its Sylow subgroups each having for its 
order a power of 3 would be &/2. As this is impossible, such a G, could not 
have a subgroup of index 2. 

Since every operator of G, outside of L has for its order a power of 3, 
L can have no operator invariant under G, unless that operator be of order 
8% (a == 0). Hence we have the | 


THEOREM: A regular group of degree m containing no subgroup of index 
2 can appear as the G, of a group of degree m + m/3 only tf this regular 
group contains an invariant abelian subgroup of index 3 which 1s simply 
isomorphic with a subgroup in the group of isomorphisms of the given group 
of degree m and which contains no operator invariant under the given regular 
group except the identity and, possibly, operators whose orders are powers of 3. 


As examples of such regular groups we have the non-abelian group of 
order 21, the non-abelian group of order 39, the tetrahedral group, the group 
of order 48 which contains an abelian subgroup of order 16 and type (1,1,1,1) 
and permutes these 15 substitutions of order 2 according to 5 cycles of 3 each, 
the group of order 36 which contains an invariant abelian subgroup of order 
12 whose invariants are 6 and 2 and whose three operators of order 2 are 
permuted cyclically by the entire group, and the non-abelian group of order 
2? containing no operator of order 9. The first two groups mentioned are 
examples of the 


THEOREM: Every non-abelian regular group of order 3p where p is any 
odd prime appears as the G of a transitive group of degree 4p. 


To prove this we have only to note that the group of isomorphisms of 
every such group G, contains an operator of order p which leaves invariant 
every substitution of the given group of order 3p except those of order 3 and 
permutes these latter in 2 cycles each of order p. Hence the holomorph of 
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G, contains a subgroup of order 3p? whose subgroup consisting of the totality 
of substitutions which leave invariant a particular letter is of order p, con- 
sisting of a simple isomorphisms between 2 of the constituents of the subgroup 
of order p of Ga. This subgroup may serve as the K, mentioned above. It 
has three systems of imprimitivity which we may denote by A, B, and C, 
each involving p letters and it permutes them according to the cyclic group 
on three letters. We may construct a 3p to 1 isomorphism between K, and 
a regular group on p additional letters thereby forming H, which will have 
a subgroup of order p involving 8 constituents, A, B, and one on the p added 
letters which we may denote by D. We may extend this group by means of 
a substitution of order 3 which gives a non-abelian group G,’ conjugate with 
G, The three systems of imprimitivity A, B, and D of GY are permuted 
by it according to the cyclic group of degree 3. Hence G, and G’, generate 
a transitive group of degree 4p which permutes the four systems A, B, C, 
and D according to the alternating group and its subgroup consisting of all 
its operators that leave invariant a particular letter is the given Gh. 
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Generalized Green’s Functions for Compatible 
Differential Systems. 
By W. W. ELLIOTT. 


1. Introduction. If the fundamental homogeneous differential system “ 


L(u) = In(2)u™ (2) +++ h(z)w (2) + lo(w)u(a) = 0; 
(I) U (u) = anu(a) + anw (a) +: + timu D (a) + Bau(d) + 
ce + Binu D (b) — 0, 


Un) = amu (a) + ano’ (a) +: + anne) (a) + Briu(D) + 
< eH Banu ®™ D (b) = 0, 


is incompatible, its adjoint + system 


Mo) = (—1)" FS [In(2)o(@)] + à: — [hk (e)v(2)] + box) (2) 
=0; Vilv) = yuv(@) + t yw (a) + nwb) +: 
(IT) + ju (0). 


Va(v) = yaw (a) + H yanv D (a) + nw (b) +: -- 
j + Sanur) (b), 


is also incompatible, f and they both possess Green’s functions in the ordinary 
sense.§ 

The Green’s function, G(zy), for system (I) is defined by the following 
conditions, 


(IIT) (a) G (ay), OG (ay) /a,+ + +, 1G(ay) /dc™, 
exist and are continuous for a SgS b,a SyS b, 


(b) 01G (ay) /da™t, OG (ay) /Ox", 


* M. Bôcher, Annals of Mathematics, ser. 2, Vol. 18 (1911), p. 71. 
į M. Bôcher, Les Méthodes de Sturm, p. 34. 
+? M. Bôcher, Les Méthodes de Sturm, p. 34. 
§ M. Bôcher, Annals of Mathematics, ser. 2, Vol. 13 (1911), p. 71. 
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exist and are continuous foraSa<y,y<a¢Sb, 
(c) 4G (y-+, y) /da" — IIG (y—, y) dar? = 1/l (4), 
(d) L:[G(xy)] =0, asa<cyy<esbd, 
(e) Up(G (ay) | = 0, [p=], RE n]. 


These conditions determine a unique function, which is given by the 
explicit formula,” * 


H(ay) (x) > + ` a(s) 
U,(H) Ui(w)' + © U:(ux) 


(IY) Gie) = loups e ma) | 
Uiu) © + © Ulna) 
Uk) ; i | Du) 
in which 
u(y) ott Unly) 
un’ (y) sort Un’ (Y) 
aap LEO ii meee 
— sen (e~y) jule) © fe) | : 
MAP wy) u(y) 
uy’ (y) "tt Un’ (Y) 
| wW D (y) eur Un ™ D (y) 


where 
i sgn s= (1, s < 0; 0, r= 0; — 1, z > 0). 


Green’s functions of this general type have been studied by Burkhardt, 
Bôcher, Birkhoff, Bounitzky, and many others. 


Among the properties of the function G(zy) the following are perhaps 
the most fundamental, 


* For formulas like these, except for change in notation, see Westfall’s disserta- 
tion, Gôttingen (1905). 

+ G. D. Birkhoff, Transactions of the American Mathematical Society, Vol. 9 (1908), 
p. 373; M. E. Bounitzky, Journal de Mathématiques (1909), p. 65; M. Bôcher, Bulletin 
of the American Mathematical Society, Vol. 7 (1901), p. 297; Annals of Mathematics, 
ser. 2, Vol. 13 (1911), p. 71; M. H. Burkhardt, Bulletin de la Société Mathématique 
de France, Vol. 22 (1894), p. 71. 
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(A) The solution of the semi-homogeneous system 
(VI) L(u)=f(x), Up(u) —0 (p=1,"":,n), 


f(x) being any continuous function, is given by * 


u(t) = f G (zs) f(s)ds. 


Also, conversely, if for every continuous f(z) the solufion of (VI) can be 
written in the form 


uls) = f” G (as)f(s)ds, 
then G (zs) = G (zs). 
(B) If H(xy) denotes the Green’s function for System (II), then 
(ay) = G(yx).f 


The existence of generalized Green’s functions for certain special types 
of compatible differential systems has been previously shown. ] 

It is the purpose of this paper to demonstrate the existence and character- 
istic properties of generalized Green’s functions for general compatible differ- 
tial systems of type I. 


2. Existence of Generalized Green’s Functions. The fundamental homo- 
geneous differential system considered will be of the form,§ 


L(u) = 1i(2)u™ (£) +s + hi (e)u’(2) + h(x) u(x) = 0; 
U (u) = auu(a) + auw (a) -+° + tone’) (a) + Buu(b) 
+ Bw (b) + + Binur? (b) = 0, 


Unlu) = amu (a) + anw (a) + eH enn (a) + Bart (b) 
+ Baw (b) + = 2 + Bart D (b) — 0, 


where it is assumed ln(z), >, 1,(æ) are continuous functions, real or com- 
plex, of the real variable x in the interval a = x = b, ln(x) does not vanish 


* M. Bôcher, Les Méthodes de Sturm, p. 103. 

+ M. Bôcher, Les Méthodes de Sturm, p. 104. 

+ D. Hilbert, Göttinger Nachrichten (1904), p. 213; F. Klein, Mathematische An- 
nalen, Vol. 21 (1882), p. 141; W. Westfall, Annals of Mathematics, ser. 2, Vol. 10 
(1909), p. 177; M. E. Bounitzky, Journal de Mathématiques (1909), p. 65; A. Myller, 
Inaugural-Dissertation, Gôttingen (1906). 

§ G. D. Birkhoff, Transactions of the American Mathematical Society, Vol. 9 (1908), 


p. 373. 
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in this interval, each (x) has a continuous derivative of order k, and the n. 
sets of 2n constants, denoted by the œs and B’s, are linearly independent. 
The above system will be denoted briefly by 
(1) L(u) = 0, U,(u) == 0 (p = 1, sym). 
The system adjoint to (1) will be denoted by 
(2) M(v) = 0, Va(v) = 0 (p—1,"::,n). 
System (1) is called self-adjoint * if L(u) — M (u), and if the sets of 
expressions | 
[Vi(u), °° +, Va(u)] and [Ui(u),:::, Unu)] 


are linearly dependent. 
System (1) is called Hermitian if 


L(u) =M(u), 
and if the sets of expressions 
[Vi(u),-* +, Va(u)] and [Ulu +, Un(u)] 


are linearly dependent, the bars denoting conjugates of the coefficients only. 

A Hermitian differential system obviously reduces to a self-adjoint sys- 
tem if all the coefficients are real. Al results for Hermitian differential 
systems will then include those for self-adjoint systems if the coefficients 
are real. 

We shall assume that system°(1) is compatible of order k. It follows t 
that system (2) is compatible of order k. A complete set of & linearly inde- 
pendent solutions of (1) and (2) will be denoted respectively by 


(x), ° °°, U(x) and 4v,(2),° - -, (x). 
The general solution of (1) may be written in the form 
k 
ulz) = 2 Az), 


where the A,’s are arbitrary constants. 
On the assumption that (1) is compatible, the semi-homogeneous system 


(3) L(u) =f), Up(u) = 0 (p=1, :::,n), 


* M. Bôcher, Les Méthodes de Sturm, p. 39. 
+ M. Bôcher, Les Méthodes de Sturm, p. 34. 
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f(x) being any continuous function, will have a solution with a continuous 
nth derivative if and only if * 


(4) Ludo (pty k) 


If (4) is satisfied, from the analogy of the ordinary | Green’s function 
we are led to seek the existence of a continuous function G{zxs) such that every 
solution of (3) may be written in the form 


k b 
(5) u(z)= X Aau(a) + f G{xs)f(s)ds. 


If there exists such a continuous G(xs), then we shall call G(s) a 
Generalized Green’s Function for the compatible differential system (1). 
Let K (xy) be a function satisfying the following conditions, 


(6) (a) K (zy), 0K (ay) /02, +--+, 02E (ay) /dar, 

exist and are continuous for a=z=<b,a=y=pb, 
(b) PIK (ay) /da"-1, O"K(xy)/8x7, 

exist and are continuous foraSa@<y, y<r=b, 
(ce) PK (y+, y)/02 7 — PE (y—, y)/02 7 = 1/la (y), 
(d) L,[K{zy)]=—0, aZ<r<Yy, y<Tz<b. 


Such functions exist and are given by the formula $ 


u(y) ‘© * Un(y) 
w’ (4) ` tO Un/(y) 
_ sgn (w—y) |w?) > > u(y) 
Mo å Kene H lel) oo l) | 
u(y) st Un(y) 
u(y) ` + * Un (y) 


y MI) (y) . . a Un D (y) 


* M. Bôcher, Les Méthodes de Sturm, p. 36. 

t See Introduction. 

$ These conditions are the same as III (a, b, c, d) in the Introduction. 

§G. D. Birkhoff, Transactions of the American Mathematical Society, Vol. 9 
{1908), p. 373. 
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THEoreM I. A generalized Green's function for the compatible diferen- , 
tual system (1) exists and may be expressed by the formula * 


K (xs) Utes (T) rt + An (a) 
U(E) Uluka) © © + Urun) 
G (zs) =. Unal K) Ont ( Ura) RE Onn (Un) 
U, (Uns) e © + Uy (un) 
Ona (Une ) a Un a(n) 
By way of proof, let 
b 
uw(s) = f K(as)f(s)ds: 
then i 
Lo (2) ] = f(z). 


Every solution of L(u) — f(a) is given by 
(8) u(2) —wo(2) + Ÿ cuus(a), 


where the constants c; are arbitrary. We seek to determine these constants 
so that u(x) will satisfy the boundary conditions. 

Since it is assumed that (1) is compatible of order k and (8) has a 
“solution the rank ł of each of the matrices 


Dilm) + + + U,(un) 


(9) ot ae oe ee 
Un(u) © *° + Un(un) 

and 
U(t) © + * Ui(ta) —Ui(wo) 

(10) E ns date Een D de Ds à ; 
Un(a) © © * Unun) — Un(uo) 

is (n — k). 


Assume the solutions so arranged that u,(x) [p = 1, * : +, k], satisfy 


# This does not imply that all generalized Green’s functions for System (1) are 
given by this formula. In order to obtain this formula, certain arrangements of 
solutions and the houndary conditions are assumed. These are made clear in the proof. 

+ M. Bôcher, Les Méthodes de Sturm, p. 21. 
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. the boundary conditions and that the (n — %)-rowed determinant in the upper 
right hand corner of (9) fails to vanish. Then the system of equations 


CU: (us) + CUa (ta) == — Ui (uo), 


Cri Un (tess) + HE + CnUn (Un) be Ur(üo), 


is obtained by applying the boundary conditions to (8) and assuming they 
are satisfied by u(x). These equations may be solved for cs (i= k +1, 
' +, n), and upon substituting the values thus found in (8) and simplifying, 
we get 
f° K (2s) f(s) ds Ura (£) +++ u;(x) 
U, LS, E M "tt Ulua) | 


Daa [ GX (a) Dante) - ‘+ Unr(u) | 


u(x) = 2 civile) + Tin) = Tae a 


Un (Uns) > Onn (Un) 


Since the derivatives of the function f, > K(zs)f(s)ds up through the 
(7—1)th may be obtained correctly by formally differentiating under the 
integral sign, the equation above may be written 


K (as) Urals) + * unl) 
dus se “<2 U; (un) 


ua) =Z enla) + f° | aE Diala) «+» Duals 


f(s)ds, 


U n-e (Uns) ur On (Un) 
which demonstrates that the function 
K (as) Urat)  ** + Unf) 
Ui(K) Ufuran) + + + Oy (ttn) 
(11) G (2s) = Un4(K) Un-x (tiers) AE Unx(un) 
U (Ux:1) ` “U, "a 


Onn (tir) * Uns fs 
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may be taken as a generalized Green’s function for the compatible differential 
system (1). 

Any function given by formula (11) will satisfy the properties of the 
ordinary Green’s function given by IIT (a, b, c, d) in the introduction and 


U,| G(zs) | = 0 [o= 1, ++, (n—k)]. 


Also it is seen that the ordinary Green’s function may be considered as a 
special case of G (zs) when the order of compatibility of (1) is zero. 


THEOREM II. The generalized Greews function for the compatible sys- 
tem (1) is not unique. If G,(xs) is any one generalized Green’s function, 
then every generalized Green’s function G(as) ts given by the formula, 


(8) = G (25) + X pi (2)v:(8) + Eux (a) (6), 


where the functions b: and di are arbitrary continuous functions. 
Let 


g(x) T (s) ` ' (x) 


(12) f(z) = SP uls)g(s)ds vit + + Vay 


S è ve(s)g(s)ds Ur * * * Ukk 


where g(x) is any continuous function and 


b 
Upa = { Up(s) Ta(s)ds. 


On multiplying (12) by v(x) (p= 1,- >, k), and integrating with respect 
to x from a to b, it is seen that f(x) satisfies condition (4). 

Let G(zs) and G;(xs) be any generalized Green’s functions * for system 
(1), and form the difference 


(13) D (as) = G (zs) — G (z8). 


If equation (13) is multiplied by f(s), integrated and simplified by making 
use of equation (5) it is seen that 


b i 
(14) f D(xs}f(s) ds = À Biu (x), 
the Bis being arbitrary constants. 


* These functions may or may not be distinct. 
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From (12) and (14) it follows that 


b k 
(15) f ¥(z8)9(s)ds— X Bau(a), 
where | | 

D (as) f° D (as) 01 (s) ds a S D (as) t(s) ds 
(16) (xs) = v1(S) Vil * 8 7 Uk 

Uk (s) Vr,i * "7 Ukk 


On multiplying (15) by ü,(xz) (p=1,' >+, k), and integrating with 
respect to z from a to b we obtain the following equations 


b pb i i 
jf ti, (x) (us) g9(s)dsde = 2 B; f u (a) tt, (x) da, 
17) | 


oo ELLE 
ff aa) ®(0s)g(s)dsdz = À B: f wi(x)te(a)de. 


The determinant of the coefficients of the B,’s in system (17) does not vanish 
since it is the gramian of & linearly independent functions. Solving these 
equations for the B,’s and substituting the values thus found in (15) we 
obtain, after simplification, | 


D{zs) us) + > ua) 
bu(t)b(is)dt u tt Ur 
f S, ti; ( ) ( s) 1,1 Uk, g(s)ds = 0, 
"| S Ptin(t)@(ts)dt wine > © > Ur 

where g(s) is any arbitrary continuous function. 
Then, 

(zs) u(r) © > ugle) 
(18) f? ü, (t) &(ts) dt UW * TO T Uk — 0 

(Pa ünl) (ts) dt Uik ' * © Ukk 


The coefficient of (zs) in (18) does not vanish. Hence (18) may be 
solved for &, giving * 


(19) (zs) = È ui(a)ai(s). 





* The expressions for the functions a; (i=—1,.,., k) may be obtained from tho 
above solution, 
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Upon substituting the value of (as) given by (16) in (19) and solving for. 
D (xs), we get 


(20) D(as) = È gi(x)vi(s) + À ula Wels), 


which gives the general form of the function D. 
The function G (ss) must be then of the form 


(21)  G(as) = Ga (2s) + > gi(æ)o(s) + À wi(2)¥e(s). 


If (21) is multiplied by f(s) and integrated with respect to s from a to b, 
it is seen that if G,(as) is any one generalized Green’s function, G (es) will 
also serve as a generalized Green’s function when ¢:(@) and y¿(s) G=], 

-, k), are any arbitrary continuous functions. 


3. Generalized Green’s Functions with Property of Symmetry. It is 
desirable to define a generalized Green’s function which shall possess for ad- 
joint systems the same property of symmetry as the ordinary Green’s func- 
tion.“ With this end in view, we prove several lemmas. 


Lemma I. If K(xy) ts any function satisfying conditions III (a, b, 
c, d) of the introduction, and v(x) is any solution of the equation M(v) = 0, 
then | 


È DR Pae eC 


To prove this, apply Green’s theorem,f letting v — v(x) and u = K (zy): 
We get 


f (o(a) LIKE (ay) —E (xy) Mlo (2)1} de = [P (E, 0) > + [P (X, 0), 


Since the integral vanishes,- 


[P (K, v)]Y T [P (K, vl = 0. 
Whence l k 


PL), = (Poe = ho [ ES en Hoo). 


“+ 


* See Introduction. . 
+ For further details of such a proof, see M. Bôcher, Les Méthodes de Sturm, p. 104. 
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e But 
[P(K,»)]® =S Uy [R(ay)] Ven-p(0). : 
p=1 


Therefore 


À Un [K(2y)] Veree(v) = 0(9), 


as we wished to show. 
Define the function N (zy) by the formula 


0 y(x) © e e pela) 
ORIONO AOON 


a ot (y) }= ve(y) f èvr(s)y(s)ds + > + fra(s)ur(s) 


y(x) : : > yala) |S Po(s)ya(s)ds - + fru(s)n(s)d 


f P vels) ya (s) ds i AE S > ve(s)yr(s)ds 


where the y,’s are any functions whatever, which give the determinant in the 
denominator of the above fraction a value different from zero.” 

It is readily seen that the function N is independent of linear combina- 
tions of the linearly independent solutions (v1, °° *, vx), and also of any 
particular linear combination of the yrs after this set of functions has been 


chosen. 2 


Lemma IT. The system 
(22) LK, (zy) |] == N (zy), Up[K: (zy) ] — — U,(K), (p= Len), 


has a solution in x which possesses a continuous nth derivative taken with 


respect to gz. i 
Solutions of the above system with a continuous nth derivative exist if ł 


(23) f nta N (ay) da — — $ Uy(K) Vanaa() OET 


* If this condition is satisfied, the v,’s and y,’s may be transformed linearly into 


biorthogonal sets. 
+M. Bôcher, Les Méthodes de Sturm, p. 36. 
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But 
j 0 f° ve(s)yr(s) ds ae Fe vils)yr(s)ds 
vs(y) f? v(s)ya(s)ds +++ f? 0,(s)yu(s) ds 


(24) f vs (a) (ay) dame 0) Soi Owls yats)ds 7 fh te(s)ye(s) ds 
° Ff? r(s)yr(s)ds-- + f ¥0s(s)yx(s)ds 


i vr(s)ÿ1(s)ds >> Sa Ve(s)yrls)ds 
— vi(y) 0 +. 0 

vi(y) fPe(s)ya(s)ds > fru(s)y(s)ds 

(y) f Pu(s)yi(s)ds >>> f? ve(s)ye(s)ds 

Ja A e. J renner 

f. inion akei Polowo 
= — vi (y) (t=1,°°°, k). 


Since 
2n n 
2 U(E) Vonss-p(vi) = 2 Up( E) Vons-s(vi) (t=1,:--,&), 
p= 


from (24) and lemma (I) it is seen that condition (23) is satisfied and 
therefore system (22) has a solution. 

The solution K, of (22) is nòt unique but is determined except for added 
solutions of the homogeneous system corresponding to (22). 


Lemmas (I) and (II) hold for the adjoint systems when v; is replaced 
by u; and y; by dj (i= 1," - +, k), if the ds are any functions * which give 
the determinant, 


LL ou ui S 
ETTR e.: jrak 


a value different from zero. 


* The ¢,’s and ¥,’s used in this section should not be confused with those used in 
Section (2). 
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* Let 
(25) G (zy) = K (ay) + Kı (zy). 
Among the solutions chosen for K, there is always one for which 
b 
(26) S. Haldo (1, +, k). 


Hence the following theorem has been demonstrated : 


THEOREM III. Jf the system (1) is compatible, there exists a function 
satisfying the following conditions: 


(27) (a) G(ay), @G(ay) /dn, * : +, 0" 2G{(xy)/0xr2 
exist and are continuous for a=x=<b, SyS hb, 
(b) IIG (ay) /da, GrG (ay) /dx” 


exist and are continuous foraSe<yyesb, 


(c) IG (y+, y) 3r — IG (y—, y) /0r = 1/h (4), 
(d) LalG(2y)] =N (z4), a=z<y y<rShb, 
(e) Up G (sy) | = 0 (p= 1, mos n), 


b 
(t) (#60 (i=l >, E). 


The function G (sy) satisfying these conditions depends both on the given 
differential system and on the choice of the ¢,’s and y;’s. 


THEOREM IV. The function G(ay) satisfying conditions (27) is a gen- 
eralized Green’s function for the compatible*differential system (1). 


By way of proof, let u(x) be defined by 
b 
us(t) = f @(as)F(s)ds, 
(A 


where f(s) satisfies condition (4). Upon applying the operators * L, U; 
(1 = 1,- :, n), and taking into account condition (4), we get 

L(t) = f(s), Up(uo) =0 (p=1,°°°, n), 
which shows that u, satisfies the semi-homogeneous system (3). Then every 


solution of the semi-homogeneous system (3) may be written in the form 


k b 
u(a) = À caula) + f G(as)f(s)ds, 








# All details of differentiation are here omitted. 


7 
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which demonstrates the theorem. $ 


Also, it is readily seen that f oa dz = 0 (i=1,"-:,k). 4 


b 
COROLLARY I. If w(x) = J. G(as)f(s)ds, where f(s) is any continu- 
G 


ous function, then u(x) satisfies the system 


L(u) = f(x) + f} N (as) f(s)as, 
(28) | Uy (to) = Ô (p—=1, Te Ta n), 


f? pudr =0 (i=1,: >+, k). 


Corozzarx II. If, for each continuous f(x), a solution of system (28) 
is given in the form 


ee f k AOT. 


then 
G(s) = G (zs). 


Unless explicitly stated. otherwise all generalized Green’s functions con- 
sidered in the remainder of this paper will satisfy conditions of type (27). 
We shall denote by H (sy) the generalized Green’s function for system (2). 


Turorem V. If n > 1, for any explicit choice of di and yy (i—=1, 


"8 8s k), . 
(sy) = G (y7). 


By way of proof,” let é and » be any two points in the interval (ab). 
For convenience suppose é < ». Apply Green’s theorem letting u = G (sé), 
and v = H (æ), choosing as limits of integration a, &—, then &+, 7—, and 
finally y—+, b. Since the integrand is a continuous function of x, we get 


S. (ELIG (28) 1 — 6 (ae) MIH (ay) }) de 
= [P(C E)E + (P(G MIE + [P(G EH) 
—[P(G,H)]’ —[P(G,H)]& —[P(GH)]™ . 
But | 


* The method of proof used here is the same as that used by M. Bôcher in dealing _. 
with the ordinary Green’s function; Les Méthodes de Sturm, p. 104. 


g 
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Ti II (an) LEG (#6) dx 
l 0 yale) +: dee) 
(8) fv (s)ya(s)ds >=> feu (s) (sd 


j TO f? vs(s}ya(s)ds Fe f? Ux(S)¥x(s) ds 
= f HG) runs) June] #70 





i? vr(s)y:(s)ds * - * f° vr(s)yrx(s) ds 
Likewise 

f G (zé) M [H (an) ] de =0. 
Also 


[P(G,H)]> = > UG) Ven =O: 


And since all derivatives of G and H of lower order than (n—1) are con- 
tinuous functions for all values of x 


[P(G, H)]é 


= Luce) { FE, GE atom) + (te (ae) Fam) } | = Hin 
[P(@, H)}% 
= [ko { CCI tlm) +(e Ea (on) bY 
== a(n) ((—1) IG (yé) (—1)*/ln(n) } = — G (né). 
It follows that 
H (én) = G (x8) E< 7 


By similar proof 


H (én) = G (né) E>». 


Then from continuity 
H (én) = G (n£) f= 7. 
Hence, H (ay) = Q (yz). 
COROLLARY I. If n= 1, H(xy) = G(yr) ty. 


Corozzary II. For any chosen set of bÿs and yès the function satis- 
fying conditions (27) is unique. 


Since it has been assumed that the determinants 
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So vi (s)ya (s) ds: > Je Te f'u(s)pi(s)ds":: Se AADA 


f, PTE TN Le fo (s tai if 7 (s)du(s) Ti oe OOL 


do not vanish the y:’s and the ps may be respectively transformed linearly 
into sets biorthogonal with the v,’s and u,’s (i= 1, : <, k). If this is done 
some of the preceding formulas will simplify considerably. The function V 
is then given by the formula 
M1, ° °°, D i 
a (ee 2 er 
and G(ay) will satisfy the equation 


k 
LalG (2y) ] = — Z yi (2)v: (y). 
As a special example, consider the system 

u” = 0, 

u(0) + u(1) =0, 

w (0) — w (1) =0. 
This system is compatible of order one, and a solution is u, (s) = 1 — 2r. 

Its adjoint system is y= 0, 


v(0) —v(1) = 0, 
v’(0) + v’(1) = 0, 
which has a solution v,;(2) = 1. 
If (x) = ù, (z) = 1— 2x, and y(x) =m, (s) — 1, the generalized 
Green’s functions for the two systems are respectively 
G, (zy) = — 27/2 — 2/2 — Roy + 3y + y — 3y?/2 + 9/2, Sy, 
= — 27/2 + 2/2 — Ray + 8ay* + y -— 3y?/2—y/2, Ty. 
H, (ay) == — 80°/2 + 32y at —2a%y — y?/2 + y/2—a/2, oXy, 
= — By? /2 À Bay + E — Ray — y?/2—y/2+4/2, Tey. 
If ġı (z) = y (x) = z, the generalized Green’s functions become 


G, (zy) =— 2° /3 + 3ay — ey? + y? — 62/5 — y + 4/15, oy, 
== — @°/3 + Bry — Bry? + y? — 2/5 — 2y + 4/15, ty. 
H, (ay) = £? — Ray + 3ry — y?/3 — y/5 — 2a + 4/15, ay, 
== g? — Ray + day — y? /3 — 6y/5 — x + 4/15, Ly. 


If we choose ¢,(z) —27, and y(x) == 2, the corresponding generalized 
Green’s functions are 


G (£y) = — 28/8 — ay* + Ray + y /R — t — y + I, ay, 
== — 29/3 — syt + Ray + 94/2 — 8y/2 + VW, T = y. 
H, (zy) = 2*/2 — zty + Ray — 4/3 — 32/2 + h, ay, 


= 04/2 — zty + Ray — ¥°/3 —2/2—y + %; T = y. 


An Expansion Involving p Inseparable Parameters 
Associated with a Partial Differential 
Equation.” 
By CHESTER C. Came. 


1. Introduction and Formal Setting. The partial differential equation 


(1) S ðu/ðrı + (Ah + kju — 0, 


may be solved by Lagrange’s method provided k and k each consist of integ- 
rable functions of the several single variables and polynomials in more than 
one variable.f It is clear that one may then solve (1) in the form 


(2) u = oMiKy, 
where h= DH + Sax), k= DK 4X gi(z:), D= F 0/dz, 
and u, is a solution of the equation 


(3) > [ôu:/0tr + (Àa + gu) ts | = 0, 
It may be shown that the general solution of (3) is 


(4) Uy = exp [AZ Ai) — È Gi(ai) ] ` 


$ (Tı — T2, Li Pa * "; Tı — Tp), 
where Aj(a1) = fa(xı)dzı and Ga) = f gi (21) da, 
and J runs from 1 to p. 


If œ is so chosen that u, == JT X:(zı:), equation (3) leads to the dif- 
ferential system 


(5) Xi + (Ad, + gi — BY pr) X11 = 0. 
Xi + (Adi + gi + wr) Xi = 0, (12, 8, :°°, p) 


* Presented to the Society, Sept. 9, 1926. 

+ When J runs from 1 to p the sum is indicated by 2 and the product by I, when 
l runs from 2 to p the sum is indicated by 2’, when J runs from 3 to p the sum is 
indicated by 2”. o 

t They might contain such terms as œ 2w, sin s, which may be integrated as to æ, 
under the condition dæ, = ds, =.. . = dw, by first writing 

f @,2@,8 sin w da, = —4#,2æ,8 cos @, +- (3w 20,2 + 20,@,8) cos æ,4æ.. 

Further integrations by parts diminish the degrees of the multipliers of cos æ, or sin », 
to zero. 
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In case H and K each satisfy the boundary conditions ; 


(6) [u(zs, Dos ats y Te) Ja,20 = [U(r Ds, Up) Jouer (= LR, spP) ` 
they will not affect the principal parameter values of À for the system (1), 


(6); namely T 
(7) À = > (mit — Gi) /> Ay 


Mas Mgs «+ + » Mp 
where m; is an integer, 8rG1 = Gi (r) — Gi(— x), and rs = Ai (r) — 
A(— 7), (=1,2,:::,p). 

Let us assume that each a;(@7) is either identically zero or of constant 
sign, also that © 4: 5&0. The case in which every gı(xı) ==0 will be con- 
sidered first since the proof of convergence is thereby simplified; secondly, 
the case in which some g;(x;) s£0; and finally that in which k and k may 
each contain functions of more than one variable. 

It is to be noticed that the system (5) involves parameters which are 
tangled up so to speak; i. e., it is not possible to separate them so as to have 
p ordinary differential equations each involving a single parameter. 

One may readily show that the adjoint system with similar boundary 
conditions has the same principal parameter values; e. g., for the simplest 
case the adjoint system 


(8) — Yy’ + (At — DB’ p11) Yi = 0, 

— Yi + (Aa + m)Y1= 0, (I= 2, 3,°°°, p) 
(9) ¥i(r) = Yı(— 7), (= 1, 2,°° +, p) 
has the characteristic values $ 


(10) "= + mu/> À; 
ga = À” (> Ai — A1) — (> My— mM1)t = — A*A, + mn, 
(1 = 2, B,° "5 p)- 
By using two sets of characteristic values which differ in at least one of 


the parameters we may adapt (5) to one and (8) to the other using a double 
asterisk to indicate the solutions associated with the second set, thus 


G1) A+ (Mu — 2’ wa*) Zi = 0, 
Xy” + (A*a J p*#) X” = 0, (7 — 2, 3, are ee p); 
(12) = Fins +- (A*a 2 57 TE a = (0, 


— PSS (nay ur) 0, (12, 8°, p). 
Multiplying the jth of equations (11), (12) by Y;**, — X;*, respect- 


+ 
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ively, adding, integrating from —7 to w and using (9) and X;"(7) = 
X ;*(— r), one obtains 


g T 
(13) (A* A ae) GA * da, on 5y (a E pi” )f XY "day eek c° 
mii" -T À 
| (A? cs Ae) J. aX "TT; ~ (u;” CO pj) r 
a ae sate Mg : 
f: ZT "de; = 0, (j= 2, 8, +, p). 


Since the sets of charaeteristic values are not identical, it is necessary that 
the determinant of (13) vanish. This gives the conjugacy condition 


qa) ff SODY. 
T -i ~T 


If one assumes the expansion 
Le +) 
(15) f (41 Les * `, Ep) = 2 Chingy tay + ss mp Un" (T; Mis Mos * * +, Mp) 


where f is made up of a finite number of pieces, each real, continuous, and 
possessing a continuous partial derivative in each variable, and the argument 
z in the principal solution u,” is written in place of 2, £a, - * *, Sp then 
formally ¢ if v,” = J] Y” (zı), 


ar T 
Cons 2 ds 88 = f s.. f. AOT =e Sp) >, dı (81) 01 (S; M, Fr Ms) ° 
° IT dsi/ (2a)? X An. 
Let us show that the formal series actually converges to the so-called mean 
value of F. 
2. Convergence Proof. Case I, gx) ==0, (T= 1, 2,::° :,9p). It is 
important in setting up the analog of the Green’s function to make a trans- 
formation of parameters as follows: 


{ Vy = AA, — SY p 


6 
ce vı == AA; + ju, (L= 2, 8; " +, 92). 


One can then readily prove that one term of the series (15) is the residue 


+ Cf. an article by Carmichael, “ Boundary Value and Expansion Problems,” Amer- 
ican Journal of Mathematics, Vol. 43, No. 4 (Oct. 1921), p. 260. 
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as tO vı, Va, °° *, vp at a set of values corresponding to a set of character- 
istic values for À, pe, us, ° °° 5 Kp Of the function j 


an f fire Rss 59) Daal p,m) TI dé 


where 
. 
(18) G==exp [ f (Aa, — J'u) der 


St 
+E f Om + m)der]/( Z 4i) I (1— e2), 
Sy < Tı); 
and when s; > x; for one or more values of 7 the factor (1 — e?7”:) in the 
denominator for each such 7 is to be replaced by (e277:— 1). 

The convergence is studied by the powerful and elegant method of Birk- 
hoff adapted to multiple series by which one takes the limit of a p-fold con- 
tour integral J whose curves, whether circles or rectangles in the several 
v-planes, enclose an indefinitely increasing number of characteristic values. 
One is led therefore to investigate one of the 2? pieces in the form 


Gy 
Zi Vase s» Æp = t. > s e 
(19) I -F F 2 ces uT f. Se fi. f 


f 7 #( $ a) GTI ds1dn/(2ri)?. 
Replace © a. by 
(> Ar) (Am — BY er] +’ Dam + ml}/En 
thus separating the 2p-fold integral into p pieces. If one integrates each by 


parts using the brackets in order to integrate exponentials, one obtains as the 
integrands of the contour integrals, exclusive of the factor 


1/(2at)? (X vi) II (1 — 2"), 


(20) f” f~ i fo exp [ >’ f (Aa: + pr) dai]. 


{f (z1 — 0, $z, "tta 8p) —f(— T, S2 °°", 8p) * 


apie J On — Ym) de] }dea' de 
p Lp Bp-1 B$+1 Ti-l T1 
+È f. nn J. E L 
exp [ 3 J, Qui Heu + f" (ay — Sands]: 
EF +, s) exp f (n + w)das] ET dsi/ds; 
vy ~T 1=1 
= f” z f (eaaa) DS "7; Sp) ( X 07/08) II ds +e. 


+ 
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Here e— 0 if f is continuous. In case of a discontinuity, in g, for 
example, there will be an extra term in the integration by parts, which would 


involve a factor S exp [— f “has pr)dz,] in lieu of 


Fa 8° is Sp) exp[— S Om — Em) de:] 


where S is the saltus or fluctuation of f in z, at the point z, =s. By a sub- 
sequent argument such a piece contributes zero to the limit. The analogous 
terms are not mentioned explicitly in a previous paper by the author * but are 
included by the notation O(1/A?) or O(1/A), whereas such terms are not 
considered in a paper by Carman + although they can as readily be disposed 
of there. 

The integrands of the exponentials are now written in the form 
A(ai— Ai) +, (= 1, 2,°-°-+, p), and one integrates p— 1 times by 
parts (each time with respect to a different variable), using the exponentials 
exp [vz(s: — 2x) |, each integral of (20) previously obtained as an upper limit 
in the first integration by parts. One item of the result is 


1 ¢ ... f Fla —9, 2—0, + +, 2—0) 
(21) (2x1)? 5. T LI vi(1 — er) II dv: 


Which is equivalent in the limit as | v; | becomes infinite to 
f(%—0, T2 — 0, ++ +, —0)/2?, 


as is seen by using circular contours with centers at the origins of the com- 
plex planes and radii à + m;, where m; is a positive integer. This is also a 
consequence of the following lemma. 


1 
Lemma: f} If0<h<1,then L pey fo, 


[21-200 
L 1 f e2thzdg 
le|—->oo amt Oiz 2 ( e2The __ 1) 


where Ciz} represents a circle in the z-plane with center at the origin and 





ghz 0 
2a(1— 627) | ans 








+“ Multiple Fourier Series Expansions,” Transactions of the American Mathe- 
matical Society, Vol. 25 (1923), pp. 123-134. 

+ “Convergence of Fourier Series,” Bulletin of the American Mathematical Society 
(Oct, 1924). 

t For details of proof one may refer to the papers by Carman and the author cited 
above, or to an article by Birkhoff and Langer, “ Boundary Problems and Developments 
Associated with a System of Ordinary Linear Differential Equations of the First 
Order,” Proceedings of the American Academy, Vol. 58, No. 2 (Apr. 1923), pp. 112-114. 
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radius |z|. A vertical rectangle with center at the origin and increasing | 
altitude may be substituted for the circle. For h—0, or À — 1 the limits 
of the first integral are 4, or — 4, respectively. 

Use is made of this to show also that the contribution of each of the other 
integrals to the limit is zero. 

Since the characteristic values are all pure imaginaries it will be sufficient 
to employ rectangular.contours of distinct widths 8; held fixed. The limit as 
each altitude becomes infinite represents the sum of an infinite series. This 
consists of the sum of a series of residues and hence the same sum will be 
obtained by using circular contours in which the several radii | vz | become 
infinite. Let the radii be so chosen that each |v: | and | X v: | become in- 
finite together. The lengths of the rectangles may be chosen so as to include 
the same principal parameter values as the circular contours, the distance 
of the contours in either case from the nearest characteristic values being kept 
bounded below. 

The third contour integral of (20) may be shown to converge in the 
limit to zero. To prove this one compares the infinite series represented by it 
with the simpler series obtained by removing according to the second mean 


value theorem the exponentials of the form | expaA f (aı— Ar) de |, If 
fy 


| © 0f/ds; | is now replaced by an upper bound M, the remaining integral can 
readily be shown by direct integration and the above lemma to contribute zero. 

The product of the exponentials is bounded uniformly over the rectangles 
suggested above and hence the original series converges to zero for any interior 
point. For points on the boundary the integral still converges to zero on 
account of the factor S'y» in the denominator, which becomes infinite for 
circular contours. 

To show that the parts of (20) involving the lower limits converge 
to zero for an interior point one compares the series they represent with 
simpler series. As an example, in the first one, we remove the exponential 


factor whose index is >’ Í. A(a a — Ar)dm— À f ( (a, — A:)dz:, take abso- 


lute values, and replace f(— r, 82, * +, Sp) by an upper bound. The result- 
ing contour integral converges by the lemma and the fact that | $v: | — œ% 
when |». |— œ. The original series will converge to zero and hence its 
contour integral will also over the rectangular or cireular contours selected 
above. 


The same argument holds for the remaining integrals of (20) and the 
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„analogous ones obtained in the p— 1 successive integrations by parts. In the 
first of these one obtains the form 


— | Tp Ta 
2) Gar ff fe (exp le(s) + 
3” f (das + m) dar] 9/08, (F(t, —0, sa +, 85) 


83 
exp f (a2 — As) dza} II dsidvi/N2(v) ds, 


where N2(v) = v (€ vi) II [1 — exp (— 2a) ]. 





For this consider a comparison series whose contour integral is 


a. f? | exp [n42 — 22)/ZAr + BW” n(si— a1) ] 
[@f/Oss + Alaa — A)f] | IT dst | de |/| Mar) ds 


where — r < So’ = x by the mean value theorem, and where certain exponen- 
tial factors which are bounded on the rectangular contours have been removed. 
But s7 54 x, unless yz is on the axis of imaginaries. In such a case one omits 
from the contour T, small arcs over which the contour integral will con- 
tribute e. 

Since the last bracket of (23) divided by J, vz is bounded, it is clear that 
the limit of (23) over a circle in the ve-plane and rectangular contours in the 
others will be zero. | 

The integral (22) is seen by the previous reasoning to contribute zero 
also. A like method applies to the other integrals of this form and to analo- 
gous forms in the other integrations by parts. The simpler comparison series 
converge to zero. One may change the one circular contour to a rectangle. 
The exponential multipliers in each case are bounded uniformly on the rec- 
tangular contours. Hence the original series converge to zero in the limit. 

In case À, = a, == 0 in (23) one of the exponents vanishes and the factor 
Š, v: is used instead of v, in the denominator of the contour integral. 

For an interior point each of the other parts of J may be shown to 
contribute analogous results, so that the whole integral has the limit 
> f(t + 0, ta + 0, * + +, £p + 0) /2?, in other words the so-called mean value 
of f at the point (T1, 2, ' * `, Zo). For points on the boundary the series will 
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still converge to the mean value if we regard f as periodic in each argument , 
with period 27. 


Case II, some g;(x;) =£0. The presence of © g:(x1) as a multiplier 
of u, gives for characteristic values 


{ À == D (mi — G1) / 2 4i 


24. p . 
(24) Bi = mi — à" 4ı— Gr (IR, 3,- ++, p). 


The transformation of parmeters analogous to (16) is 


(25) { v = Ad, — X m + Gi, 
vi == Mi + pu + Gi, (= 2, UT, p) 


(26) w, == exp {— ZAdi(a) + Gi(ar)] + DY m(t —21)} = 1/0, 


hence the analog of (19) will contain the extra factor exp X, [G (81) —G: (21) ] 
in the integrand. Since each g; is integrable Gi(a) is continuous. It is 
clear that the f with the multiplier exp X, Gi(s:) may be regarded as a new f 
and that for any interior point the sum of the series analogous to that in (15) 
will be the same mean value as before. 


Case III, DH or DK =£0. For the more general form 


(27) $, u/Oa1 + (ALÈ ar (a1) + DH (2, +++, £o) ] 
+ 2 g(r) + DE (&1,°*', Ep) ju = 0 
and the same boundary conditions (6) the general solution is given by (2) 
and (4). Let us first choose u, in the form [I X:(2.) as in (26). It is 
easy to prove that there will still be suitable values for A* in case H and K 
each satisfy (6). Then the presence of DH and DK will not alter the char- 
acteristic values. The conjugacy condition is now that in which F, a:(sz) is 
augmented by DH (sy, 82, * * +, Sp). 
The denominator of the Green’s function is not altered since 


(28) foe Lf DEY ds; ~0. 


In the convergence proof one has the extra factor 


(29) exp {ALA (s1, Sx," * "y Sp) — H (a, te ee Tp) | 
+ K(s1, °° +, Sp) —K(a1, °° +, &)} 


in the integrand, besides the new factor of the conjugacy condition. By separ- 
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e ating the parts of DIT(s,,: ` +, Sp) and integrating by parts one clearly obtains 


for one part of [@v-+--: 2 the same element of the mean value as before, 
since for sı = a, (J=1, À, * +, p) the value of (29) is unity. To show ° 


that the other pieces contribute zero for any interior point it is sufficient to 
use as a comparison series that formed by multiplying the several terms of 
the series for Case IT by (29) and then to take absolute values. This factor 
is bounded uniformly on the rectangular contours for. increasing altitudes. 
Hence the limit is zero. On the boundaries, if f is not regarded as periodic, 
certain parts of the mean value will require multipliers which are functions 
of the arguments that vary on the particular boundary. 

Finally, it is possible to multiply the solution u, as given in (26) by a 
function ¢ with arguments as in (4) provided œ is periodic of period 2a in 
each. We take v == 1/u, then the contour integral will have the additional) 
factor (ti — To, * * +, Ti — Xp) / (81 — 82, * * +, $1 — Sp) where f/ may 
again be looked upon as a new f. If ¢ does not vanish obviously the series 
will again converge to the mean value at any interior point. We may there- 
fore state the most general result in the following 


THEOREM: Let f(a, U2, * * *, fp) be made up of a finite number of 
pieces, each real, continuous, and possessing a continuous partial derivative in 
each argument, and let H, K and œ satisfy (6), while DH, DK consist of 
polynomials in the p variables or polynomials each multiplied by an integrable 
function of a single variable, gi(x.) is integrable, each ai(x1) is integ- 
rable and either identically zero or of constant sign, —r & ti Sm, but 


T 
`, f a(t:) du £ 0, also p Æ 0, and 0p/0æ1 is continuous; then the expansion 
7 


€9 

> Omo ...smp UT Ma, °° *, Mp), where u” is the most genera! 

9 y=- OO 
#=1, 2,..059 
characteristic solution of (27), (6), v* = 1/u*, and 

T T 
(30) es ocr f fo*( Z m + DH) II dsi/Z Ai, 
-T 


converges to the so-called mean value of f at any interior point. In any 
interior closed region in which f and its first partial derivatives are continuous 
the series converges uniformly to f. 

It is evident that the generalization involving œ can be applied to the 
multiple-Birkhoff series | and to other expansions associated with partial 
differential equations and boundary conditions. 


t Cf. Transactions of the American Mathematical Society, Vol. 25, No. 3, pp. 
338-342. 
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Moreover, it is believed that the convergence proof by the contour integrale 
method for all such series can be carried through only in case the number of 
independent parameters equals the number ot independent variables employed. 
For example, if in (4) ¢ had been chosen as unity the characteristic values (7) 
of À would be simply (mt— F, G:)/>) Ar and the corresponding expansion 
for f would involve but one parameter. Another such expansion is given by 
Carmichael * for f(x, y) with just one parameter À It is desirable to inves- 
tigate further whether either of these formal expansions is valid. 


UNIVERSITY OF NEBRASKA, 
LINCOLN, NEBR. 


* American Journal of Mathematics, loc. cit., p. 259. 


On the Asymptotic Evaluation of Functions 
Defined by Contour Integrals. 
By D. M. WrincH. 


INTRODUCTION. 


1. In the present paper, the author attempts to give unity to the investi- 
gations of the asymptotic expansions for large values of n, of functions defined 
by the integral 

I = fer F(z) dz 


taken along paths in the z-plane. The problem of grouping paths in such a 
way that the asymptotic expansions of the functions, defined by the integral I 
along paths belonging to the same group are identical, is first considered. The 
asymptotic evaluation of the integral J, along any one of a large class of paths 
is then effected by means of the discussion of the value of the integral I along 
certain standard paths. 

This procedure is precisely similar to that adopted in the theory of com- 
plex integration. Cauchy’s theorem gives specifications “ of a group of paths 
associated with two points, such that the value of the integral 


f F(z) dz 


is the same, whichever path of the group & may be. Next, the value of the 
integral taken along any one of a wide class of paths may be obtained by the 
discussion of the value of the integral taken along certain standard paths. 
The calculus of residues belongs to this part of the subject. 


* Thus, e. g. Riemann considered the class of paths running from a point g, to a 
second point z, which is such that at all points on each path, P and Q, the real and 
imaginary parts of F(«) have continuous derivates with respect to æ and y such that 

ÔP/6æ == 0Q/8y, 30/0” = — P /ðy. 
Again, in Goursat’s form of Cauchy’s theorem, each member of the class of paths under 
consideration runs from a point # to a second point z, and at all points on each 
path and at all points between any two of the paths, F’(z) exists. Either of these 
specifications yields a group of paths associated with two points which is such that 
the value of the integral 
f F(z) de 
C 


is the same whichever path of the group C may be. Cp. Watson, ‘ Complex Integration 
and Cauchy’s Theorem,’ Cambridge Tracts in Mathematics, No. 15. 
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In Cauchy’s theorem, the paths belonging to one group, all begin at one, 
point and end at a second point. In the corresponding theorem of asymptotic 
evaluation, it is sufficient to specify a certain continuum in which the paths 
belonging to one group must start and a certain continuum in which they 
must end. The continua in question are of a special type; they are called, 
in this paper, ‘ valleys’ or ‘ valley continua.’ An ‘ Al-valley’ associated with 
the function f(z) is a continuum in which the real part of f(z) has M as its 
upper bound.“ Under certain circumstances, if m, and m, are two M-valleys 
associated with the function f(z), and if C is a path starting in the continuum 
m, and ending in the continuum mz, the asymptotic value of the integral 


ent f ent (a) F(z) dz 
C 


is the same whichever path C may be. The results are obtained by considering 
the deductions which can be drawn from the behaviour of the real part of the 
function f(z) on the path C, as to the asymptotic value, for large values of n, 
of the integral 7 taken along the path C. Although, on occasion it has been 
pointed out ł that the integral I taken along a certain path differs from the 
integral taken along a second path C’ by a term of order e-*ô, where 8 is some 
positive number, the author is unaware of any previous attempt to study the 
general problem of grouping paths in such a way, that the functions defined 
by the integral I taken along paths belonging to one group admit the same 
asymptotic expansion for large values of n. 


2. The asymptotic evaluation of the integral 
fer F(z) dz 


has been discussed in a number of particular cases. ‘Thus the analysis neces- 
sary for the Bessel functions defined by means of the integral 


fen sin z gikz dz (N LE net) 


taken along certain paths, was developed by Debye f and supplemented by 
Watson.§ The analysis for the various functions defined by the integral 


f etNo dz (N == net) 


* The idea of a region (not necessarily a continuum) in which the real part of 
f(z) is less than a specific number HM has been used by Debye, Brillouin, Watson, and 
Perron. V. inf. 

+ Cp. Perron, Münchener Berichte (1917), pp. 191-220. 

} Mathematische Annalen (1909), Vol. 67, pp. 535-568; Münchener Berichte 
(1910) (5). 

§ Proceedings of the London Mathematical Society (1916) (2), Vol. 17, pp. 116- 
148. Cp. also Quarterly Journal (1917), Vol. 48, pp. 1-18; Transactions of the Cam- 
bridge Philosophical Society (1918), Vol. 22, pp. 277-308. 


Defined by Contour Integrals. 271 


along certain paths, and for various other functions defined by integrals 
which have a polynomial in the exponent of the integrand (e. g. by the integral 


f ettet-pa-g2) dz) 
was set up by Brillouin.* The analysis for the function Wrm(N) defined in 
terms of the integral 
f (— z) km (1 + 2/N) k-&rm et dz. (N ARa ne) 


was given by Watson.f These various writers called the method employed the 
Method of Steepest Descents,t the Sattelpunkte Methode,§ and the Méthode du 
Col. In 1917, Perron’s f important paper appeared. It dealt with the 
asymptotic evaluation of the integral 

f ef F(z) de 


along certain types of paths. The asymptotic evaluation of the integral I 
along the standard paths adopted in this paper is derived from Perron’s 
analysis. Perron’s analysis is, however, carried a step further. 


1. DEFINITIONS AND PRELIMINARY CONSIDERATIONS. 


11. Let 
Iii) == f. ent) F(z) da, 
C 


C being a path in the z-plane. The absolute value of the function Zc(n) is 
evidently dependent upon the behaviour of the real part of f(z) on the path C. 
Suppose that there exists a positive number 6 such that 


Rf(z) =U—8 


on the path C. Then, assuming that the integral Io(n) exists, at least for 
sufficiently large values of n, we may deduce that 


| Io(n) | sms S etn-b)f(2) et (2) H(z) dz | 
< gin) (M-8) | f eeto F(z) dz | (n > b) 
<< K er(M-6) | 


where K is independent of n. Thus 
Io(n) e"™ — 0 (eè) 


* Annales de l’École Normale Supérieure (1916) (3), Vol. 33, pp. 17-89. 
+ Loc. cit. t See footnote $ of p. 270. § See footnote { of p. 270. 
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where 6 > 0. . 

Suppose now that there are two paths Ca and Chr starting at the same point 
and that a third path C, exists which joins the end points of C and Cs and is 
specified with respect to the integral J in such a way that 


nf lz) eft es nf(z) * 
fe E'(z) dz (f4 fe F(z) dz; 


then, if there exists a positive number à such that on the path O; 
R f(z) = M—8 
it follows that 


gonM f ento F(z) dg — eM f ent) F(z) dz = O (eô) 
Co Ca 


it being assumed that the integral 
fet®F(z) dz 
taken along the paths Ca, Co and C, exists, at least for sufficiently large 
values of n. E 
Again, suppose that there are two paths C, and Cb and that there exist 
paths C, and Cs such that 


fo erto F(z) dz = Cf 4 fo a f ) en OF (2) de. 


Then, if on O, and C; 
Rf(z) =M—8S 
where ò is some positive number, it follows that 


ent f erto F(z) dz 2, ent J ert F(z) dz — O (eè). 
Cv = Ca 


And here again it has been assumed that the integral along the various paths 
exists, at least for sufficiently large values of n. 

1.2. It will be convenient to introduce the symbol ~» to denote the 
relation between two functions ¢(m) and (n), when there exists a positive 
number ô such that, for large values of n | 

p(n) — y(n) = O (6è). 
Suppose that y(n) admits the asymptotic development * 


= . 
>> Cnn (a+m)/p 
m=0 


for large values of n, where p is some positive integer, then if 


p(n) ~n y(n) 


* A function x(#) is said to admit the asymptotic development 
a, H an + ant. 
fer large values of n, 
[which is also written x(n) ~a, + an /r + an %/r +--+ -] 
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it follows that ¢(n) admits the same asymptotic development. 

Further, we shall say that certain paths are ‘ equipollent with respect to the 

integral J,’ when the value of the integral I along any of the paths is the same. 
1.3. The results obtained above may now be restated in the following 

way: 

1. If Ca and C4 are two paths starting at the same point, and if there 
exists a third path C, such that C» and Ca + Cr are equipollent for the integral 
I = fet@ H(z) dz, 

then if on C; 
R f(z) SM—8 
where ô is some positive number, it follows that 


en f ents) F(z) de ~n "M f ent I(2) da. 
Cb Ca 


2. If Ca and Cy are two paths and there exist two other paths Cr and Cs 
such that Cy and O; + Ca + Cs, are equipollent for the integral 
I = fet! F(z) dz, 
then, if on C, and Ce 
R f(z) < M —5 
where à is some positive number, it follows that 


er M f ent 2) F(z) dz fe y e-nM f ento F(z) dz. 
Cr Ca 


1.4. These considerations at once direct attention to the group of paths 
which have the characteristic that on them, the real part of f(z) is less than 
some specific number M. We therefore proteed to investigate the regions of 
the z-plane in which 

Rf(z)<M—5<M 
for various values of Jf. 


if lt | nifo {x(n) —[@, + @,n Up fee e+ a, ,w*/2]} | —0 
n — 00 


for all values of k. The expression is also used in an extended sense. A function 
x(n) is said to admit the asymptotic development 
Bln) + O(n) {a + ane +. 3; 

for large values of n, if the function 

(xin) —@(n)) /O(n) 
admits the asymptotic development 

Qa, + an Up +. 

in the sense defined above. Cp. Barnes, 1906, Philosophical Transactions of the Royal 
Society of. London, Series A, Vol. 206, pp. 249-297. 
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2. Tue Lie or THE Funcrion }i f(z) ON THE COMPLEX PLANE. 
2.1, We will write for convenience 
Ay(z) =R f(z), Ir(2) = Hf (2) 
and in general, when it is not necessary to make the reference to the function 
f(z) explicit, these symbols may be replaced by the symbols (2), J(z), 
simply. Now consider the surface consisting of the aggregate of points 
(x, y, À). By analogy with a relief map, in which at every point Æ represents 
the height of the land above sea-level, or some other standard of reference, 
we may call the lines on the surface on which È is constant the ‘ level’ lines. 
On these lines J will be changing most rapidly and with the same analogy 
in view, these lines may be called the ‘lines of greatest slope’ or the ‘lines 
of steepest descent or steepest ascent? If at a point the partial differential 
coefficients of À and J with respect to x and y satisfy the equations 
OR/dx = 0S /ðy,  0J/0x == —0R/0y 
it follows that 
V7k=0 

and therefore À cannot at that point have a maximum or mimimum. At a 
point at which 


d'f/de —0 (s= 1,2, >+, p), dP tf/dzrtt = 0 
there will be p lines of greatest slope and p level lines. We may say that a 
point z is a ‘col’ or ‘ pass’ of order p, if at that point the first p differential 


coefficients of f(z) with respect to z vanish and the (p + 1)th differential 
coefficient does not vanish.* 


2.2, We are primarily coneerned with the question of paths in the 
z-plane on which #(z) has a certain upper bound. We will say that a point 
lies at the level M or on the A-level, if 


R(z) = M. 
We will call the aggregate of points which constitute the levels inferior to the 
level M, the ‘underland M; and the aggregate of points which constitute the 


levels superior to the M level, the ‘overland M? Thus the underland M is 
the class of points such that 


R(z) =M—8 


where à is any positive number. Similarly the overland M is the class of 
points such that 


R(z)=M+48 


* The language of § 2.1 is taken from the papers cited on p. 4. 
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Where à is any positive number. Evidently with these definitions, every point 
in the z-plane belongs to the underland, overland or level associated with each 
number Af. We will assume that the function R(z) is a continuous function 
of æ and y; then it follows that any path joining two points, one of which lies 
in the underland M and the other in the overland M, will traverse the level M 
at least once. The region which forms an underland or overland is plainly 
an open region. The limit of any sequence of points in an overland or under- 
land either lies in the overland or underland in question, or lies on the level 
associated with the region. In fact, the region consisting of an underland M 
together with the level Jf is a closed region. An overland and its associated 
level, in the same way, form a closed region. With the assumption introduced 
above as to the continuity of R(z2), an underland evidently has one of the two 





Fie. 2.31. 


f(z) =— B— Be = —breiB+ié, 

o-underland shaded. 
distinguishing marks of a continuum; for if a point z belongs to the underland 
M, points sufficiently near z will also belong to the underland M. The same 
is true of an overland. It remains to be discussed whether these regions possess 
the second characteristic of a continuum, namely, that between any two points 
belonging to one such region, there is a path lying wholly in the region in 
question. 


2.3. We proceed to discuss the lie of the function R;(z) in various 
particular cases. 

Let 
(2.31) f (4) = — Bz = — bret h0, 
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The level line through the origin is sin (8 +8) —1. This line divides the 
plane in the underland M == 0 and the overland M — 0. The underlands and 

a overlands M==b, M=2b,-::, M = — b, M = — Rb, : : -, abut along the 
levels M — b, M = 2b, > :, M= b, M——26,:: 


Any two points be- 
region, and therefore, in this case, the underland JM — 0 is a continuum. 


longing to the underland M — 0, may be joined by a path lying wholly in this 
Similarly every other underland and every overland is a continuum. 
i 


Fra. 2.32. 
f(z) =— z. 


o-underland shaded. 


Let 
(2.32) 


f(z) = — z. 


In this case there is a col of order two at the origin. Further, since 


B =— 2 +y’; J = — day, 
the levels are hyperbolae with the lines 


x? — y? = 0 


as asymptotes, and the lines of greatest slope are hyperbolae with the lines 
ry == 0 


as asymptotes. The underland M — 0 is shaded in the diagram. Evidently, 
it is not the case that between any two points in this underland, a path can 
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be drawn lying entirely in the underland. To connect the two points (4, 0), 
(— a,0) which lie in this underland, a path must enter the overland M = 0, 
or at least traverse the col at the origin. On the other hand, any two points 
which lie in one of the shaded quadrants can be connected by a path lying 
wholly in this quadrant. Hach underland and each overland in fact forms two 
continua, in this particular case. 


The distinction between an underland which forms, one continuum and 
an underland which consists of more than one continuum is clearly essential 
for the purpose in hand. Thus take for example the function defined by the 
integral 

fer zdz 


taken along any path running from (— a, 0) to (a, 0). Both points (a, 0), 
(—a, 0) lie in the underland M == 0. But there exists no path between them, 
on which 

R(— 2?) =% — 2 =—8 


where 6 is some positive number, and therefore it does not follow that 


+g i 
mu 2 
f ene” ds e~p 0 
6 


If, however, we consider instead the integral taken along any path running 
from (a,0) to (2a,0), the situation is changed, for we may now select the 
straight line path from (a, 0) to (2a,0), on the whole of which 


R(— 2) = 8 — r S — a? 


and we consequently deduce the result 
2a 
f ene? gdz run 0. 
& 


2.4. In order to draw attention to this important distinction between an 
underland which is such that any two points belonging to it may be joined by 
a path lying wholly in this underland, and an underland which is such that im 
the case of some pairs of points belonging to the underland there is no path 
joining them and lying wholly m the underland, we introduce the notion of a 
valley. We call a class of points an ‘ M-valley if the unattained upper bound 
of R(z) for points in the class is M and if the points form a continuum. It 
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is occasionally convenient to refer to an M-valley as a valley whose index is M. 
In the same way, we might call a class of points an ‘ M-mountain continuum ? 


if the unattained lower bound of R(z) for the points in the class is AY, and if 
the points form a continuum. 
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cl, SE SI AS Pee, Fe ee EE. 
X-F% ee aa 2R— 
F a a RE N VE ee =, WE = 
eae ee | VON VUS i UE US | 
ET ET lt Se WE RE ee QE 
PE nS R i a l 
Fig, 2.41. 


(+ 1)-underland 
(— 1) -underland 


f(z) = cos z. 


We may take as another illustration of the definitions the case when 


(2.41) f (2) = cos z. 
There are cols of order two at the points (nr, 0). Those at the points (2rr, 0) 
lie at the level + 1, those at the points ( [2r + 1]r, 0), at the level — 1. The 
underland -+ 1, which is shaded in the figure, of course, contains the underland 
— 1, so that the lower cols together with part of the overland associated with 
the level — 1 on which they lie is contained in the underland +1, The 
underland + 1 consists of an enumerable set of valleys. The question then 
arises as to the most convenient way of specifying any one valley of the enumer- 
able set which in this case make up an underland. Of the valleys whose index 
is -+ 1, there are two and only two which have the origin on their boundaries ; 
there are, again, two and only two of these valleys which have the point (2rz, 0) 
on their boundaries. It is evidently a simple matter to specify one or other of 
the two valleys which have the point (2rz,0) on their boundaries, by citing 
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° the directions of the lines of steepest descent through this point, which lie in 
the valleys. Indeed, we may conveniently call the two valleys which abut at the 
origin the (8== 0) valley and the (6 = r) valley. The two valleys with index 
— 1 which abut at the point (7,0) in the same way may be called the 
(0 = 7/2) valley and the (6 = — 7/2) valley. 





A 


Fig. 2.42, 
f(z) = — Bep = — brp eif+ip? {p —3). 
o-underland shaded. 


Thus to take another example, if 
(2.42) f(z) a= — Bg? — — hyPei(B+p9) 
the level lines through the origin have the equation 


cos (8 + p6) = 0 


and the lines of greatest slope, the equation 


sin (8 + pê) = 0. 


` 
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The underland M = 0 falls into p valleys and the overland M — 0 into p, 
mountain continua which all abut at the origin which is a col of order p. It 
will be convenient to specify any one of these valleys whose index is zero, by 
citing the direction of the line of steepest descent through the origin, which 
lies in the valley in question. In the diagram (which illustrates the case when 
p= 3), the valley (0 == — 8/p) and the valley [6== (+ 23r — 8)/p] are 
shaded. The remaining valleys are evidently the valleys 


6 = (4r — 8)/p, (6r—B)/p, ` *', [(2p—1)r— 8]/p. 


2.5. Suppose now that in the neighborhood of the point Zs, f(z) — f (zs) 
admits the convergent expansion 


oO 
— B(z—2s)? + D Bm(2— Zs} ™? 
m=i 
oO 
== — sfa (2) F 2 Bu(%— 25)? 
00 
fea DbreiB+in9 -+ ` bin gimp eifntin® 
m-i 


where p is a positive integer and ¿b £ 0, and suppose further that 
par + B= 2tr (¢=0,1,°°°, p—1). 


Then, evidently at the point zs, the function f(z) has a col of order p. The 
lines through the point Zs whose equations are 


cos (B + ps8) =0, sin (8 + pô) = 0 


now represent the tangents to the level lines through the col and the tangents 
to the lines of greatest slope through the col, and in general not these lines 
themselves. Consider, however, the arrangement of points into valleys by the 
function 


falz) = — B (2 — z)’. 
The lines whose equation are 
cos (8 + p8) =1 
which may also be written in the form 
0 = Gt (t=: 0, 1, °°, p— 1) 


are the lines of steepest descent themselves for the function :f.(z) through the 
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, col at the point zs. Now the underland M = 0 for the function of,(z) is 
defi ied by the relation 
R sf1 (2) = —§ < 0 


and the underland M = 0 for the function f(z) — f(z) by the relation 
HLF (2) —f(zs)] S=—8 <0. 


(2) — f (4s) = sfi(%) +e(z — Zs)” 


whei : e can be made as small as we like, by taking | z — 2, | sufficiently small. 
Thu: if a positive number à exists, such that 


Hf (2) —f(ze)] S=—8 <0 
it fo lows that a positive number à’ also exists, such that 
R sf1(2) =— F < 0. 


In fact the points which form the underland M — 0 for the function of, (2) 
and are sufficiently near z, also form the underland M — 0 for the function 
f(z) —f(z:). And further, the points sufficiently near the point 2 whicn 
form one valley for the one function also form one valley for the other func- 
tion. Thus points sufficiently near the point zs are segregated into valleys by 
the function afı(z) in the same way as they would be by the function 


f(z) — F (2s) * 


2.6. We shall therefore adopt the following procedure in specifying 
valleys associated with the function f(z). eWe shall say that the points (2:2) 
form a valley ‘ associated with the function f(z) at the point 24, if the points 
form a valley and if there are points of this class in the neighbourhood of the 
point Zs Further, we shall call a valley, ‘the «;-valley associated with tho 
function f(z) at the point zs, if it is the valley associated with the function 
f(z) which contains as its line of greatest slope the line whose tangent at the 
point Zs is given by 


But 


Z — Z = re’, 


Thus if in the neighbourhood of the point zę the function f(z)— f(ze) 
admits the convergent expansion 


* It is plain that the fact that valleys are open regions, whatever the function 
with which they are associated, is the crux of this argument and that nothing of the 
kind is true with respect to the level lines through the points z,, which are associated 
with the function af, (2) and the function f(z) —f(z2,) respectively. 
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— B(z— zs)? + higher powers, 
= — beth (g — zs)? + higher powers, 
* there are evidently p valleys which abut at the point z,, and with these defini- 
tions they will be called the valleys 


0 = a: (t=0,1,: <+, p—1). 
where 
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In particular, we may remark that associated with each valley of the function 
at the point Zs, there exists a positive number § (which may be infinite) which 
depends on f(z) and on z,, and is such that the path 


Z — Z = ret 0<rss 
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consisting of a segment of the tangent to the line of steepest descent in the 
as-valley, lies wholly in this g:-valley associated with the function f(z) at 


the point Zs» 
Consider the case of the function 
(2.61) f(z) = —10cos z. 


In the neighborhood of the origin, and indeed for all finite values of z, 
f(z) =—i(1— 2/214- >). 


Now compare the valleys associated with the function f(z) at the origin and 
those associated with the function 


ofi(2) = iz?/2! = 17/2 (cos (r/2 + 26) + isin (r/2 + 26)). 
Evidently the lines 


Z =o reitit z= ge Sir/4 


which are the lines of steepest descent for the function ofı(2) at the origin 
lie within the valleys (9—7/4) and (0==— 32/4) associated with the 
function f(z) at the origin so long as 


rb < 2/2”, 
Again, the lines 
De TT —= reriT/4, Z — g == resiT/4 


which are the lines of steepest descent for the function 


afı(2) =— (i/2) (2—7)? 


at the point (7,0) lie in the valleys (8—— 7/4) and (9 — 37/4) associated 
with the function f(z) at the point (m, 0), so long as 


TES <1 /2%, 
All these considerations plainly apply also to the case of the valley associated. 


with a point zs, in the neighbourhood of which f(z) — f(z) admits the con- 
vergent expansion 


— B(2— z) + 2 B(z—z,)™1, 


Thus in the particular case under consideration, if 


f(z) — f(z) = — i (cos z — cos zs) 
== 4 SİN Za (Z — Zs) + higher powers, 
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the tangent to the line of steepest descent at zs, which is the normal to the. 
level line at the point zs, has equation 


Z — Z = rei 
where 
{ett SIN Zg 


is real and negative. .The segment of this line given by 
0<r Zà 


will lie in the valley of f(z) at this point, if 6 < 5) where 4 is the length of 
the chord of the level line 

| R(z) =— Me 
through the point zs. 


Nore. —The theory of underlands and valleys associated with a function of a 
complex variable may be developed step by step by the methods of Principia Mathe- 
matica. The primitive idea of the system is that of the class of points which form 
the M-level for the function f(z). We will write 

lev, "M 
for the M-level so that the symbol ‘lev,’ denotes the relation between a class of points 
(z,) and an ordinal number M, when the class (2,) constitutes the level M for the 
function f(z). The various levels associated with the various ordinal numbers may 
be ordered by the relation ‘inferior te’ which may be denoted by the symbol I. We 
shall say that one level is inferior to another level, when the ordinal number associated 
with the one level is less than the ordinal number associated with the other. Thus * 


i= lev, ; < 
To define the underland M we conside? the levels inferior to the level M, and take the 
logical sum of all these classes, Thus the underland M, which may be written 
‘under ‘if,’ is given by 
> 
under ‘M = s* I * lev, M. 


Now consider i the class of levels inferior to the level If. Evidently 


=> 
k = I t levt M. 
Now k forms a segment of the relation J and the series of segments of the relation J, 
namely s‘*JI, where Ÿ 
s‘l=J,,¢ D'I 

is, plainly, ordinally similar to the series of underlands. The theory of the series of 
segments associated with various kinds of serial relations has been extensively discussed 
by Whitehead and Russell in Principia Mathematica,} 210-217. It is easily deducible 
from the theorems already known about series of segments that if a relation P is 


* Principia Mathematica, 150. 
+ Loc. cit., 170, 212. 
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, Dedekindian, the relation P and the relation s°P are ordinally similar. If therefore, 
we assume that the levels form a Dedekindian series, it at once follows that the 
uuderlands form an ordinally similar series. This fact is of importance in the question 
of the boundary of an underland. For, take the class of levels inferior to the Af-level. ° 
Together with the M-level, the class forms a class which is closed * with respect to 
the relation J. We may then at once deduce that the underland M, which is an open 
region, forms with the level M a closed region. Other properties of underlands may 
be deduced from the definitions given above. In particular, properties of the various 
valleys into which underlands may be resolved may be deduced from assumptions as 
tə the various simple curves into which levels may be resolved. 
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3. THE EXISTENCE el HEOREMS. 
3.1. The results of § 1.3 may now be stated in the following way: 


1. If C and Cy are two paths starting at the same point and ending in 
m, an M-valley associated with the function f(z), 


en M f erto P(g) dz ~n "M f erto F(z) dz. 
Cr Ca 


provided that there exists a third path C which lies in this valley and is such 
that the paths Os and Ce + C are equipollent for the integral 


fs f ot) Pz) de. 


2 If Ca and C are two paths starting in m., an M-valley and ending 
in m a second M-valley associated with the function f(z), 


* Loc. cit., 216. 
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en J. ert) F(z) dz ~r ent f erta F(z) dz 
Co Ca 


provided that there exist paths ©; and O, which lie in the first and second 
valleys respectively and are such that the paths Co and Or + Ca 4 Ce are 
equipollent for the integral 


p= f ent) F(z) de. 


These theorems are existence theorems in the sense that they assert of a 
certain class of paths associated with certain M-valley continua that whichever 
paths of the class Ce and Cy may be 


Co Co 


just as the first existence theorem of complex integration, Cauchy’s theorem, 
asserts of a certain class of paths, that whichever paths of the class Ce, Co 


may be 
f F(z) dz = f F(z) de. 
Co Ca 


On the one hand, Cauchy’s theorem is restricted to classes of paths which 
start at one point z, and end at another point z2, while the present theorem 
deals with classes of paths which end in an M-valley and start either at the 
one and the same point or in another M-valley. On the other hand the pres- 
ent theorem is restricted to asserting of any two paths Ca and Cy belonging 
to certain groups defined with reference to M-valleys, that 


en M f erto F(z) dz nd yy g rM f ert F(z) dz 
Cs Co 


whereas Cauchy’s theorem asserts of any two paths C, and O» belonging to 


certain groups that 
f FQ) dz = f F(z) dz. 
Co Ca 


3.2. Many particular cases of these existence theorems occur in the 
theory of asymptotic expansions. To take the simplest case of all, consider 
the integral 

I(n) = feNe ght de = fene” gi dz 


taken along various paths in the z-plane. Let 


H(N)>0, k>0. 
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If C be any path starting at the origin and ending anywhere in the C-valley 
associated with the function 
(3.21) f(z) = — ze” 


(the half plane shaded in the figure) 
f gonze oh-1 dg mn f enze” k-i dg — [P(k) /n¥]e-t, 


This fact is evidently the reason for the importance of the Gamma function 

















FIG. 3.21. 


- 


f(z) =— zeir, 


in the theory of asymptotic expansions. Whatever the path C may be, it is 
in general a simple matter to relate the function 


lola) = S enaze F(2)dz 
c 
to a set of integrals which may be expressed in terms of Gamma functions.” 


3.8. The proviso in the existence theorems as to the equipollence of 
certain paths for the integral J raises an interesting point. For suppose 


(3.31) I= f [e"*/(z—a) dz, 


and consider the integral taken along the set of paths which start at the origin 
and end at points in the half plane 


zx > 0 


“Cp. Barnes, loc. cit, p. 254. Watson, loc. cit., Proceedings of the London Mathe- 
matical Society, p. 133. 


9 
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which is the underland 0 for the function 


f(z) =— z2 


and indeed the one and only 0-valley for this function. 





Fre. 3.31. 
fiz) = —2. 


Two paths C, and C; ending at the points zs and z: are shewn in the diagram. 
In spite of the existence of the pole of the function 


| F(z) = 1/ (2 —a) 
at the point (a, 0), there exists a path C from 2, to 2; which is such that the 











LA Zs —> — 
=| aq 
—— — 
ep x 8 Ex 
EE S = 

{ a = ra 

Fie. 3.32. f(z) = — g. 
b>a b == æ b <a 


paths O; and Cs + C are equipollent for the integral I. Therefore evidently 


fa [e-*/(z—a)] dz ~n f [e2/(2— a) ] dz. 
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Now the residue of the integrand at the pole z = a, is e-"*, so that if a path 
C’ had been selected, which with the paths Cs and O; enclosed this point, we 
should have had the result 


f [e-"*/(z—a)] dz — f, [en*/(z—a)| dz. = Pme 
Cs t 
so that as before 
f [e-"*/(2—a) | dz ~n f, [e-"*/(2— a) ] dz. 
Cs t 
On the other hand consider the integral 


(3.32) § [en**/(z— b)] dz 
along a set of paths starting at the point (a, 0) and ending an M-valley where 


M = R(— 2") ema == — g". 


We will select as the M-valley to be considered the continuum which contains 
the portion of the real axis on which x is positive and sufficiently large. The 
boundary of this valley is evidently one of the branches of the hyperbola 


T? — 4? = a’, 


Evidently, if b =b, >a, the pole of the integrand lies in the M-valley in 
question. We therefore have as in the previous case 


ent J lems (2 — b;) | dz ~p enM Jo [er (z — b) | dz 


whichever paths of the set of paths starting at (2,0) and ending in the 
M-valley, Cs and C: may be. If however b = b, S a, this result does not 
- persist, and in particular we do not have the result that 


Í, Lens /(%—bz) | dz + f fem" /(2 si be) | dz == f lems (e —0)] dz 


in the case of the paths shewn in the diagràm. This conclusion would carry 
the consequence that 


ene fo. [e-"*"/(z—b2)] dz — en” J e—a) dz == O (es) 


where 6 is some positive number, whereas in fact 


(f+ S) e—a] ae f fonerer/(e—0,)] de 


Dari en(a?-b,7) , 


D RIRE — eo AMOR SS nv e 


290 WrincH: On the Asymptotic Evaluation of Functions 


| and 


f [erta /(z— b) |] dz = O (e?) (5> 6) 


Ge S) tenet ae mime 
2 Ct 


4, THE STANDARD PATHS ASSOCIATED WITH THE FUNCTION f(z). 


so that 


4.1. In the theory of a function defined by the integral 
I= fF (2) dz 


taken along a path C, the first problem is the specification of a class of paths 
which is such that the integral along all these paths is the same. Cauchy’s 
theorem is concerned with this problem. The next problem is the exaluation 


of the function 
Ie = f F(z) dz 
C 


for as wide a class of paths as possible. Suppose that C, is the path consisting 
of the circular arc 
Z — Z = pet? —wrSélr 


—2,)4-1 4 
[AC Za) z 


where the integrand is the one-valued function 


and evaluate first 


(z — ze) 4-1 == e(4-1) log (z-ga) 


and log (z = is purely real on the line on which (2—2,) is real and posi- 
tive. We easily obtain the result that 


f (2 — 2) 41 dz = 2ip4 sin rA/A. 
Cs 


If now we consider the integral 
I= [F(z) dz 


along the same path Cs, when, in the neighbourhood of the point Za, F(z) 
admits the convergent development 


` Am(2 cae Zg Atmel, 
m=0 
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for sufficiently small values of p we may integrate the series for F(z) term-by- 
term and we obtain the result 


Io, = i { (sin rA/A)p4 + [sin (A +1)/(A +1) ]p4t +--+} 


the series on the right being evidently convergent. This result enables us to 
evaluate a function defined by the integral I taken along any path C which is 
equipollent for the integral J to a standard path consisting of the circular 
are 

z — Zs — pe’ —r<0<=7r 


provided that in the neighbourhood of the point Ze F(z) admits the con- 
vergent expansion 


00 
D Am(z =m Ze) 4771 
m=0 


and that p is sufficiently small. If À —— p, where p is a positive integer or 
Zero, 


Io, =2iâp lt [sinr(A+p}/(4 +p) ]p4*? = Ori 
A+p-30 


and we obtain the theorem of residues, which is indeed a particular case of 
integration along the standard path Cs. 


4.2. The procedure in the theory of the asymptotic evaluation of a func- 
tion defined by an integral taken along a certain path is entirely similar. We 
take two types of standard paths. s 


Suppose Ze is a point in the neighbourhood of which f(z) — f (2) admits 
the convergent expansion 


— B(z—z)? + À Bn(z—2%)?™ 
m=0 


where p is a positive integer. Let 6— a be one of the p valleys associated 
with the function f(z) at the point, and consider the straight line path 


Z — Za = res 0O=7r= 8 


We will choose ô sufficiently small to ensure that this path shall end at a point 
in this a-valley. It will be convenient to denote this path by the symbol 


2(a)s. 


If now C is a path which starts at the point z, and ends in this a-valley which 
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is a valley associated with the function at the point Zs, then it follows, in gen- 
eral, that * 


f ett (Z)—nf (x) F(z) dz m9, f, ent (2)~nf ga) F(z) dz. 
C Zala) : 


We will call a path which starts at a point zs and ends in a valley associated 
with f(z) at that point, ‘a path of the first type’; in particular, we will call 
the path zs(%)5 which is itself a path of the first type, ‘a standard path of 
the first type.’ Then evidently, the asymptotic evaluation of the integral 


f ent D-nf Za) F(z) dz 


along any path of the first type starting at zs can in general be derived from 
the asymptotic evaluation of this integral along the appropriate standard path 
of the frst type. 


4.3. The second existence theorem suggests a second type of standard 
path. Suppose that zs is a point in the neighbourhood of which the function 
f(z) admits the convergent expansion 


— B (2 — 23)? + È Bn(z— 2)? 


where p is a positive integer greater than unity. Then there will be at least 
two valleys associated with the function f(z) which abut at this point. Of 


these valleys, let 
6 = is 8 = Qa 


be two. Consider now the path consisting of the circular are 
Z— Z = Se? SOS a 


We will choose § sufficiently small to ensure that this path shall begin in 
the a.-valley associated with the function f(z) at the point zs and shall end 
in the o,-valley associated with the function f(z) at the same point. It will 
be convenient to denote this path by the symbol 


Zs (Az, &)8 


* It is evidently necessary to assume that there exists a path ©, which lies in this 


valley 0 =a and is such that the paths C + C, and z,(a); are e equipollent tor the | 


integral in question. Cp. § 3.1. 
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If now C is a path starting in this -valley and ending in this &.-valley (both 
the valleys being associated with the function f(z) at one point), it follows, 
in general,” that 
f, grt -nte F(z) de ~n f e tni F(z) dz. 
H & 


& (aista) é 





Fie. 4.41. 


f(z) =— 2%, 


We will call a path which starts in one valley associated with the function 
f(z) at a point z and ends in a second valley associated with the function 
f(z) at the same point, ‘a path of the second type’; in particular, we will 
call the path 2,(¢1, %2)s which is itself a path of the second type, ‘a standard 
path of the second type” Then evidently the asymptotic evaluation of the 
integral 

fet@-nten F(z) de 


along any path of the second type associated with the point zs can, in general, 
be derived from the asymptotic evaluation of this integral along the appro- 
priate standard path of the second type. 


4.4, The diagram shows the standard path of the first type associated 
with the function 
(4.41) fG)=— z 


* It is evidently necessary to assume that there exist paths ©, and ©, which lic 
in the valleys a, and a, respectively, and which are such that the paths Ca we EAP 
‘and Za (a a. a) 5 ra equipollent for the integral in question. Cp. $ 8.1. 
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atia point zs. Evidently the asymptotic evaluation of the integral š 


fenz?-na® F(z) de | 
along this standard path would yield the asymptotic evaluation of the integral 


along any path C whatever which starts at the point zs and ends within the 
section of the plane bounded by the branch of the hyperbola which passes 


through the point Zs., 
The diagram shows a standard path of the second type associated with 


the function 
f(z) =1(2— sin z) 


(4.42) 
































Fra. 4.42. 
f(z) =i(e—sing). 
o-underland shaded. 
€ 


at the origin. If C is any path running from (a—ioo) to (b -+ iœ) where 
— TfR La << x/À, TfR <b < 8r/8 


evidently, in general, 
f gin(z-sin &) F(z) az —~n f gin(z-sin 2) F(z) dz. 
c 


O(-T/2, 1/8)8 


5. THE ni EVALUATION OF THE INTEGRAL ALONG THE eee 
PATHS. 


5.1 In er the integral 
$ ent (@)-nf Za) F(z) dz 


+ 


tae the standard paths of the. first and -second type, we may evidently 
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“strict ourselves to the case when the point zs is at the origin without any 
ss in generality. 
In the course of the discussion of the integral 
oo pore z4-14 (z) dz 


along a certain class of paths, Perron * has obtained the asymptotic value of 
the integral J taken along a straight line path O(a)s. If we assume that the 
real part of A is positive and that in the neighbourhood of the origin the 
functions f(z) and ¢(z) admit the convergent developments 


f(z) — f(0) == — Ba T S Brett ee ae by eth in9 + 5 Br? 
m=i m=l 
x 
(2) = Z An” 


where p is a positive integer and 


pa: + B= 2ir 
it follows, from Perron’s analysis, that for sufficiently small values of 8, 


' | 00 
Í enftæ)-nf (0) g4r1 b(z) dz mes 1/p > P,T(A+k/p) etai(A+k) (nile b) (Atk) 
k=0 


(at) g 
where Py is the coefficient of z? in the expansion in powers of z of the function 


S Ame X [1 —(Byz + Boz? se *) /Bo17 40/2, 
H=0 


5.2. This result may be extended. Suppose that in the neighbourhood 
of the origin, ¢(z) admits the asymptotic development 


Ay + Ariz + Aaz? -+ dé 
for values of arg z between a; + y where y = yo > 0. 
Let 


k-1 
hr(2) = 2 Am". 
Then the condition satisfied by ¢(z) in this case implies that 


| DC) — dx(z) | S KE] 2 |’ 


* Loc. cit. 
fA theorem which is substantially the particular case of this theorem which 
results when 
fiz) =— Ba 
was proved independently by Watson, 1916, Proceedings of the London Mathematical 
Society, Series 2, 17, p. 183. See also Bessel Functions by the same author, § 8.3. 
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for small values of z. Thus, if § be chosen sufficiently small, 


(at) 





< K | f ent (2)-nf (0) gA+tk-I dz 
O 





ent (ad-nf (4-1 (p (2) — by (2)) dz 


O(a2§ 
and by the foregoing result 


A k etat (Ark) 
f, ert (2)~nf (9) gArk-1 de cm 1/p T (== ) CES (1 + O(1/n) 1/2) 


(at)5 ° P 
Thus 
J enf(a)-nf(0) g4-1 (2) dg = ent (ad—nf (0) gA-1 du (2) -l O (i/r) [RC(A)+k]/p | 
O(at)5 Olat) 


But consider now the integral 


ip es J. ent (2)-nf(0)A-1 du (2) dz. 
0 


(at}5 

The function #:(z) in the integrand is merely a polynomial in z of order 
k— 1. The original theorem therefore again applies and we may at once 
assert that for sufficiently small values of 8, 

9 

I~ 1/p > P(A + v/p) EP, gtar (Atv) (niab) -Ar 

v=0 

where Pp is the coefficient of z” in the expansion in powers of z of the function 


(Ao + Ax es: + Aya) x [1 —(By + Bz? + es A/B] 4m, 
With this definition of the :P,-coefficients, we have for sufficiently small values 
of § the result that ° 


k-1 À j giai (Aty) 
nf(z)-nf(20) ,A-1 — = P Rent 
So a a le) —1/p =r ( p ) 7 (n#b)4# 


(atg 
+ 0 (1/n) (ORCA) +k] /p, 
Now when v = k — 1 evidently 


Py = Py 


where P, is the coefficient of z” in the expansion in powers of z of the function 


ŞS Amz” X [1—(Biz + Bi +°: +)/BT 4m, 
m=0 


We may therefore write the result in the more convenient form: if § be 


sufficiently small 
k etat (Atk) 
) Px (nipare ` 





a: À 
enft)-nf(0) gA~1 p(z) dz m~ 1/p S T ( T 
i k=0 P 


Olang 
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£ $5.1 is therefore true even if (z) satisfies the milder condition 

F of having an asymptotic development in the neighbourhood of the origin which 

is valid at least for a small sector enclosing the straight line path of inte- 
gration. 


5.8. Perron also obtains the asymptotic value of the integral 
fea gå-1 (z) dz. 


along the standard path of the second type O (&,, @2)8. If* we assume that 
in the neighbourhood of the origin, the functions f(z) and ¢(z) admit the 
same convergent developments as before, it follows that, if § be chosen suffi- 
ciently small 





f ent(a-nf() gA-1 p(z) dz ~ 1/p S r ( ale +) 
O k=0 


(asang P 
etaa(A+k) os git(Atk) 
k (n1/2b) A+ 


where Px is the coefficient of 2* in the expansion in powers of z of the function 
OO 
>, Ame” X [1—(Biz + Boz? +:++)/B]- 4”, 
m=) 


5.4, It is evidently possible to extend this result as in the case of the 
previous result. If instead of having a convergent development in the neigh- 
bourhood of the origin, ¢(z) admits the asymptotic development 


Ao + Az +: 7 


for values of arg z between y, and y, where 


Yi <1 L a < ye, 


similar arguments to those used above will enable us to prove that it is still 
the case that 


f ent (2)~nf (0) 24-14, (z) dz ped 1/p S T (= +) 
O k=0 P 


(taps 
ettail Atk) een gid (Ark) 
K (ni/pp) Ark 


* A theorem which is substantially this theorem in the particular case when 
f(z) =— Bz 
was proved by Barnes, loc.. cit., p. 254. 
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where Ps is the coefficient of z* in the expansion in powers of z of the functic 


> Ame X [1 — (Biz + Boz? +'..)/B] 40 /r 


m=0 


provided only that ê be chosen sufficiently small. 


5.5. The asymptotic evaluation of the integral 


taken along standard paths of the first and second types associated with the 
origin has now been carried out for the case when f(z) and F(z) satisfy 
certain conditions. It is therefore possible to write down the asymptotic value 
of the integral 

fet- Fz) dz 


taken along any path of the first or second type associated with the origin, 
when f(z) and F(z) satisfy certain conditions in the neighbourhood of the 
origin and by a change of origin to write down the asymptotic value of the 
integral 

feto- F(z) dz 


taken along any path of the first or second types associated with any point Zs, 
given that the functions f(z) and F(z) satisfy corresponding conditions in the 
neighbourhood of the point za.” 


* Certain writers (loc. cit., p. 4) Wsing the so-called method of steepest descents 
(Méthode du Col, Methode der Sattelpunkte), have discussed the integral 
hi de F(z) de 

along a path C which passes through a point z, at which f’(2) vanishes and has the 
equation 

I f(z) =I f(z,) 
, When f(z) and F(z) are various special functions. (Cp. Watson, “ Bessel Functions,” 
§ 8.3 for an account of the method.) ‘This procedure of integrating along the line of 
steepest descent through a point at which two or more valleys abut, is, of course, 
suggested by the fundamental idea of the relation between the behaviour of the real 
part of f(z) on a path and the asymptotic value for large values of n, of the integral 

Loe F(z) de 
along that path. It is, however, more convenient to adopt as standard paths for the 
asymptotic evaluation of functions defined by the integral I along various pathe associ- 
ated with a point z,, not the line of steepest descent through z,, but the small segments 
of the tangents to the lines of steepest descent through the point, and the circular ares 
of small radius bounded by the tangents to lines of steepest descent lying in different 
valleys associated with the function f(z) at the point g, For, we- then require infor- | 
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5.6. An interesting fact will be observed in connexion with the asymp- 
totic evaluation of the integral 


x(n) = j) gnf(z)-nf(0} (2) gA-1 dz. 
Q 


(tpt 8 


It has been proved that, whether the real part of A is positive or not, 


00 A +k eñaa( Ar) __ gta, (Att) 
x(n) — 1/p À Py LT (>). aa 


so that whether the real part of A is positive or not 


f enfo p(z) 241 dz = Kert nA {1 + O(1/n1)}. 
O 


(GG) 6 


mation as to the behaviour of f(z) and F(z) in the neighbourhood of the point s, 
simply, instead of requiring information as.to their behaviour all the way along the 
line of steepest descent in question. Further, there are cases (as given above) 
when the integral along the lines of steepest descent from one valley associated with 
the function at the point z, into a second valley associated with the function as that 
point does not exist, owing to an infinity of F(z) at the point 2,, when the integral 
along the standard path of the second type consisting of a circular are about the 
point z,, exists. The notion of integrating along lines of steepest descent is therefore 
not essential to the development of the idea of the relation between the behaviour of 
the real part of the function f(z) on a path © and the asymptotic value for large 
values of x of the integral J along that path. No prominence is given, therefore, to 
the name ‘ method of steepest descents.’ 

We are more concerned, however, to emphasize the fact that nothing whatever 
depends upon the point z, being a point at which f'(z) vanishes. (This fact is implicit 
in the papers of Brillouin and Perron already cited.) The functions defined by the 
integral 

enf(2)-nf (2,4) F(z) dz 


along paths from g, which end in a valley associated with the function f(z) at the 
point z, admit the same asymptotic development for large values of n, whether z, is 
a point at which f(z) vanishes or not. In the latter case there will be only one valley 
associated with the function f(z) at the point z, instead of several. We adopt as a 
standard path the small segment of the tangent to the line of steepest descent through 
the point #,. Analytically this case presents no special features witl respect to the 
asymptotic evaluation of the integral 
poe eles F’(2) dz 


along paths which start at æ, and end in the a-valley (the one and only valley) asso- 
ciated with the function f(<) at the point z,. We have in fact that 


enf(2)—-nf (zs) (2-~-2,) 4-16 (2) dz 
along such a path is, in general, asymptotically equivalent to 


00 (4E eialA+try) 
a EN Jee 


and p= 1. With points at which two, three, . . . valleys abut, p has other special 
values. For this reason, no prominence is given to the names ‘Méthode du col, 
‘ Methode der Sattelpunkte.’ 
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where k is independent of n. Now if there is a path running from de’ to, 
Se on which the upper bound of the real part of f(z) is M, it follows that 


O 


(tto) 8 
When the real part of À is positive, we may choose as a path running 
from Get to 8e*%, the rays 
| gré, g= reits Srs 
and on these rays the upper bound of the real part of f(z) is evidently equal 
to the value of the real part of f(z) at the origin, and we have the result 


O 


(data) 6 
a result which agrees with the statement 


f ant (a) (2) gA-1 de — Kent n-A/p {1 + O(1/n1#)} 
O 


(itg) § 
in the case in question, namely when the real part of À is positive. 
However, when the real part of A is no longer positive, the fact that the 
statements | 
O 


(CAEU 
f ent gA- p(2) de — Ket pA {1 + O(1/nP)} 
Olata) g 
are no longer in accord, is reflected in the lie of the function on the plane of z. 
For since the real part of A is no*longer positive, any path from ĝe% to ĝetta 
must avoid the origin. But any path which starts in one valley associated 
with the function f(z) at the origin and ends in another valley associated with . 
the function f(z) must either cross the origin at least once—which is impos- 
sible in this case though perfectly possible in the previous case when the real 
part of A was positive—or pass some distance over a mountain region associ- 
ated with the function f(z) at the origin. Thus on any path from et% to 
Ses the upper bound of the real part of f(z) is greater than the real part 
of f(z) at the origin. However small » may be there exists a path from 
Set to §e*2 on which the upper bound of the real part of f(z) is equal to 


RFO) +» 
Thus we may assert that RE 


bet, * 
ô 


eta 
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e where y is any positive number however small. But we cannot assert the 
limit of this set of assertions, namely that 


6 ta, z 
f | ert P(z) de = O( ert), 
ô 


eta, 


The order of magnitude of the integral is, in fact, given by the result 


Geta, * A 
f ent) F(z) dz —1/p er? r( +) 
ô 


ett, 


(nie yz [1 + O(1/n) ¥?] 
a result which is in complete accord with the fact that whatever the value of y 


` moiety 
f, erto F(z) de = O (eRom) 
ò 


gta, 


and that it is not the case that 


Sete, 
f ent@ F(z) dz = O (eto), 
ô 


gta, 
6.1. It has proved ‘possible to obtain the asymptotic evaluation of the 
integral s 


f ent (adqnf za) F(z) dz 
C 


when C is a path of the first or second type associated with a point Zs, under 
certain conditions. w | 

Suppose now that C is a path which can be subdivided into a finite or 
enumerable set of paths of the first or second type associated with a sequence 
of points (z:). If C: be the path associated with the point 2, then 


f enf(e)-nf(zt) F(z) dz ~p f enfte)-nf(et) F(z) dz 
a. Ce Yt 


where yz is the appropriate standard path. Now suppose that of the various 
points (z:) with which the paths are associated, the subset (2,) are at the 
same level M, which is superior to the levels of the points of the set not 
belonging to the subset. Then, evidently 


Ce 


except in the case of the paths (C+) associated with the subset (z,). There- 
fore | 
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c c 
pet y g nM 5y f ent F(z) dz 
Yy 


> 
the prime denoting that the summation is taken only over the subset of paths 
associated with the subset (z,). The asymptotic evaluation is therefore 
complete. . 


6.2. It is of interest to consider the case of the asymptotic evaluation is 
therefore the integral 


00 
f e2n cos 2 pr dg 
-7 


for the integration has to be carried out over an enumerable infinity of cols. 
We subdivide the path into the enumerable infinity of paths 

(—m r), (m, 3r), ", ([28r—1]z, [Pr +1]r), - :: 
and evidently the path from —~- to -~-~ is a path of the second type asso- 
ciated with the origin.* Thus 


+r où 1 y (1 : grtr) 
2n(cos 2-1} p,-2* pany ae S ` SE 


A 
__& Pei)? 
— p> mrt ? 





y=0 


where P, is the coefficient of z’ in the expansion in powers of z of the function 


1— cos z (14/2 pre 
27/2 
Similarly 
e(2r+lr co 
f g2n(cos z-1) e728 ae en (2rn)§ >> T'(v + 3) rPoy 


(2r-1) 9 p=0 nth 
where „Py is the coefficient of ¢” in the expansion in powers of ¢ of the function 


— cost 
a ) “(1499/2 exp — [3 (2rr)?t + 3 (2ra)t? + £]. 
Thus 
f a 2-1) e728 las 3 g-(2rm)s 3 Cy -+ 4)rPoy 


m pod pad nt 


and we could readily justify the passage to the limit and assert that 
me -1) pz! S Div +4)Pep 
2n(cos 2-1) p-z ee ee ee 
f n e% de — 2 DA 


where 
Poy == Poy HECO? Poy + 6e AE Po + >: 


* Cp. figure 2.41. 


Generalized Quaternion Algebras and the 
Theory of Numbers. 


By Lors W. GRIFFITHS. 


1. Introduction. The unified treatment of arithmetics of certain gener- 
alized quaternion algebras presented in this paper yields important theorems 
on representation of integers in quaternary quadratic forms, on the number of 
representations, and on the solution of Diophantine equations. ‘The methods 
are essentially those applied by Dickson * to four algebras, two of which are 
instances in this paper. 


2 Generalized Quaternion Algebras. A generalized quaternion algebra 
over the field of rational numbers has a modulus 1 and consists of all quan- 
tities r == e -+ t + 7j + ék, in which the coordinates o, £ n, € are rational 
numbers, while 

=g, fear, K°—— ar, 


== — j= k, — jk = kj =r, — ki = ik = aj, 
in which g and r are rational. The quantity r has the conjugate 


t= go — & — q] — bh, 


and norm 

(1) Ne = o? — af? — r? + arë. 
Hence for any two quantitiés r and s 

(2) Nr=rr=—rr= Nr, N(rs) = NrNs. 


3. Representation of Integers. If œ and r are non-zero integers, as 
always henceforth, then the representation of an integer » in the quaternary 
quadratic form 
(3) g” — gé? — 797 + aré? 


is equivalent to the existence in the algebra of a quantity whose coordinates 
are integers and norm is ». For the algebras with parameters (a,7r) = 
(—1,— 1), (— 1, —3), (— 1, 3), (— 1, — 7), such quantities are integral 


* American Journal of Mathematics, Vol. 46 (1924), pp. 1-16; Algebren und Ihre 
Zahlentheorie, Orell Fiissli, Zurich (1927), Chapter IX; Algebras and Their Arith- 
metics, Chapter X, University of Chicago Press. 
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elements of the algebra, and the discussion of the arithmetics of these algebras 
given by Dickson * includes complete results of the type indicated in § 1 not 
only for the forms (3) but for allied forms in which cross product terms 
appear. The present paper derives similar results for the fifteen algebras 
with parameters 


(4) (Es —3), (2; —3), CL —1), (2, —3), (4, —3), (2, 5), (—2, 5), 
(3, 5), (—3, 5), (—4, 5), (3, —?), (2, —11), (4, oil); (—2, 13), 
(—4, 13), 


by considering a set S which has all the properties of a set of integral ele- 
ments except that it is not necessarily maximal. 
The fundamental set S consists of all quantities 


(5) qg—=(o+n/2) + (E+ 6/2) + jn/2 + RE/R =o + & + nH + CL, 


in which H = (1 -+ 7)/2, L= (1+ k)/2, and the coefficients o, £, n, € are 
integers. Hence S is closed under addition and multiplication, and contains 
the modulus. Furthermore, since 


(6) Nq == 07 — a& + en? — af? + on — al, e= (1—r)/4, 


is an integer, q satisfies the quadratic equation 2?— (20-++y)¢+Nq=0 
with integer coefficients and leading coefficient unity. Hence S is a set of 
integral quantities if it is maximal, as in the two instances (— 1, — 3), 
(— 1, — 7). Henceforth all quantities considered are in S. If p, q, g are 
quantities of S such that g == pq, then g has a left divisor (factor) p and a 
right divisor q. A quantity of °S which divides the modulus is called a unit. 
If u is a unit, gu is a right associate of g. A quantity which is not a unit is 
prime in K if it is not the product of two quantities of g each of which is_ 
not a unit. 
The representation of an integer x in the quaternary quadratic form 


(7) g? — a& + en? — gel + on — aéb, «== (1—1)/4, 


is equivalent to the existence in S of a quantity whose coefficients are integers 
and norm is um Hence by (5) the representation of x in (3) is equivalent 
to the representation of » in (7) with y and £ both even, that is, to the exist- 
ence in S of a quantity whose coordinates are integers and norm is p. 


THEOREM 1. Every positive and negative integer is represented in (7) 


* Algebren und Ihre Zahlentheorie, pp. 162-197; Algebras and Their Arithmetics, 4 
§ 91, § 105. 
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with (a, 7) of (4), except that, if a and + are both negative, no negative 
integer, and, if | a | = 4, no integer 4°2n (a= 0, modd) is represented. 


It is easily verified that 


(8) H +L, —1—i+2H +L, A, H, H, H, H,i+H8, 
LH 1 ATLI uait 


are units of negative norm for the algebras (4) respectively. Hence — 1 and, 
by (2) and (7), |alļe (a= 0) are represented. By (5) and (6), with 
| a| = 4, Nq=0 (mod?) implies o==y==0 (mod?) and hence Nq = 
(mod 4). Therefore it remains to prove the theorem for primes not divid- 
ing æ. This is done by lemmas 1, 2, 3, whose proof is an extension of that 
by Dickson * with (@,r) = (— 1, — 7). 


Lexma 1. If m isa prime which does not divide a, there are integers 
À, p, w such that 1 + p + ep? — ad? = mo, 0 Æ | w <r, 0S lAl, | p |&Er/2. 

LEMMA 2. If x is an integer different from 0, 1, — 1, and if w, A, p 
are integers such that 1 -+ p+ e? — aX = mo, then 0 |w| < |r| if 
FOS |A], |u| S |7 |/2 with x odd and if —(] = | —2)/2 £ à p S | 7 |/2 
with m even. | 

The proof consists in solving the inequality —7* < 1-+-p-pep?—ar? < 7° 
for the pairs of integers «, e, subject to these conditions on A, p 


Lemma 3. If ris a prime which does not divide a, there is a quantity g 
of S whose norm ts x. 


By lemma 1 there are integers À, u, w such that 1 + a + eu? — aX? = ro, 
0Ælw|<7. Give g the notation A + Bi + CH + DL, where 
(9) À == ro — QAE + eur, B — 6, 

E = r + p — Ay, C =n. 
Hence by (6) it is sufficient to prove the existence of integers a, é ņ, € such 
that 
(10) 4r == n'o? — 4arwË + herwon? — baer’ g? 
++ Bamd(— of + ent) + 4r (1 + Ben) (on — at). 


Since gor £ 0, multiply (10) by — aw/r and write 


(11) g’ = ag, E = — 9, n = a, E = — 9, 


* American Journal of Mathematics, Vol. 46 (1924), pp. 11-13; Algebren und Ihre 
Zahlentheorie, § 101. 
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to obtain 
(12) — 440 == 4w? — 4awré’® + kewry? — taek? 
— Bawr(— of + eE) + toll + Rep) (on — ag). 
This, by comparison with (9) and (10), expresses the fact that 
N(A’ + B'i+ CH + D’L) =— a, where 

(13) Af == wo’ — ark’ + eur, B’ =, 

E’ = wf + pe! — da’, G’ — y’. 
Now if | e | x£ 1 the least residues x, v of À, p modulo w determine integers 


y, B w such that À = x + oy, p==v-+ of, 1 + y + ev? — Gk? == wr’ further- 
more, by lemma 2, 054|a’| <|w|<2. Hence (13) become 


(14) A’ == wo, — Aké, + evn, BP’ = £, 
E == why + vé — KM, C =, 

where 

(15) oo! — ay + Br, bf, 
éa = BS — yy’, qı = 1, 


so that (12) becomes 


(16) — 46 == $ur — tawur é? ae Aewa'n,* — 4aew"l,? 
+ Bawx (— oé, + ept) + 40(1 + ev) (orn: — 48:61). 


Substitute for sı, © * *, €, from (15) and (11), multiply by —’/ao, and 
write . 
(17) X—Et+y +B, Y—=n+ Bo avt 
to obtain 
(18) dr” == 47/20? — kar oA’? + 4er/wY? — aer” g 
+ Bar k(— oX + Ft) + 4r (1 + 2e) (of —eX2). 


Hence by (17) the solution of (18) in integers is equivalent to that of (10) 
in integers. 

If |x | 54154 | w |, by the process applied to (12) to obtain (16), (18) 
yields an equation in x’, w’, M, w such that 0Æ|w | <<] a’ | <]o| <n, 
which is precisely similar to (10) in r, œ, À, p, whose solution is equivalent to 
that of (10). If |w|=1, yoda, 8 = wp implies k =v =0, |v | =| | 
= 1. If x’ = 1, (18) has the solution o—1, X = Y = ¢ = 0; if oe’ == — ], 
— 4r is to be used on the left of (10) initially and one of (8) at this point. 
Hence the proof by descent is complete. 
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Thus finally theorem 1 is proved. 


Lemma 4 ÆExcept with (— 1, — 7), there are in S three units u, = 1, 
Ur, Us of positive norm such that for every quantity g in S at least one of 
unguy (h, f = 1, 2, 8) has integral coordinates. If Ng==« (mod 2), at least 
one of gun (h— 1, 2, 3) has integral coordinates. 


Give the notations g =e + ŝi -+H +L; u= x +4 ^M -paH +L. 
Then ug = À + Bi + CH + DL, where 


(19) A — ro + a(à + v) — eum + «evé, C = po — avé + (x + p)n + are, 
B = ào + (x + p)é— em + eb, D = vo — pé + (A + v)y + Ké, 


and similarly for gu. Then it is verified directly with o, é, y, € == 0, 1 (mod 2) 
in all ways, that the units — 1 + H, H satisfy the requirements with the 
algebras (— 1, —3) (2, — 3), (— 2, — 3), (4, — 3), that is, in abbreviated 
notation, with the algebras (— 1, = 2, 4; — 3). Similarly 14H, 2—H with 
(+ 2, & 38, —4; 5); —1 +14 H, i+ H with (2, — 11), (— 4, 13); 
2+ 3iL 8H, —5 -+ 31 -+ 3H with (3, — 7), (4 — 11), (—2, 13). On 
the other hand, with (— 1, — 7) the units are 1, — 1, 1, — 1, none of which 
satisfies for g == H, 


THEOREM 2. Every positive and negative integer represented in the form 
(7) of theorem 1 is represented in the form (3), except some integers not 
divisible by 4 with (a, r) = (—1, —7). 


This follows from (2) and lemma 4. Clearly 8 is not represented in the 
form (3) with (— 1, — 7); whereas for multiples of 4 with (— 1, — 7), the 
representation of x in (7) is equivalent to that of 4p in (3). 


4, Solution of Diophantine Equations. 


Lemma 5. A quantity g of S whose norm is divisible by a prime x, À 
with | a | = 4, has a right (left) divisor of norm m. 


By theorem 1 it suffices to consider g=£0 (mod r). Give the notation 
g=«+dM+pH +vL. If w divides «, | «| 41,4. Then Vg =0 (mod a) 
implies x == 0 == p == gi (mod &), and since Ni = — g, there is a quantity g 
such that g= qi. Hence, if u is a unit whose norm is of the same sign as 
Ni, ui satisfies as a right divisor. If «340 (mod x}, the method of proof 
is that by Dickson (ibid.) with (—1, — 7). The three cases have hypo- 
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theses respectively x? — ae” £0 (mod r), eu? — ax 540 (mod r), x? — ge? * 
= = e? — ad? (mod r). Except with (—2, — 3), | a|-==—4, there is a 
contradiction which makes the third case impossible as in Dickson’s proof; 
otherwise, in the third case, — 1 + 2H satisfies as a divisor. This completes 
the proof of the lemma, since a right divisor p of g determines a left divisor 
p of g, and Np== Np. 


Lemma 6. With | «| — 4, there are in S no quantities of norm 2 or —2 
and there are quantities of even norm which have neither a left nor a right 
divisor of norm 4 or — 4. 


The first statement is a corollary of theorem 1. It is verified by (19) 
and the conditions that q=—x+Ai—+ pH +yL be such that Nq = +4, 
qg = 0 (mod 4) or gg==0 (mod 4), that g = 4— i + 2H + L is a quantity 
satisfying the second statement. 

Lemmas 5 and 6 imply lemma 7 and theorem 3 on the solution of Dio- 
phantine equations. 


Lemma 7. With |a| 544, if g is in S and Ng =ò, - -8n there are 
quantities di, * >° *, dy in S such that g=—=d,:-+-+d, and èn = Ndr With 
| a | = 4, a similar statement holds if not more than one of 8:,°°-, 8n is 
divisible by 2. 


THEOREM 8. All integral solutions o, é, n, €, 81,  * * , à of 
(20) g? — gé? + en” — geg? Fon me ab == Oj,‘ °° On» E = (1 —r)/4, 


with (a, r) of (4) and |a| 544, are obtained from o+ éi +- „H + EL 
==," +: ‘dn, Òn =N dr, where di, *' >`, dn range independently over 8. 
With |a|—4, precisely all integral solutions in which at most one of 
Dis * °°, On 28 even, and that dwisible by an even power of 4, are so obtained 
with at most one of di, * ` `, da of even norm. 

It is easily seen by lemma 4 that, with « odd and (a,r) =4 (—1,— 7), 
if g has integral coordinates and ~ is an odd prime dividing Ng then there are 
quantities p, q in S, each having integral coordinates, such that g — pq and 
Np= «~. Hence there follows a lemma analogous to lemma 7, and 


THEOREM 4. All integral solutions, in which at most one of 8,° * +, 8x 
as even, of 


(21) o? — aé? — rn? + art? == Da + + Da, 


~ 
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with (%,7) = (— 1, —8), (8, 5), (—3, 5), (3, — 7), are obtained from 
o+ éi nH + EL =" "dr, 8u==Ndn, where dy, * - *, dn range inde- 
pendently over S but are such that each has integral coordinates and at most 
one 1s of even norm. 


The remaining lemmas of § 4 add the uniqueness feature to the factori- 
zation of quantities in S. This is essential to the enumerations of § 5. 


LEMMA 8. If |a| 44 there are in S quantities pr (h = 1 if a is even, 
h = 1, 2, 3 if a is odd) such that | Npr | = 2 and that, if g is a quantity of S 
having Ng = 2% (a > 0, x odd), then there are unique quantities m, q in S 
such that g==mq2°, where 2° is the highest power of 2 dividing g, 
| Nm | = | a |, | Ng | = 28%, and q is a product of factors pr. Furthermore 
q is a product of factors pa in only one way. 


The proof for @ even is in that of lemma 5. For « odd, by (6) and 
(19), it is verified that the following quantities pan are of norm 2 or —2 
and such that for any g one and only one of pag is divisible by 2: with 
(— 1,3; —7) H,—1+H,1-+7; with (—1, —3), (8, 5) 1 +, H +ZL, 
— 1 —i H H 4 L; with (—3,5) 14+ H, -1+1+H,1+ H+ 5. Then 
g = pq as in lemma 5. 


LEMMA 9. If r is a prime and m, p, q are quantities of S such thal 
Np = 7 and r divides mpg, then m divides mp or pq. 


If æ is divisible by 7 and | «|= 4, the lemma is vacuously true. If g 
is divisible by + and | « | =£ 4, then r= | af and mpg = ar. Hence « divides 
Nm or Ng, and by the proof of lemma 5 a divides mp or pg. The proof 


. when @ is not divisible by + follows that of Dickson (ibid.) with lemma 8 


for the case r == 2. 


LEMMA 10. If misa prime, £2 with | « | = 4, dividing Ng but not g, 
then g and x have a common left (right) divisor of norm x, determined 
uniquely up to a unit right (left) factor. 


This follows for r — 2 by lemma 8. For 7 > ?, by lemma 5 there are 
quantities p,q such that g == pq and Np =r, and by lemma 9, if P is any 
common divisor of norm ~, 0 = Pg = Ppq (mod r), m divides Pp, and P 
is a right associate of P. 

A quantity is proper when and only when the greatest common divisor 
of its coefficients is unity. Hence by lemma 10 the factorizations of lemma 7 
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and preceding theorem 4 are, for the prime factors of Ng in fixed but, 
arbitrary order, unique up to unit factors if g is proper. Hence finally, using 

lemma 10 and the method of Dickson, any two quantities g and q of S have 

a greatest common left (right) divisor determined uniquely up to a unit 
right (left) factor with | æ | +4 4, and the same statement holds with | æ | ==4 
if not both Ng and Na are divisible by 2. For the algebra (—1, —3) 

Dickson * established the existence of this greatest common divisor directly 
by the process of division with remainders of decreasing norms as in the 

theory of ordinary integers, and then proved the foregoing theorems on factori- 

zation of integral quantities, representation of integers and solution of 

Diophantine equations. 


5. Number of Representations. If v is any integer not excepted in 
lemma 16, there will be found finite numbers, F(v) and G(v) respectively, 
of sets of all and all proper quantities in S such that every quantity in S of 
norm y or — y is in one and only one set, and such that a given set consists 
of the right associates of any one of its members. Then the numbers of 
fundamental representations in the form (7), from which all and all proper 
representations are derived by unimodular transformations, are determined as 
Fi(v) and G(r). 

If y is prime to « and +, F(v) and G(v) are found by the method of 
Dickson.+ 


Lemma 11. If risa prime which divides neither a nor t, F(x) =a + 1. 


For r==2 this is lemma 8. For «> 2 the proof is Dickson’s, with 
p == KK, — addy — Tu + arr, here. 

It is easily verified that if r is a rational prime and Np == x then pis a 
prime quantity, and conversely. Hence lemma 10 implies lemma 12 and they- 
in turn lemmas 13 and 14. 


Lumma 12. A product of prime quantities ts proper if and only tf no 
factor is a right associate of the conjugate of its predecessor. 


Lemma 18. If p is an integer prime to « and to rt and nr? -- > its 
prime factorization, then G(p) equals Q(p)==wW(1+ 1/7) (1+ 1/e) ++. 


Lemma 14. If p is an integer prime to « and to +, F(p) is the sum 
f(e) of all the positive divisors of p. 


* Algebras and Their Arithmetics, p. 150; Algebren und Ihre Zahlentheorie, p. 163. 
+ Algebren und Ihre Zahlentheorie, ‘pp. 175-179. 
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Lemmas 13 and 14 are extended to all integers, when possible, by 
enumerations for g and r similar to those in lemmas 8 and 11. 


Lemma 15. There are in S quantities p, [R—=0,1,-°°-°, 2|7| with 
(—2,—3),|a|—4,h=0 otherwise] such that | Non | = | r | and that, 
of gis a quantity of S having Ng = tp [a > 0, p5£0 (mod 7)], then there 
are in S unique quantities m, q, s such that g = rîgm, r is the highest power 
of r dividing g, | Nm | = | p |, | Ng | = | 77? | 'and'q is a power of po if 
h = 0, otherwise q = pos, 0 = c S a—2b, and s is a product of the pr with 
h==1,--+,2|7|. Furthermore s is a product of these p, in only one way. 


Give the notation g =o + i -+H + £L. Then by (6) 
(22) Ose Ng == 4N g = (Ro +- y) — a (26+ é)? (modr). 


Hence, except with (— 2, — 3), | æ | = 4, 20+ = 0 = 2é+¢ = (—14+2H )g 
(mod r), so that po == 1 — 2H, of norm — r, satisfies for every g. The prooi 
with (—2, — 3), | | = 4 is long. Thus, by (19), for c, é 7, ¿== 0, J, 
`+, |r| —1 (mod r) in all ways consistent with (22), Jog ==0 (mod 7) 
and hence pọ is a left divisor of g if and only if 2e + „== 0 (mod r), and 
otherwise p} as follows are satisfactory (upper signs taken together) : 


with (—2,4;—3) H=L,—1+i—1+4iLH—L: 


with (— 4,5) — 3 —H + 2L, 7+ %—b5H, +i— 3H +L, 
— 1 x i— H 3L, —2 zui +H —3L; 


_ with (4,— 11) 5 + 3i, +3—23i+ L, —4 yip H, —3 = 2438, 


— 


4+H+tL,2Q+1+H +L, —83 g2 -+H +l, 
— ő yi +H +L, 3H, 3+i+I, 
ro pri, 


with (— 4, 13) 81, —5+i+8H, yH, 1+itH+L, 
874+, -%7+3143L, —1 + 2% + 3H, 
—2 y ui + 3H, +7— 6i + 3L, —4 zi +H, 
—2 + H +L, —1 y tH, 2+i+8H. 


Furthermore only one of pa (h=1,---, 2|r|) is a left divisor unless 
2e + y==0 (mod r). 


312 GRIFFITHS: Generalized Quaternion Algebras 


Lemma 16. If v= ar’y (a=0 with | «| —4 but otherwise a Z0, | 
b = 0, u relatively prime to œ and. to t), F(v) = Bf(u), where f(p) is the 
sum of all the positive divisors of p, B = 1 except with (—2, —3), | a | = 4, 
and otherwise B =1 +2 |r] (|7[*—1)/(|7]—1). 

By lemmas 5 and 14 it is sufficient to prove F(v/p) = 8. If a>0 
with | æ | = 4 this would not be sufficient, by lemma 6. If |a|=£4, æ is 
a prime and, for every, positive integer a, F(œ) == 1 by the proof of lemma 5. 
By lemma 15 F(rt)—1 except with (—-2, —3), |a|—=4. With 
(—2,— 3), | «|= 4 a product ppr has po as a left divisor if and only if 
h = 0 or f — 0 or k and f are not both from the set 1, - ++, |r] (here the 
quantities with upper signs have subscripts 1, + + +, |z|). Hence for any 
positive integer b each of the F(r*) sets contains one and only one of the 
quantities: all products of b factors with subscripts from 1, : : +, |r|, all 
products of b factors with subscripts from |r| +1, :--, 2|-|, and all 
products pog where q is in turn one quantity from each of the F(rt-1) sets. 
Hence by induction F(r) —1+21|r|([rft—1)/(Îr|—1). Finally 
F(v/u) = F(a) F (7°) = B, as stated. | 


THEOREM 5. All representations of v, positive with (—1, —3), 
(— 2, —3), (—1, —7), in the form (7) are obtained from F(v) = Bf{u) 
fundamental representations by all transformations of determinant 


Ko aN — ep’ G(N + ev’) 

(28) x K ae Oe — ep! = K’? — aN’? -p ep’? — ger”? 
wo a rtp e, ON + x’? — aiy = 1. 
Yo aay PLN 


The notations are those of lemma 16. Each of the F(v) fundamental ~~ 


sets contains a quantity of norm v by (8), and every quantity qv, where 
Nq = —rv and Nv = — 1, is in one of these fundamental sets. Hence the 
quantities of norm v are right associates of g8f(p) quantities. Write 
g =o + éi -4-H + EL, u =r + Ni+wH +vL. Then by (19) the co- 
efficients of gu are linear homogeneous functions of o,: + +, £ with determi- 
nant (23). Hence by (2) the theorem follows. 


THEOREM 6. Exept with (— 1, —7), if v==a (mod 2), and if v > 0 
with (—1, — 3), (—2, —3), all representations of v in the form (8) are 
obtained from Bf (u) fundamental representations by transformations of deter- 
minant (23), but some quadruples so obtained may not represent v in (8). 
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This follows from theorem 5 by lemma 4. 


Lemma 17%. If v= oy (a—0 with | a|—4 but otherwise a = 0, 
b = 0, » relatively prime to a and to t), G(v) = pQ (u), where p =0 fa >1 
or b > 1 and otherwise p— 1 with (a, T) s£ (—2, —3), |a |= 4; where 
p=0 if a>1 and otherwise p=1 if b—0, p=2|jr| +1 tf b=], 
p=?lrivi(lr| +1) ifb > 1 with (—2, —3), |a|=4 


By lemmas 18 and 5 it is sufficient to prove G(v/p) = G(a*) G(r?) = p. 
With | æ | 4, (a, r)s4(—2, —3), by the proof of lemma 16, G (a°) G(r?) =0 
if @>1 or b> 1 and otherwise G(a*r?) —1. With (—2, —3) p=Oif 
a>1. Ifa—0 or 1 with (—2, —3) and if a0 with |a|—4, p=1 
if b==0 and p=2\|r|+1 if b—1 Finally if b>1 each of the 
F(rt) — G (7?) sets of quantities of norms + r? which are not proper contains 
one and only one of the quantities popoq, where q is in turn one quantity from 
each of the F(r*2) fundamental sets. Hence G(r?) = F (r?) — P(r?) = 
2| rpa] +1). 


THEOREM 7. All proper representations of v, positive with (— 1, — 3), 
(— 2, — 3), (—1,— 7), in the form (7) are obtained from G(v) = pQ (a) 
fundamental representations by transformations of determinant (23). 


The notations are of lemma 17. This theorem is not extended to the 
form (3) since there are quantities in 8 for which the greatest common divisor 
of the coefficients is different from unity while that of the coordinates is unity. 

With (— 1, — 3), (— 2, — 3), (— 1, — 7) there are precisely 12, 6, 4 
units respectively since the forms (7) and (3) are positive. Then theorems 
5, 6, 7 are theorem 8 and the classic theorem 9. 


THEOREM 8. All {all proper} representations of | rN | (a, b= 0, 
N prime to a and +r) in (7) with (ar) = (—1, —3), (—2, —3), 
(— 1, — 7), are m number 12f(N), 6[1+48(8—1)If(N), 4f(N) 
(12PQ(N), 6PQ(N), 40 (N)} 


THEOREM 9. All representations of 2°3°N (a > 0, b=0, N positive 
and prime to 6) in the form o° + 2& + 34? + 66? are in number 2 or 6 times 
` 1-4- 3(3— 1) times the sum of all the positive divisors of N according as 
a=] ora>i. . 
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This result was obtained otherwise by Liouville.* Similar theorems for : 

the form (3) with (a, r) = (— 1, — 3), (—1, — 7) have been obtained by 
e the present method by Dickson.t 

The methods of this paper have been applied to the algebras (2, — 15), 
(3, — 15), (—3, 17), but the results are not included here since certain 
exceptions would recur in the theorems. The results of § 3 have been estab- 
lished for four infinite systems of algebras by a modification of that method 
which does not, however, permit of application to obtain the results of § 4, 5. 
These algebras seem to be the only ones to which the method of §3 is 
applicable. 


* Dickson, History of the Theory of Numbers, Vol. 3, p. 229. 
+ Algebren und Ihre Zahlentheorie, Chapter IX. 


On Hyperelliptic 0-Functions with "Rational 
Characteristics. 


By Oscar ZARISKI. 


1. Preliminaries. A 6-function of the arguments v,,..., Up, attached 
to a definite normalized period matrix 


i 0, +++, 9, at, 0, °°, 03 Gjin’, Ain ||; Qij = Aji» 
and of characteristic [g:,..-.-, Jpj 1, + ++, Mp], where the g’s and the h’s 


are real numbers, is designated by the symbol 6[g;h]((vc)), and is defined 
by the following series: 


OLg3 hb] ((ve)) 
= Som exp [ Sas ass (ms + gi) (my + 95) 
+2 (mi + gi) (vi + hiri) |, 


where in the first summation each of the p letters m; runs through all integral 
values from — co to + œ. If pi; denotes the real part of ai;, the series is 


P 
convergent for all finite values of the v’s, as soon as $u; pitt; is a definite 
I 


negative quadratic form. If the elements g and À of the characteristic are 
rational numbers with the common denominator r, gi == €1/r, hi == é; /r, then 
we will also designate the characteristic [g; A] and the function 8[g;k]((vo)) 
by the symbols [e],, @[e|+( (vc) ). 

A system of simultaneous linear combinations of the periods will be 
denoted by {g; h}: 


Dp P 
{g; h} ra 2: Filii F hirt, S 24 Gilpi + hort, 


and the corresponding period characteristic will be designated by (g; h). In 
the case of rational period characteristics we will also use respectively the 
notations {e}r,(e),.* 

The 6-function 6[0;0]((vc)) of characteristic zero will be simply desig- 
nated by @((vc)). If the a:ÿs are the periods of a set of p normal abelian 


* We use here the notations of A, Krazer, Lehrbuch der Thetafunktionen, Leipzig, 
Teubner, 1903. This treatise will be referred to in the sequel as (Kr.). 
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integrals u; of the first kind, attached to an algebraic curve C of genus p, 
the function @[g;h]((uc)) of the arguments ts, . . ., Up is a Riemannian ~œ 
8-function. The case which interests us is the one in which C is an hyper- 
elliptic curve: 


(1) y? = f(x) = (x — k) (z — ki) e. (2 — Korn). 


We construct the two-sheeted Riemann surface R of C by joining the sheets 
along p + 1 non-intersecting cuts: kka; koka; . . .; Kop.o, Kana kop, kopere We 
define on È a set of 2p retrosections b;, a; (t= 1, . . ., p) in the usual 
manner, namely: let b; be a circuit in the first (upper) sheet surrounding 
the cut ksi-skoi-ı (we put ko = k), and let a; be a circuit which crosses the 
only two cuts kei-skois, kop kop. Let ur, . . ., Up be a set of p abelian integrals 
of the first kind, normal with respect to the chosen set of retrosections, the 
period of u; relative to b; being rt if i= 7, and 0 if 2-7. Let a; denote 
the period of u; relative to the retrosection a;. Then i; —a;; With these -- 
conditions the ws are determined to within an additive constant, which we 
fix by assigning the branch point kep,, as common lower limit of the integrals. 

If we put all the arguments wo equal to zero, the result 6[g;4]((0)) 
is a function of the periods only, hence a function of the moduli of the 
curve O. In the hyperelliptic case 6[g;]((0)) is a function of the branch 
points k,ky,..., kopae These functions were first considered by Riemann,” 
who pointed out that every abelian integral of the second kind can be expressed 
by means of the logarithmic derivative of the function 6((w)) and by means 
of 6((0)), which appears in the additive constant of the integral. This 
remark of Riemann was the point of departure of two papers by Thomae, 
dedicated to the determination of 6((0)) as a function of the moduli, or rather 
as a function of the branch points of the given algebraic function.t| The 
same argument is treated by Fuchs.f 

Thomae finds a system of equations on partial derivatives which satisfies 
6((0)). In the hyperelliptic case Thomae was able to integrate completely 


bad 


* “Theorie der Abelschen Funktionen,” Crelle’s Journal, Vol. 54 (1857), p. 151. 

+“ Bestimmung von d log 8(0,0,..., 0) durch die Klassenmoduln, Crelles Jour- 
nal, Vol. 66 (1866), pp. 92-96; “ Beitrag zur Bestimmung von 8(0, 0, . . ., 0) durch 
die Klassenmoduln algebraischer Functionen,” Crelle’s Journal, Vol. 71 (1870), pp. 
201-222. 

+ “Ueber die Form der Argumente der Thetafunctionen und über die Bestimmung 
von #{0, 0, ..., 0) als Function der Klassenmoduln,” Crelle’s Journal, Vol, 73 (1871), 
pp. 305-323; “Ueber die linearen Differentialgleichungen, welchen die Periodicitäts- 
moduln der Abelschen Integrale genügen, und über verschiedene Arten von Differential- , 
gleichungen fiir 8(0, 0, ..., 0)” Ibid., pp. 324-339. 
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these equations (see the second of the cited papers) and gave thus a remark- 
able expression not only of 4((0}}, but of any 8[e]:((0)). While the problem 
of expressing explicitly any hyperelliptic 6[«].((0)) was thus completely 
solved by Thomae, the same problem for any rational characteristic [e].(r > 2) 
presents extreme difficulties. In another paper * Thomae treated and solved 
this problem for the functions @[e]3((0)) in the elliptic case. 

Without trying to write explicitly the expression of @[e],((0)), we want 
to investigate in this paper the nature of these functions limiting the argument 
to the hyperelliptic case. Especially we want to connect these functions with 
certain invariants of the polynomial f(z) in equation (1), the vanishing of 
which admits an immediate geometric and algebraic interpretation. We prefer 
to explain our argument with a concrete instructive example: 

Given a quartic plane curve C, without double points, one can draw 12 
tangents to the curve from a generic point of the plane. However, if 12 lines 
of a pencil are taken in an arbitrary way, and if we look for a curve Oa which 
should touch these lines (we put 12 conditions, while the quartics depend upon 
14 arbitrary constants), no irreducible quartic will satisfy the required con- 
ditions. All solutions of the problem are furnished by degenerate C.’s which 
contain a double component. Therefore the 12 tangents to a O, constitute a 
particular projective set T. Indeed, the projectively distinct C,’s are cf, 
hence the projectively distinct T,,’s of tangents are co. We deduce that these 
Ti2’s have to satisfy one condition. From an algebraic point of view the 
peculiarity of the set of 12 tangents to a C4 depends upon the fact that the 
discriminant D(x) of the quartic in y is qf the form 


(2) D(z) = — df’, 


where * and 7 are polynomials of degree 4 and 6 respectively, and À is a con- 
stant factor. Now, the right-hand member of (2) contains 11 arbitrary 
constants; hence a generic polynomial of degree 12 cannot be represented 
as a sum of a square and a cube. 

An intrinsic geometric explanation of the impossibility of constructing 
an irreducible C, which should touch 12 arbitrary lines of a pencil, is the 
following: The lines of a pencil cut out on the C, a linear involution g4!, 
which is not complete, because it is contained in the g4 cut out by the lines 
of the plane. On the other hand, if we assign in advance the 12 branch points 


=“ Darstellung des Quotienten zweier Thetafunctionen, deren Argumente um Drit- 
tel ganzer Periodicitiitsmoduln unterscheiden, durch algebraische Functionen,” Mathe- 
matische Annalen, Vol. 6 (1873), pp. 603-612. 
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of a 4-valued algebraic function of genus 3, the corresponding g,' on the 
quartic curve will be complete in general; i. e. for an arbitrary position of 
the branch points. Hence this gs! will not be cut out by the lines of a pencil, 
but by conics through 4 points on the curve. 

We observe that the particular F..’s considered above, are also furnished 
by the 12 cubics with a double point belonging to a pencil of cubics, and also 
by the 12 tangents drawn to an hyperelliptic Cs with a triple point from a 
point P on the curve. Indeed, the consideration of the cubic surface repre- 
sented on a doubly-covered plane with a branch quartic curve C, leads to the 
obvious conclusion that to the 12 tangents to the C, correspond, on the surface, 
12 cubics with a double point belonging to a pencil of plane sections. To prove 
the second remark we suppose that the point P is at infinity on the y-axis, 
and that the triple point is at the origin z = y = 0. The equation of Cs is 
of the fourth degree in y, and the discriminant D(x), of degree 18, is still 
of the form D(x) —1—}ÿ. It is easily seen that s= 0 is a 6-fold root 
of D(x) = 0, and a double and triple root of +=-0, j= 0 respectively. 
Putting D(z) = °D (T), t = th, j = jwe have D, (x)= 1,3 — Afi, where 
the 12 roots of D, (x) correspond to the 12 tangents parallel to the y-axis. 

The algebraic condition that a polynomial f(s) should be of the form 
i — Jj? is expressed by the vanishing of a certain invariant, which, however, 
it would not be easy to write explicitly. But a transcendental relation can be 
obtained by the following considerations: 

We consider the hyperelliptic curve O of genus 5 


(3) tah (T122) = Y (Ti, Te), 


where $(2, T2), Y (Z1, £2) are binary forms of degree 5 and 7 respectively, and 
py = £” f(x;/x). The curve C possesses a 5-fold 2, == £a == 0, the principal 
tangents at this point being given by the equation $(2,,¢%2) = 0. Let us 
consider the linear system co? of curves 


(4) tap(X1, Te) = U (Ti, Le), 


where u (z1, £2) is an arbitrary binary form of degree 6. The curves of this 
system cut out on C a complete series g,.7, which, it may be observed, is the 
6-fold of the hyperelliptic series g+ cut out on C by the lines through the 
point z, = z; = 0. Eliminating x between (3) and (4) we obtain: 


$ (Lis Ta) (Ei, L2) — U (24, 2) = 0. 


If, then, there exists a form u such that the first member of this equation 
becomes a perfect cube, the corresponding curve of the system (4) will have 4 
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. contacts of 2nd order with the curve C. In other words, there will be a group 
of the g:2° composed of 4 triple points, and this set of 4 points will not be 
made up of two pairs belonging to the gst. Conversely, if such a trisection of 
the gız” is possible, then the form (x, 22) Y (T1, £2), or the polynomial f(x), 
can: be put into the form of the sum of a square and a cube. 

Let us consider now the normal abelian integrals”uo(o = 1,2, . . ., 5) 
of the curve C. The sum of the values of wo is constant for all groups of the 
giz’. If, according to the convention made above, the integrals vanish at the 
branch point kı, this constant sum is equal to zero. If the series gı,” con- 
tains a group made up of 4 triple points m1, 72; ys, 74, We will have 


3{Uo(m) + Uo(y2) + Uo(ns) + Uo(ys) } == 0 (mod aos). 


Hence 
(5) tea (gi) + Uo (ge) + ta (2) + Ua) = {e}s. 


By a well-known theorem of Riemann,* 8((uo(m:) + uol) + * * * + 
Uo(n»1) + Ko)) vanishes for every position of the p— 1 points m. Here 
the Ko’s are the Riemannian constants. In the hyperelliptic case, the retro- 
sections a:, b; being chosen as before, we have + 


K= {1,1,°°-,1; pp p— 1, t, Le = (193 p, p— 1, t, 1} = {x} 


From (5) we deduce then, for p = 5, 0(({e}s + {x}.)) = 0. 
Since 6[9;h]((uo)) differs from @( (us + {g;h})) by a non-vanishing 
factor only, we can write the last relation thus 


(6) Of {x} + {e}s]((0)) = 0, 


where by [k+ {e}s] we denote the sum of the characteristics (x), (e)a. 
The relation (6) expresses in transcendental form the required condition. 
The left-hand member is a function of the branch points k; We obtain a 
symmetric rational function of the ks by taking the product of all functions 
G[« + {e}:]((0)) relative to the 3°-—1 different characteristics [<],. This 
product will contain the desired invariant of the polynomial f(z) as a factor. 
Starting from these facts which will be developed in the sequel, we will be 
able to calculate the degree of this invariant. 


2. Interpretation of the relation 6[« + {e}-]((0)) = 0 for any value 
of p and r. Suppose that the moduli of the curve of equation (1) satisfy the 
relation 


(7) ole + {e}-]((0)) =0, 


* See, for instance (Kr.}), p. 427. 
7 (Kr.}), p. 459. 
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where x= [x]. is the characteristic [1?; p, p— 1, ++, 1], and [e]; is a, 
rational characteristic. We deduce then that there exist p—1 points 
My e + -> 9p1 ON C such that 


gi pri . 
2 tho (qv) = 2 (eu/7) Gon +(e’ /r)m, (o= 1, 2,°°°, p). 


pri 
Hence r Sv Uo(yv) = 0 , 
1 


We consider two cases: r(p— 1) is 1) even, 2) odd. 

1) r(p—1) ==2m. In this case the complete series | gem | determined 
by the set of the p — 1 r-fold points y; is the m-fold of the hyperelliptic series 
G+. We transform C into a curve © of order p +2 with a p-fold point at 
the origin. The equation of © in homogeneous coordinates will be the 
following : 

(8) Ts Pp (T1, 2) = Wore (L1 T2); 


where p and Wp. are binary forms of degree p and p + 2 respectively, and 
Po(Ti Da) Yoro (Li, de) = TP? f (21/22) = f (tr, 2). 


The complete series mentioned is a g2m-» and is cut out on C by the curves 
of the system 
(9) Lapp (T1; C2) Pm-p-1 (Li, T2) = Ym (41, Te), 


where m-p-ı and Ym are arbitrary binary forms of degree m — p— 1, m 
respectively. Indeed, the system (9) contains degenerate curves Ym = 0, com- 
posed of m arbitrary lines through the origin %ı = Z = 0. Eliminating 2, 
between (8) and (9) we obtain an equation of degree 2m: 


Pppp: | Pm-p-1 Te Pm = (), 


Since the series contains a set made up of p— 1 r-fold points, the left- 
hand member of the last equation becomes a perfect r-power, when m-p-1, Ym 
are conveniently chosen. We have then the following result: 


If relation (7%) holds, and if r(p— 1) — 2m, then it is possible to find 3 
binary forms dm-p-1) Ym, Wp-1, the degrees of which are indicated by the sub- 
scripts, such that 


(10) P°m-p-1 f = Wm F Y'a. 


À direct computation of constants shows that (10) implies effectively 
one condition on the coefficients of f. If r—3 and p= 5, we have the case 
of the 12 tangents to a C4, considered above. An analogous geometric inter- 
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pretation can be given for any odd p and r= 3. Consider a curve L of order 
(p + 3)/8 possessing a (p — 5) /2-fold point P and (p— 5)/2 double points 
Q;. The genus of Lis p—2. The lines through P cut outa g,! on L, whence 
2p -4-2 tangents can be drawn to the curve through P. The set of these 
tangents satisfy one condition, given by (10). Indeed, we can suppose that 
the equation of E is of degree 4 in one of the variables, say y. The dis- 
criminant D(z) is the sum of a square and a cube, and at the same time D(z) 
is the product of the square of a polynomial of degree m — p — 1 = (p — 5) /2 
(which corresponds to the (p — 5) /2 lines joining P to the double points Q;) 
and the polynomial of degree 2p -++ 2. 


2) Suppose now that r(p— 1) is odd and put r(p— 1) =2m +1. In 
this case we obtain the complete series | gem» | determined by the p— 1 r-fold 
points yi, by adding to the m-fold of the g.' the common lower limit hep. of 
the integrals us. We consider again the transformed curve © of equation (8), 
and we suppose that ¢,(#,, 2.) contains the factor £, — kzp. 

The complete series mentioned above is a gents? and is cut out on Č by 


the curves of the system 
(9) [Lapp (dis 2) / (Ti — kopat) | * Pm-p (41; Ve) = Ym (Lr, Le), 


where ¢m-p and Wm are arbitrary binary forms of degree m — p and m respec- 
tively. Eliminating x, between (8) and (9’) we obtain an equation of degree 
am +1: 

P°m-pnbp:2/ (21 — kopt) — (T1 — kopa) Ym" = 0. 
We deduce, as before, that it is possible to find 3 binary forms dun, Ym, Wp-1 


such that 
bmp) / (ay in kopta) — (24 == kopita) Wm + Yr pr. 


In this relation the roots of the polynomial f do not appear symmetrically. 
Hence we can draw the conclusion in advance that if r(p— 1) is an odd 
number, the r??-— 1 functions 


Ole + {e}r]}((0)) 


are permuted among themselves only by those substitutions of the branch 
points which leave fixed the point kp. This statement will be proved later 
in a direct way. 


—_ 


3. The formulas of Thomae. In view of later applications we develop 
here briefly the main result stated by Thomae in the second of his cited Papae: 
The values of the integrals wo at the branch points k, ka, + +, ki *", 
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kop constitute systems of half-periods {a;}., the characteristics of which are, 
indicated by the following table: * 


(a) == (1, 07°71; 07) ; (a) = (1, 071; 1, 07-4) ; 
(a2) = (0,1, 07-2; 1, 071) ; (as) = (0, 1, 072; 1, 1, 07-2); 


* 


(11) (@op-2) = (O04, 1, 02- ; 191, 07/4); (ap) = (0°77, 1, OP; 19, 078) ; 


(dope) == (OP 1,1; 171, 0) ; (@op1) = (071,151?) 5 
(Gop) == (0P; 17); (azp) == (07; 02). 


Here, for instance, (@zp.2) == (01, 1, 07-2 ; 17-1, 09-P#1) means that 
tha (kap-2) = lop /2 + port/2, 
where po = 1, if o < p, and pe = Q, if o = p. 
We point out that the 2p -+ 1 characteristics (a) (1 = 0, 1, : :, 2p) 


constitute a fundamental system and that the (a) are even characteristics, 
while the (&sv-1) are odd. Moreover we have 


(11) (@) + (a) +... + (a2) = (%1) + (as) +H.. -F (ap) 
= (1?; p, p— 1, +*+, 1) = (x). 
Let us consider the following p integrals of the first kind 


We = f (a 1/g)dr, 
and let 


Aou = Í, (a°-1/y)dx, 
bu 


be the period of We relative to the retrosection bu. 
We denote by D(k, ke, +++, kæ) the product of all differences 
(Kop — kop’), Where p < p’, and likewise by D(ki, lka, * * +, kop) the product 
of all differences (ksp, — kop 41), where p < p’. Thomae proves the following 
formula: 
(12) 4((0)) = (| Aou |/(2x%)?)¥ 
x [D(h, ka. e., ep) * DH, ka, . e + Hop) 1%, 


* See (Kr.), p. 448. In this table the denominator 2 is omitted. 


ZARISKI: On Hyperelliptic 6-Functions with Rational Characteristics. 323 


where | Aou | denotes the determinant of the periods Aou. Let the branch 
points be distributed in two sets 


ki, kiss t'a kipas 
khs liy tlg Eha; 


where 4 < ia L... Lipis Di Lfe Le e+ + < Jou. We have 


pti pri pri ; ° 
2y Uo(k:,) = Žv Uo(k;,) = 2 {tip} == {e}a. 


Thomae finds the following formula, analogous to (12) : 


(127)  6[e}2((0)) = (| Aou |/(Rri)?) # 
x [D ( ki, kis as lipa) i 
D (k; his", kina) 1%. 


The formulas (12) and (12’) express as functions of the branch points all 
those functions @[e].((0)), which do not vanish identically. Their number 
is, as known, equal precisely to Gee ). 


4, O[e]-((0)) as function of the branch points. Let 0[e].((0)) be any 
6-function with a rational characteristic, and let us consider the ratio 


O[e}-((0) )/8((0))- 


We prove that it is an algebraic function of the branch points. Indeed, if 
8, 81 de, . . +, Sp are p + 1 arbitrary points of the curve C, and if we have at 
O;:U== Ti Y = Yi, the ratio 


8[e]+( (wo(8) — 3s to(8:) —Ko))/0( (uo(8) — Bi to(8s) —Ko)) 


is the rth root of a rational function Q of each of the points (s, y); (a, ys), 
which, as function of §, becomes o of order r at the p points 3,,. . ., p, and 
0 of order r at the p Zeros m, . . ., mn of the numerator. The construction 
of such a function requires algebraic operations only. Let a function R(zx, y; 
1,413 + « + 3 Zp Yp) Which is to satisfy the same conditions as Q, be con- 
structed algebraically. Then À will depend algebraically upon the branch 
points, and will differ from Q by a factor independent of x and y: 


Q = B( 21,15» > -3 Zp Yp) B(T, Y; Las Y1; + o + 5 Lp, Yp) 


We have only to prove that B, which is a rational function of (xj, ¥,), depends 
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algebraically upon the branch points. This is shown by the following method - 
of calculating B, indicated by Riemann.“ We interchange, in the expression 
of Q, è and 8,, and substitute instead of &,,. . ., &, the point y, and the points 
Mes + + +, p, Which are the conjugates of ye, . . ., m in the hyperelliptic ge! 
We have then, assuming that at mit = 2, Y = yi’: 


Al e]e( (te (m) — tio (8) — Fi uo (He) —Ke)) 


pertes 


O( (tus (42) — vo (8) — Sis to Fe) — Ko) ). 


Due to the relations 
D p 
2a tho (Hv) + Ko = — 2r Uo(nv) — Ko, 
p P D p ; 
2 Uo (nv) = 2» Uo (dv) RE p (€u/1) au —* (eo /T)ri, 


the last ratio can be transformed, and the result is that 


Q(T, Yr’ 5 ©, Y 3 Bo’, — Yo’ ++ 3 Lp» — Yo’) 
= w/Q (x, Ys Lis Y15 °°" 5 Tp Yp)» 


where œ is a root of unity. Hence 


Dis ‘ Mee se 2%: ere | Oe: , 
w/B = R(x, y; Tis Y13 > Ths Yp) Ra", YL 3 ©, Y 5 Tr’, — Yo’; > Tps —- Yp )> 


and therefore B depends algebraically upon the branch points. 

Suppose now that the points 8,8; coincide with the branch points 
leaps, key, eg, o e a, kon respectively. We obtain then, by means of relation 
(11’) of the preceding paragraph, 


êle]-((0))/8((0)) 
= w [B (ki, 05 ka, 05°-- 5 Hop, 0) * Roues 03 ka, 05°" 5 kog- 0)", 


where w’ is a root of unity, and this proves that the left-hand member is an 
algebraic function of the branch points. 

Hence, from the formula of Thomae (12) we deduce that any @[e]+((0)) 
is the product of the transcendental factor | Aou | and of an algebraic 
function of the branch points. 

The number of all functions 6[e]-((0)), if the characteristic is reduced 


* See the cited paper, “Theorie der Abelschen Functionen,” pp. 154-155. 
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modulo r, is equal to r?? — 1, if 7 is a prime number. If r is composite, and 
Qu Ya) » » +, Q» are its distinct prime factors, then the said number, which we 
denote by N+, is given by the formula 


(13)  N—@(r) — SD p(r/q) + E g(r/qi2) 
— + (—1)"p(r/gig2" t Qv), 


where (a) = g??? — 1. 

Suppose now that the set of the branch points varies continuously, starting 
from an initial position and returning to it, the result being a permutation 
(perhaps the identity) of the branch points. What is the effect on a given 
6[e]+((0)) of such a cyclic variation of the branch points? Are the Np 
functions 6[e],((0)), or rather their algebraic factors, permuted among 
themselves? ‘The answer is negative. A continuous cyclic variation of the 
set of the branch points defines a transformation of the retrosections ai, bi, 
and hence a transformation of the periods. Any 6[e]-((0)) is transformed, 
to within a transcendental factor independent of the characteristic (and there- 
tore due to the presence of the factor | Asy |* in the expression of 6[e]r((0)) ), 
into a new function @[é];+((0)). The characteristics are subjected to a linear 
non-homogeneous transformation : there is an additive term, the effect of which 
is the addition of a characteristic [»]..* Hence generally Tr. 

One may have the impression that in order to obtain a closed field of 
§-functions, it is necessary to consider all functions 8[{}2 + {e}-]((0)), 
where {7}. runs through all 4? characteristics [712 However, a transforma- 
tion of the periods defined by a continuous cyclic variation of the set of the 
branch points, is not the most general of its kind. As a matter of fact a closed 
field of 6-functions is obtained by considering a smaller number of them. It 
is convenient for our purpose to represent any characteristic in the form 
[x + {e}r], where [x] is the fixed characteristic [17; p,p—1,..., 11. 

The function @[« + {e},]((wo(n)}) vanishes at p points m, . . ., mp 
such that 


> Uo(mi) —=— >, (ev/r) ' ov — (eo’/r) ah. 
Hence 


p 
(14) T 24 to (72) = 0 = 7p: Uo (Fop). 


We consider first a cyclic variation of the set of the branch points, which 
leaves fixed the lower limit kp, of the integrals us. Then the transformed 


* See (Kr.), chap, 5, especially p. 166, formula (XXVIII), and p. 181. Compare 


* also Krazer and Prym, Neue Grundlagen einer Theorie der allgemeinen Thetafunctionen, 


Leipzig (1892), 2nd part, chap. 6. 


826 ZARISKI: On Hyperelliplic 8-Functions with Rational Characteristics. 


integrals ŭo are homogeneous linear combinations of the old integrals we; 


Let 6[« + {é}r] ((uo() )) a = Ol« + {e}r] ((do(n)))(<) be the transformed 
6-function. Here the subscript (4) indicates that the 6-function is defined 


by the new periods dij. Then @[« + {e}-]((0)) @ is transformed into 
OL + {E}r] ((0)) co 
The p zeros, say 71, . . . , Tip, Of the transformed function 


eta CieG)) ie 


Lu. 


satisfy the relations 
p : po eee 
2: Uo (71) = —— av (v/T) thay — (ëo T) at. 


On the other hand, after the cyclic continuous variation of the branch points 
is completed, (14) becomes 


p 
r 24 Ua (Fi) == rp* ua (kop) = 0, A 


Hence 
r {é}r = {07; 0P}, 


and we deduce r = F. 
Let us consider now a cyclic variation of the set of the branch points 


which carries kp into k We have 
P 
uo (ke) = 2: (ai/2) ao: + (ao’/2) at, 


where the integers ai, a:’ are the elements of the characteristic (ae) of the 
table (11). The transformed integrals are homogeneous linear combinations 
of the differences 


"m 


peed S: (a1/2)aoi — (ao’/2) ai. 


The transformed function 
Ol« + {e}r] ((üo) ) a 
is, to within a factor, of the form 


(15) O[x + (A ((ue— $a (ai/8) doi — (do’/2) at) ), 


and 6[« + {e}-]((0)) is transformed into 
olr + {#1 ((0)). « 
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The zero’s 7: of the transformed function (15) satisfy the relations 
p Po , | 
D tba (Ti) E ee ( 2 (&/T) dov + (eo Tym) 
1 
p * 
F ay (av/2) dav + (do’/2) xt). 
On the other hand we have by means of (14), s 4 


B 
t Si Uo (Ht) = TP" Uo (ke). 
1 


Hence we deduce 
r {z},==— r(p— 1){te}2 


If r(p— 1) is even, we have r{é},== {07 ; 07}, and hence F= r. 

If r(p—1) is odd, we have r{z};== {a}, hence {é}; is of the form 
{n}r + {a} 

We have thus the following result: 


If r(p—1) is even, the N, functions 6[x + {e}r]((0)) are permuted 
among themselves, to within factors, for any cyclic variation of the set of the 
branch points. 


If r(p — 1) is odd, a closed field of 0-functions is given by the following 
2p + 2 sets of functions: 


(16) Olx + {e}-]((0)), Ole + a+ fe}e]((0)), Ole + a + ter] ((0)), °° 
© O[K + aay + {e}r]((0)). 


Here a, 0, * * *, dep are the characteristics indicated in the table (11). We 
-foresaw this result above (§ 2) from algebraic considerations. 

The number of the functions, contained in the sets (16), is (2p + 2) Nr. 

The number of distinct functions in the two cases is N,/2, (p+ 1).V,, 
respectively, since 6[g;h]((0)) = 6[— g;—h] ((0)). 

The functions 0[« “+ a; + {e}-]((0)) of each set are permuted among 
themselves by any permutation of the branch points, which leaves fix the 
branch point k; In particular, we deduce that in any transformation of the 
periods, defined by a permutation of the branch points, the linear transforma- 
tion of the characteristics, reduced modulo 2, 


1) leaves unaltered the characteristic [x], if p is odd; 
2) permutes the 2p + 2 characteristics 


[x], [x +a], [x +a], aaa [x + ep], 


among themselves, if p is even. 
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This is in accordance with the fact, that, if p is odd, p = 2s — 1, the function 
6[«]((v)) and all its partial derivatives of order 1, 2,° + +, s— 1 vanish for 
v == 0, while the partial derivatives of order s— 1 of any of the functions 
6[« + a:]((0)) do not vanish for v= 0. However, if p is even, p == 2s, 
the highest partial derivatives, which vanish, are in both cases of the same 
order, namely of order s— 1. 

We put N; = N, if r(p —1) is even, and N, ==(2p + 2) Ny, if r(p—1) 
is odd, and we consider the product of all N, 6-functions considered above. 
We suppose that the characteristics are all reduced in such a way that their 
elements are numbers = 0 and <1. Denoting this product by II,@ we have 


(17) 1,6 = | Aon | né à F,(k, ky, T7 Koper) s 


where, due to the preceding considerations, F, is an algebraic function of the 
k’s, which is reproduced, to within a factor (a root of unity) by any permu- 
tation of the branch points. Hence, a convenient power of F, is a rational 
symmetric function of the k’s. We will prove later that F, tiself is an integral 
symmetric function of the k’s. Denoting by I, the invariant of the poly- 
nomial f(z), the vanishing of which implies the vanishing of one of the @-func- 
tions of the product, F, will contain as factor a certain power of I, More- 
over, F, contains as factor a certain power of the discriminant D of the poly- 
nomial f(z), because several 6-functions vanish also when two branch points 
come together. It is easy to calculate the degree of F, and also to prove that 
F, contains as factor only the square of Z,. It is more difficult to calculate the 
power of D which appears in F,,‘in order to determine the degree of I, For 
this purpose we study in the next section the behavior of a generic function 
6[g;h]((0)), of any characteristic, when two branch points come together. — 


5. The behavior of 8[g; h]((0)) when two branch points come together. 
Since F, is a symmetric function of the branch points, it is sufficient to restrict 
our consideration to one pair of branch points k;, k;. We choose the pair 
k, kı and while we fix the position of kı, ka, * + *, Kop, we conceive 
6(g; hk] ((0)) as a function of k only, and make k approach kı The behavior 
of 6[g;h]((0)) in the case of coincidence of any other pair k:, k; can be 
determined by considering the transformation of the periods implied by the 
permutation (k k) (k4k;). 

We look first at the behavior of the periods a;;, when k->k.. The curve C 


y? = (@—k) (x — k) + > + (x — eps) 
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tends to the curve C, 
g? = (w«—h,)?(w@—he) + + (x — kop); 


of genus p— 1. The 2p—2 retrosections ba : - +, by; Ge, * ‘ *, Qp of the 
Riemann surface À of C remain the retrosections of the Riemann surface 
Bof ©. We denote the two overlapping points of R at x = ka, ÿ = 0 by à, 8; 
8, being on the upper sheet. Denoting by üo the abelian integrals of Č of 
the first kind normal with respect to the retrosections bi, a; (1—2%,: ` +, p) 
and which vanish at Hop, it is seen at once that 

(18) lim uo = tig (o = 2,°°°, p) 


kooky 
As far as u, is concerned, we have 


(187) lim 4 = $68, 6,5 

kk 
where 4s,,, is the normal abelian integral of the third kind on C, having 8, 8. 
as singular points. Inded we have 


p 
Ua = ji Du a Or dt /y, 
1 


where @;‘ is reciprocal of Asc in the determinant | Aic |. If lim a, = 4,;™, 
k-k 
then 


n 
lim Ug == f Xi &3 (9) “1 dg /y. 
1 


kka 


p 
It can be proved directly that, if o = 2, the polynomial u a: gèt is divi- 
1 


sible by z — kı, and, hence, that the limit considered is an integral of the 
first kind. However it is sufficient to note that, since any integral uc (o = 2) 
satisfies the relation f due = 0, the same relation holds for their limits, 
when b, is replaced by a small circle of center 8. Hence the integral limits 
cannot have logarithmic singularities at 8, or ô» Since, moreover, the period 
of ant uo relative to the retrosection by is evidently #1, if y==o, and 0 if 


v=o, (18) follows. As far as (18’) is concerned, we observe that fr dut, 

and passing to the limit, we deduce that lim u, differs from ws,3, only by the 
kki 

factor 1/2. Denoting by äer the periods of tic, we have then 

(19) lim lor == der (a, T = 2, 3, RE” p) 


kka 
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By a well-known theorem on the periods of the normal integral of the third 
kind we deduce 


(197) lim Qir = ür (82) — Ür (81) = Zür (82) (85.85 =D) 
nos: 


As far as a, is concerned, it assumes infinitely great values when £—#; 
and it must be pointed out that the real part of a, tends to —o. 

It is easily seen that all periods ao;, except 41, are monodromic functions 
of k in the neighborhood of k, and that a, increases by 2x1, when k turns 
around k, Indeed, when k turns around kı, the retrosections are trans- 
formed as follows: 


b= b; (t= 1,2,° °°, p); Gy’ =a + 2b; a =a; (j=: +, p). 
We have then the following developments in the neighborhood of k,: 


Qor = Gor + G CP (k — k) + P (k — k)? 

(o, r = 2," , p) 
ir = Rüp (82) + n (k — ky) oe (fax 2,°°*, p) 
Oh, = log (k — ki) + a? + a, OP (k — k) +: 


It may be useful to calculate some more coefficients of these developments. 
We prove: 


(20) (97) — () Eo 
(207) gor) = 4[ diic/dz ` dit,/ dz] 18, \ (o, T == 4, ; p) 
(20) a IO == [dü,/dr]:5, (r =2, =, p) 


Let us differentiate to with respect to k. We have 


da; (g) 


dulo p p 
a SS e Co) 4~ es r £ ġe 
x =f Beal attde/(e—k)y +f Ss wt lde/y, 





whence duo/dk is an integral of the second kind, having a pole of the first 
order at the branch point k. Moreover, duc/dk possesses zero differences 
along the retrosections ar, and the differences dac,/dk along the retrosections 
Oe (1S 2e mi 

From this we draw the following conclusion, which will be the base of 
the following considerations, namely, that the limit of dus/dk (o—1, 2, 
‘++, P) for k-k, cannot possess logarithmic singularities at the points 8, 82. 
The same conclusion holds for all derivatives of higher order. 


* See Thomae, second of the cited papers, p. 211. 
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Put, for brevity 
Sias = gols) lim (Po (2),/dk) = Go (2) 
lim $o(z) = bo(x) lim (Bic/dh* ) = tie. 


We have then ke 
(21) fio? =} f Go(a)de/(2—ki)G + f do (x) de/9. 


We saw before that do(x) is divisible by c—k,, if o Æ= 2. Hence, the 
points 8, & are not poles of do. Since, on the other hand, we cannot 
possess logarithmic singularities, it follows that de“ is everywhere regular 
on À. Since fg possesses zero differences along the retrosections ds 
(o==2,:--, p), it follows that it is identically zero, and this proves the 
relation (20). 

Consider now %,%, which is an integral of the second kind, having two 
poles §,, &. Since 


f $:(2) d2/G = 6s,,6,, 
we deduce that the residues of 4,4 at 8, and ô, are 4, — 1 respectively. 


Hence, denoting by ts a normal integral of the second kind, relative to the 
pole 8, we have 


iy —= Hs, — He, 
Since the constant difference of ts along bg is — 2 ( diic/dz) 2.8, we deduce 


lim (dayo/dk) = — 4 (dilo/d) 2-8, + 4 (dilo/de) azt = (dito/da) 2-5, 
Cd 


(o=2,°°°, p), 
and this proves (20’). i 


Consider now üe” for o = 2. We have 


io =} f ġols)dz/(z— kı) J + f do (2) da/(a— Is) 9 
+f bo” (2) de/9. 
Taking into consideration that de, given by (21), is identically zero, we 
transform wc) and obtain 


tio =} f go(v)de/(e—ks)°G + f do (2) de/G. 


We know in advance that the logarithmic terms in these two integrals elimi- 
nate each another, and hence tic? possesses two poles of the first order at 
81 and 8. 

2 
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Since. 
lo = f $o(2)dz/9, 
we deduce that the residues of io at 8, and 8, are 
— 4(diic/dz) 225,, — $ (dtic/dz) 2-855 
respectively. Hence 
fig®) a —4( dita /d2) a —~3(dilc/d2) aot, tty 
and consequently 
lim (d’üor/dhk?) = 4(dita/dz- diis/dz) 2-8, + $(dttc/dz* ditr/dz) ex, 
== == (düo/de + dür/d2) ent, rm, ce, on: 
which proves (20). 
One can prove in the same way 
lim (dac,/dk*) = %[d/dz(dite/dz- dii,/dz) es 
= (o, r = 2,° °°, p) 
We observe, without insisting upon it, that while the calculated coeff- 


cients are expressed by means of the values which the integrals & and their 


derivatives assume at the point ô», the coefficients of the higher order depend 
also upon the coefficients of the development of the integral of the second 
kind t at the point à. 
We investigate now the behavior of any 6[g;4]((0)) for k-k. 
In order not to interrupt the later exposition we prove two preliminary 
lemmas, referred to a curve C, hyperelliptic or not. 


Lemma I. If C is of general moduli and if 8((mus + ec)), where m 
and es are constants, is identically zero, then m is necessarily a rational 
number. 


Indeed, suppose that we have identically, i.e. for any point £ on C, 
(22) O( (Muel) + ec)) = 0. 
Then we may write 


mite (&) + eo = z Uo(ni) + Ko, 


where the Kos are the Riemannian constants. By considering a cyclic path 
for the point £, we deduce from (22) 


(22) 0((mue(£) + Mo + 6)) = 0, 
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where the os constitute an arbitrary system of simultaneous periods, and 


hence 


p-1 
(23) muo(E) + Mo + bo = 2: uol) + Ko. 
Now, the infinite sets 
(23°) mA, MQr, so oy MO»; 


cannot be all distinct, modulo the periods. In fact, if they were, two systems 
of periods Q, Q’ could be found, such that the numbers of the set 


MQ, + Qi’, MA, + Qe’, -e MAp + Op 


would be infinitesimals, or else differ by infinitesimals from any set of num- 
bers given in advance. Hence, by (22’), 6({v)) would vanish identically, 
as function of the arguments v, which is impossible. 

Suppose that between the different sets (23’) there are q distinct sets, 
modulo the periods. Then (23), for different systems Q, and for a given é, 
leads to only q distinct sets of p— 1 points yi’. Denoting these g(p—1) 
points by yi? (t == 1,2, . . ., p—1;j7=1,2,...,¢), We have 


4 
È; Z to (ni?) == qmuc(E) + Co, 


where the css are constants. We define thus an algebraic correspondence on 
C, on which to a point é correspond q(p— 1) points y. If C is of general 
moduli, this correspondence cannot be singular, and hence gm is an integer, 
i. e. m is a rational number. ° 

A slight modification of this proof becomes necessary, if it happens that 
for any é and Q the equation (23) does not determine uniquely the set of 
p— 1 points ņ;’. In this case, if s is the dimension of the complete series 
| gp-ı | the sets of which satisfy equation (23), we have only to fix s of the 
points y;’: the remaining p—s—1 points are thus uniquely determined. 
One of the indices of the correspondence defined above becomes then 
q(p—s— 1). 

We observe that the only condition required in the proof is that C should 
not possess singular correspondences. Since the general hyperelliptic curve 
satisfies this condition,” the lemma is valid also in the hyperelliptie case. 


Lemma II. If mis a rational number and if 6[e]-((muc)) is identically 
zero, then m is necessarily an integer and r= 2. 


* See A. Lefschetz, “ A Theorem on Correspondences on Algebraic Curves,” Ameri- 
can Journal of Mathematics, Vol. 50, No. 2 (April, 1928), pp. 159-166. 
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It is enough to prove this statement for hyperelliptic curves. We suppose 
that the integrals us have a common lower limit. Then, if @[e],((mus)) is 
identically zero, we have also 


O[e]-((0)) = 0; 
and this relation implies, as we saw above, a condition on the branch points, 
ifr > 2. Hence r—2. “Now, let m = q,/q. Then we deduce, as in (22), 
that 
A[e]2(({y}a)) = 0, 
or, 


A] {e}o + {n}a]((0)) = 0, 


where [y]q is any arbitrary characteristic relative to the denominator q. 
Hence, reasoning as above, we deduce g=2. If q—2, then [{e}, + {n}2] 
is substantially any characteristic [y]2, and it is impossible that all 4? functions 
6[y]2((0)) should vanish. Hence g == 1, and m is an integer. 

We consider now a rational characteristic [g; A] and study the behavior 
of the function 6[g;h]((0)) when k — k,. Since the real part of a: tends 
to —oo, it follows that every term 


p p | 
exp | Zij aij (Ma + gi) (ms + 93) +R 24 (mi + gi) hint] 
tends to zero, unless gı = m,—0. Hence, if g, Æ 0, we have 
lim 6[g; h] ((0)) =0. 
ksh, © 


But the functions 6[¢g;%]((0)), where g, +40, are not the only ones which 
vanish for k->k,. Indeed, if gı = 0, we will have, by means of (19), Le 


Lim [93h] ((0)) = Lg, **+s 905 Das °°» do] ((0)), 


where 6 denotes functions @ relative to the limit curve © of genus p— 1. 
Tf [92 ***, gp; he, °**, hp] is a conveniently chosen characteristic [e]; (for 
instance, an odd characteristic), the second term of the last relation vanishes. 
In any case, if 6[g;]((0)) possesses a zero at k = kı, we wish to determine 
the order of this zero. We adopt, for brevity, the notation 


p= y, 
to indicate that for k — k, the limit of the ratio ġ/y is a finite number. If 
this limit is +4 0, we will write 


p~ y. 
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‘We saw above that 
Elu — k — Ie. 


We arrange all terms in the expression of 6[9; h]((0)) with respect to mi 
and put 


+00 2 p f 
È unan P Zis aj (mi + gs) (ms + 97) +2 24 (mi + gi) hint 
00 æ 2 
= Am, exp [tu (m: + gr)? + 2(m + gi) huri] o 
We have then 


(24) Olg; h ((0)) = Sm Am exp [an (m + g1)” 2 (m1 + ga) Mari], 

Due to (19) and (19) the limit of the general term of Am, for kk, is 
exp [ Ba digg (ma + gi) (mz + gi) +2 S (mi + gi) [R (ami + gı): (82) + hiri]. 

Hence 

(25) a Am, = 9[ gas t Jo; hes +++» hp] ((2 (ma + g1)üo(82))). 


The general term of (24) has, at k = k, a zero of order (m, + g1)” at least. 
We obtain the smallest value of (m, + g1)? by putting m, = 0, if gı < 3, 


and m,==—1, if g, >4. If gi=4, this minimum corresponds to both the 
values 0, — 1 of m. 


Let g < 4. Then, due to (25), 


lim exp [—4::g:°]  8[g;k]((0)) 


koka à 
== exp [2gihirt] -O[go, °°", ge; he ttt hp] ((Rgiüo (82) )) 5 
hence 
(26) Olg; h] ((0)) ~ (k—k:}", 
unless 
(27) OT go, "15 go; ha, =, hp] ((Rgiüo(82))) = 0. 


Likewise, we have for g, > 4: 
2 exp [—~d11(1 — g1)7] - 6[g3 h]((0)) 
== exp [— 2(1— 91) fiat] ° OT 92, +, Jp3 Ras", hp] 
‘ ((—2(1— gi) to(82))) ; 
ence ae a 
(26) Olg; R] ((0)) ~ (k — k) 12", - 
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unless 
(277) ICA 8" 5 fps he, ire lp] ((— 2(1 red 91) te (82) )) = (), 
Finally, if gı == 4, we bave 
lim exp [— 411/4] - 61g; h}((0)) 
= exp [hixi Ol ge, tt Go; he, ms Rp] ( (Go (82) )) + 
-H exp [— Mmi]ð [ga tt gp; hes "> hp] ((— Go(8))); 


hence 

(267) Olg; h]((0)) ~ (k — k) *, 

unless 

(27) EXP [hirt] : Olga, "'" 5 Ops he, mrt, Rp] ( (Go (82) )) + 


+ exp [— hrti] > OT G2, "tt, go; Ney >>>, Rp] ((— Go(d2))) = 0. 

Since the branch points k; are independent of each other, the equalities 
(27), (87), (277) have to be considered as identities, i.e. as valid for any 
point & on À. Hence, from the Lemma II we deduce, that (27) and (27) 
are possible only if [go,°--, gp; he, °°, hp] is a [e]: and gi == 4 or 0. 

We prove that (27) implies also that [go,°--, gp; he, +’, hp] should be 
a [e]: and that 6[g2,°-*, gpz he, ***» hp] ((üo(8))}) itself should vanish iden- 
tically. In fact, suppose that [g2,---, gp; he, °**, hp] == [el,, and r > 2. 
The function 6[g; h]((Go(8))) cannot vanish identically, if the branch 
points of C are in arbitrary position (Lemma II). For the same reason 
Olg; 2] ((—@o(8))) = 0[—g; — fh] ( (tic (8))) does not vanish identically. 
Each one of them possesses therefore p—1 zeros, say 81, *‘", dp-13 91’, «"', 
d,-1’ respectively. We have 


p-1 p A 
24 tha (3; = — 2 giño; — hori + Ko, 
mi p 2 _ 
24 tic (8;/) = 2: 9540 + hori + Ke, 
where the Ko’s are the Riemannian constants, i. e. a system of half periods 


of characteristic [19-1; p— 1, p—28,::-,1]. If now (27”) holds, the zeros 
of both functions coincide, and therefore 


P 
aL 25 Jijo; + hort] = 0, (c= ?, des p): 


Hence {92,°**» gp; ta, ***, hp} is a half period, which contradicts our hypo- 
thesis. Hence r= 2. i 
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We prove now that @[g;h]((to(8))) vanishes identically. In fact, let 
us suppose in the first place, that [g2, **, gp; ha't, hp| is an even charac- 
teristic. Then, if 0[g; h]((äo(8))) 340, we deduce from (27/) o 


exp [hiri] + exp [— hirm] = 0; 


hence hı = 4. It follows that [g1 ">"; go; hap ***, hpl = [4, ga tts Yp; 
4, he, .*", hp] is an odd characteristic. We exclude naturally this case, be- 
cause then @[g;h]((0)) vanishes identically, as function of the branch points. 
Likewise if [ge, ***, 9p3 he, ***, hp] is an odd characteristic, we have 


exp [hiri] — exp [— hiri] = 0; 


hence hy == 0, and [gutts Jp; As, +++, hol == [B 92 "> go; 0, ha, +, ho] 
is again an odd characteristic. 

In conclusion, we have the following result: The function 0[g; h]((0)) 
possesses a zero of order gx at k = k, tf g S $, and of order (1— 9:)*, tf 
HD =. 4. The only exception corresponds to the case in which g,==0 or À 
and ae -+ , gp; hay’ ++, hp] is a characteristic [e2] such that 6[e]2((mite(8))) 
vanishes identically. Here m—1, if gı = 4, and m= 0, tf gı = 0. 

We examine now this exceptional case. 


6. Examination of the exceptional case. The values of the integrals 
lia (e = 2, 8, °°", p) at the branch point k; (i= 2, 8, ---, 2p + 1) of the 
curve Č constitute a system {&:} of half periods. It is easily seen that the 
characteristic (d;) is obtained from the characteristic (a;) of the table (11) 
(§ 3) suppressing the two numbers of the first column. Every characteristic 
[des +t ga; has ***s Rp] = [ele is of the form 


p-1-8 


[x + > 4], 
where [x] == [171; p— 1, p—2,:--, 1], s is one of the members 0, 1,- 


p—1, and Sa; indicates the sum of p— 1 — s conveniently chosen charac- 
teristics (dz). 

We recall ne following well-known theorems, with he to the curve 
C of genus p:* 


p-8 
I. Indicating by Sia; the sum of any p— s characteristics of the table 
p-a 
(11), the function @[« + 3) a+] ((mue(n))) vanishes identically, if m is one 


p-8 
of the integers 0, 1,°°-,s—-1. However 6[x + 3 a:]((sue(y))) does not 
vanish identically. 


* See (Kr.), p. 459. 
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II. Denoting by [(s—1)/2] the integral part of (s —1)/2, the func- ° 


tion [x LS a;]((v)) and all its partial derivatives of order 1, 2, ‘-:, 
° [(s— 1)/2], but not all of its partial derivatives of order [(s 4- 1)/2], vanish 
for the zero values of the arguments Vi, U2, °'*, Up 
Let us consider now the function 6[g;h]((0)), in which g= 0 or 4, 
hy is arbitrary, and [go,°°+, gp; he, *‘" , Ap] is a characteristic [e],: 


`- 2-1-8 
[gas > Gn3 Ras **+, ho] = [e]: = [k +H Dai]. 
Looking at (24) and (25) and applying the theorem I to the curve Č of 
genus p— 1, we find: 
1) If gı = 0, then 


lim Am, = 0 for my== 0, #1,°°-, + [(s—1)/2], 
k-k: 


and lim Arny 21 z6 0. 
k-k 
2) If gı = 4, then 
lim Am = 0 for m = 0, 1,°-°-, + [(s—2)/2], — [s/2], 


k=k: 


and lim Ats/ 2] spf Q. 
kyk 


D-1-8 
The characteristic [k + E &:] coincides evidently with the last p — 1 col- 


1- 
umns of the corresponding characteristic [x aS az] . On the other hand, 
the addition of the characteristic {a), or of (a), or of their sum does not 
alter the p— 1 last columns. We obtain thus the 4 characteristics 


[A, Ets "> €p} Hy €," Ep lo (A, p= 0, 1); 
and, it is seen at once, that 
p-1-8 p-1-s 
[k+a+ Sal, [kt+a4+ £ a] 
coincide, to within order, with the characteristics 
[0, as t*a €p; 0, ett ep], [0, e, °°", €p; 1, €’, °°", ep] 
while 


p-1-8 p-1-8 
[k-+ Bai], [ktatat X a] 


coincide, to within order, with 


a a a a f yaa z ene D F fae La 
[1, E2; > €p; 0, €”, > €p Jz [1, €23 > &; 1, E2 3 s € Je 


EOF 3 
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We consider separately the two cases: 1) gı = 0, 2) g= 3. 


1) Let gı==0. We have 
+00 

(28) 6{g3h]((0)) = E exp [Imi hiri + dun] * Am 
-00 


We observe that Am, does not depend upon gı, hie Applying the theorem IT 
to the functions = 


Bk+a+ S al((v)), elud S ai} ((v)) 


and to their derivatives taken with respect to v1, we find 


+00 
Dm Ma” exp [anm] : Am == 0; 


(29) 7% } (r =0,1,°*+, [(s—1)/21. 


Sin, Mar exp [miri + a1?) Am, = 0; 
-00 
We put for brevity [(s—1)/2] =q. The 2q +2 equations (29) can be 
solved with respect 
Ao, exp [au] Az...» exp [angi] 4p exp [an(g + 1)7] A-n, 
the corresponding determinant being different from zero. Then (28) becomes 
Olg; h] ((0)) =c exp [a:(g + 1V] Aaw 
+ exp [au (q + 2V]: {ce Aan + C2 Anh + °°: 
We saw above that lim Aq) =<0. Hence, provided the coefficient c, is not 0, 
kdl: e 


we have 
(30) Olg; h] ((0)) ~ (k — ki) an. 


To calculate c, in the simplest way, we consider the function (¢* — e-*) 91, 
Let 


+(q+1) 
(31) (ee — er) = Ym ame’. 
~(q+1) 


Observing that (e*— e*)%1 and all its derivatives of order 1, 2,°-*, q vanish 
for z = 0, or z = at, we obtain the following equations: 


#(q+1) 
m M Am = 0; 
—(q#1) , | 
(32) +(g+1) (1 = 0, +, ' 2 q). 
m m? . gmtig a 0; 
—(g+1) 


The system of equations (32) does not differ from the system (29), if in the 
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last one we neglect the terms of order m, > q +1, or < — (q4 + 1). Hence, 
comparing (31) with (28), we deduce, 


C1 = (erri — grehi) atl., 


whence c, == 0, since evidently we must suppose h, £ 0, 4. We may write the 
result as follows: 


(38) Jim Ø[g; 4] ((0)) exp [— ma (g + 1)7] —ex0Le]o( ( (29 + 2)2e(8))). 
2) Let gı = 4. We have now 


(84) 6[93 AI ((0)) — Sim exp [ (2m: 1) hawt + da (m + 4)?] * Amy 


We apply the theorem II to the functions 


Ole +S as] ((v)), Ole ata +S a] ((v)), 


of which the first vanishes for v = 0 together with its partial derivatives of 
order 1, 2, ---, [s/2], and the second vanishes for v==0 together with its 
partial derivatives of order 1, 2,:--, [(s—2)/2]. It is easily seen that if s 


2-1-8 
is odd, [k+ © æ] is the characteristic 


Sete # Bi farses f 
[1, E15 3 > 0, €2 » » €p Jes 


and if s is even, it is the characteristic [1, ez ---, ep3 1, 62%, ***, €p’ ]z Con- 
sidering only the derivatives of both functions with respect to v,, and putting, 
for brevity, q == [(s—2)/2], we have in the first place the relations 


(35) pan 
2m (2m: + 1)" exp [aux (ms + 4)?] . Am, = 0: 


m bi 


£00 
2am (2m, + 1)" exp [ (ms + $)at + Gir (mi + 4)?] - Am= 0; 
nee o CP eae 
One more equation arises from the vanishing of 
gari p-i-g 
dye Of af > ai | ((v)) 
for v== 0. Hence, if s is odd, we will have 
+00 
(357) 2m (2m, + 1)9*4 exp [dai (m, + 4)7] + Am, = 0, 


and if s is even, we will have 


(357) Sim (2m, + 1) exp [ (mm, + 4) mi + ta (m: + 5)°] Am = 0. 
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En both cases we have a system of 2q + 3 equations, which we can solve with 
respect to the 2q + 8 functions exp [an (m, + $)?] * Am, [nu = 0, +, ++, 
+ g,—(q-+1),—(¢42)], and which permit of expressing 6[9; 4] ((0)) 
in (34) by means of the remaining functions. We have then 


6193 h]((0)) = cr exp [ang + #2)? ] Am ts’, 


where the missing terms contain powers of ex higher than (g + %)* We 
saw above that lim Agn =£ 0. Hence 
ka 


(30”) olg hI ((0)) — (k— dey) 68/27, 


provided that the coefficient cı is 40. To calculate c, in a simple way, we 
consider, if, for instance, s is odd, the function 


F(z) a (e7 == ere )a+2 (e* -+ e-#) atl, 
We may write 
(g+1) 
(36) F(z) = Din Ame mDr, 
) 


~{(gi2 


We express the fact that F(z) and all its derivatives of order 1, 2, °°", ¢ 
vanish for z==0 or 7t/2, and that moreover the derivative of order q +1 
vanishes for z == 0. We have thus the following systems of 2q + 3 equations: 


1 
? 


g+ 

cae Te EN (r= 0, 1,::,g+1) 
-(qt+ 

q+1 

2m (2m + 1)7 exp Ea , am = 0 (mb Leo) 


Comparing this system with the system of equations (35), (35°) in which we 
may neglect all terms of order m, > (q + 1) or <— (q +R), since we need 
only the coefficient of exp [a11(q + %2)°] Aan, we notice that these two systems 
of linear equations possess the same coefficients. Hence, comparing (34) 
and (86), we deduce 


C = (ort ache 17t) 0+2 (eT: + etat), 
If h, x£ 0, 4, then c s£ 0. 
If s is even, we consider the function 
(e? os e-*) q+1 (e + e72) t2, 
and we deduce in the same way 


Q = ( phin eg rije (enmi ao etate, 
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We may express the result as follows: 


(33’) lim 6[g;h]((0)) exp [—au(q + %)°] 
= 6,0 [e]2( ( (2g + 3)Go(8))), 


C = (ermi + (— Lye ehyrt) gre (ert — (— 1) 8 e amt) ard 
and q = [ (s — 2) /2]. 


where 


Y. The degree of the invariant I, We return to the formula (17) of 
section 4, and put 


(37) F,(k, Ras", kopa) = D'I, 


where D is the discriminant of the polynomial f(z) and I, is the corresponding 
invariant of f(z). We write I,*, because if 0[g;h]((0))==0, then also 
O[— g; —h]((0)) —0, and generally the vanishing of 0[g; A] ((0)) does 
not imply the vanishing of any other 6-function. From the algebraic point * 
of view this means that if the polynomial satisfies the relation (10) or (10), 
then generally the polynomials D» 51 OT dm-p, Ym and Yp-1 are uniquely deter- 
mined.* 

Moreover we observe that F possesses a finite value for finite values of 
the kps. In fact, let us fix k,,-++, Kop. If k does not coincide with any ki, 
then every 8-function of the product has a finite value, while the determinant 
| A; | is 40. Suppose now k= k:; due to symmetry we may suppose 
k = kı. Every function 0 of the product possesses still a finite value. As far 
as the determinant | A:; | is concerned, its limit for k == k, can be calculated 
by using Thomae’s formula (12), taking into consideration er 8((0)) 

-> 


= 6((0)) (see 85). One finds then —- 
a 2p+1 
n | Aay |= 2ri | Aon |/{ IL: (kı — k) }*%, 


where the Agn’s are the analogous periods relative to the limit curve ©. Hence 
this limit is still 54 0, and therefore F, is finite for k = k, This proves the 
correctness of (37). 


* Take for instance the case p=5, r==3, i. e. a polynomial f(æ) of degree 12 
and of the form f(æ)= }° +.#. Suppose we have another representation of the same 
polynomial: f(æ) =j}? + i.. Then 73—#= (j—j,) (7+ A). If we fix & and # 
(and this furnishes 8 arbitrary constants and one constant more as factor of propor- 
tionality in 4%-——4%} we have œt solutions for f and ja It follows that the poly-. 
nomials f(æ) which admit two different representations of the form ÿ* +4 depend _ 
upon 10 arbitrary constants, while the general polynomial of this form depends upon _/ 
11 constants. 
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By means of the results of sections 5 and 6 we are able to evaluate the 
exponent h. In fact | Ai; | does not vanish for k—>k,, hence F, vanishes for 
k—k, to the same order, namely 2h, as the product of the function 8. Let h 
be calculated. From the formula of Thomae we deduce that | A; |* van- 
ishes at k== œ to order p/4, because, at k= œ, 6((0)) is s40, while the 
radical which appears in the second member becomes œ to order p/4. Since 
every function 6{x + {e},]((0)) possesses generally for k — œ a value dif- 
ferent from 0, it follows that F, becomes co at k= œ to order N,’p/4, where 
N,’ is the number defined in section 4. Since the discriminant D is of degree 
2(2p + 1) in k, we deduce, denoting by gr the degree of I,: 


(38) 297 = N,'p/4 — 2h(2p + 1). 


Let us calculate h and then gr in the case of p odd and r an odd prime 
number. There is no difficulty in calculating h in the most general case. 
Since r is a prime number and r(p— 1) is even, we have N,/— N, and 
from (13) 

(39) N? = N, = 177? — 1. 


The r?r — 1 functions 6 of the product are in this case all functions 


(40) Ole + {e}r1((0)), 


in which, however, the characteristic has to be reduced modulo 2r. 
Let us denote the reduced characteristic by 
[y] zr = [ms LE M Ttg np’ | are 
Here every q is one of the numbers (r—2s)/2r, (7 -+2s)/2r, where 
s= 0, 1, +, (r—1)/2. All functions (40) for which m = (r—2s)/2r 
or = (r+ 2s)/2r possess, for given ss40, at k= k, a zero of order 
(r — 2s)?/ (2r)? (see (26) and (26’), section 5). The number of such func- 
tions is equal to 27-1, hence their product possesses at k == k, a zero of order 


Rr2P-1 (y — 28)?/ (2r)? = 128-8 (r — 2s)?/2. 
Giving to s the values 1, 2,---, (r—1)/2, we deduce that the product of 
all those functions (40), for which m is = $, possess at k == k, a zero of order 
(41) (72P-8 /2) {12 4 8? 4+ -p (r — 2) = 720-2 (r — 1) (r — 2) /12. 


We consider now those functions (40) in which yı ==}. These possess 
at k = k, a zero of order 4, unless the characteristic [12,°*+ 3 m2’, ‘ ‘‘]or is 
the characteristic [«]:, in which case we have special functions considered 
in section 6. The number of these special functions is r — 1, and are ob- 
tained by giving to «’ the values 1, 2,°°-, *—-1. Hence the number 
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of the remaining non-special function is r??-!—r, and their product possesses 
at k =k, a zero of order 
(42) (r2e-1 — y) /4, 

Finally every function 


Ok + {075 e°, 0? 1},]((0)) 


possesses at k = k, a zero of order p?/4, as a result of (80), since in this case 
s = p— 1, hence q = (p—3)/8 The product of these r —1 functions 
possesses then at k == k, a zero of order 

(43) (r — 1) p?/4. 


Adding the orders written in (41), (42), (43) we deduce that the pro- 
duct of all 1°? — 1 functions (40), and hence F’,, possesses at k == k, a zero 
of order 


12-2 (r — 1) (r—2)/12 + (PP —1)/4-+ (r —1)p/4 = 
= (7? + 9)r 2/19 + (r—1)p°/4—r/4. 


Hence this is the value of 2h. Substituting this value of 2h and the value 
of N, given by (39), in (88) we find: 


(44) RQr = PP? ( pr? — t? — 4p — 2) /12 
— [(r—1)p* —r] (2p + 1)/4— p/4. 


For p = 5 and r= 8 we find the degree of the invariant connected with the 
12 tangents to a plane quartic cueve. The degree of this invariant is equal 
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Certain Perfect Groups Generated by Two Oper- 
ators of Orders Two and Three. 
By H. R. BRAHANA, 


INTRODUCTION 


We have shown recently * that there is a one-to-one correspondence 
between the regular maps and groups generated by two operators of which 
one is of order two. Certain classes of groups came immediately to our 
attention, the symmetric and alternating groups, the meta-cyclic groups, and 
the linear fractional groups, LF (2, p). Naturally one seeks other groups or 
classes of groups satisfying the given condition. Prof. Miller has shown that 
“there exists an infinite number of finite groups generated by S and T satis- 
fying the relation T? = 8! == (ST)! — 1 for every pair of numbers k and ł 
both greater than 3 or one equal to 3 and the other greater than 5. We 
undertook to examine some of the groups for k == 3 and l == 7%. The immediate 
result was the series of theorems in § 1, concerned mostly with perfect groups. 
For want of a better method we decided to fix the order of the commutators 
of the generating elements and examine the resulting groups or classes of 
groups. The result (§ 2) was the discovery that if the order were fixed at 4 
the simple group of order 168 is determined, and if fixed at 6 the simple 
group of order 1092 is determined, no other number less than 7 being possible. 
The work required by our method of procédure is tedious and promises to 
become more so as the order of the commutator is increased. Rather than 
continue in this manner we have taken the simple group of order 504 and 
found that it can be generated by two operators of orders two and three with 
product and commutator of orders seven and nine. We ask whether these 
conditions are sufficient to determine the group. We are unable to answer 
the question definitely, but we obtain sets of relations defining abstractly the 
generators of this group and also of the simple group of order 660. In each 
case we have been obliged to insert a condition in addition to fixing the orders 
of the generators, their product, and their commutator, without being able to 
prove that it is independent. 


1. The groups generated by K and T satisfying the relations S* = T? == 


# Regular Maps and their Groups,” American Journal of Mathematics, Vol. 49 
(1927), pp. 266-284. 
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(ST)"==1. We consider two operators S and T satisfying the relatiofis 
S? = T? == (ST )” = 1, where each exponent is the smallest number for which 
the operator to which it is attached becomes identity. The group G, deter- 
mined by these operators is completely determined if n is one of the numbers 
8, 4, or 5.* On the other hand, if n is greater than 5 there exists an infinite 
number of finite groups each generated by an S and a T satisfying the given 
relations.f The groups for which n = 6 have been described in detail.[ It is 
our purpose to exhibit some of the properties of the group G for certain types 
of value of n greater than 6. 

The commutators of T and powers of S are o, = TS°TS, cs = TSTS? 
and their inverses. The commutator subgroup H of G is generated by o, 
and o2.§ The following relations exist among 8, T and the o’s: To; =o, 17, 
So, == 07°18, and Soi = 8: TS TS* = STOT : TETS -S = orto D. 

Any element of G is of the form SeTS8T SYT S* - - : where «= 0, 1, 
or 2, and each of the other exponents is 1 or 2. If we rewrite the above a 
product in the form Sc (TS*7'S-8) SPY (TSÈTS5) Se +- and make use 
of the relations among S, T, and the o’s, we see that every element of G is 
in one of the forms 

h, hS, hS*, hT, AST, hS?T, ASTS, RS°TS, RSTS?, AS*TS?, where h is 
a product of the o’s and hence an element of H. Moreover, the last four 
types are included among the preceding six due to the relations: STS == 
STET : TP = STET- TSTSST = 0o70: SPT; FTS =o T; STO 
=o !T; and STE = STST : TS = STST : TSTS? - ST = 01 102 ° ST. 
These six types are distinct provided neither of the generators S and T is in 
the commutator subgroup of G. * 


We have the following theorem : 


The order of G is at most six times the order of its commutator subgroup. 


The successive powers of (ST) are: 


ST = ST 
(STY == oe 101 + §? 
(ST)? = 03° 101 T 
(ST) = C2 10102 "S 


* Cf. Burnside, Theory of Groups (1897), p. 291. 

} Miller, American Journal of Mathematics, Vol. 24 (1902), pp. 96-100. 

+ Miller, Quarterly Journal of Mathematics, Vol. 33 (1901), pp. 76-79. 

§ Miller, “On the Commutator Groups,” Bulletin of the American Mathematical 
Society, Vol. 4 (1897), pp. 135-139. 
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(ST }5 =a oe 1102 j DT 
(ST) = o7 loi0201 1 


(ST)? = (6210102011) (ST) 


(ST) St? com (og 1010201)" ° (ST) l, 


From the above relations we see that if n, the ordèr of (ST), is 6 the com- 
mutator sub-group of G is Abelian.* Moreover, we may state the following 
converse theorem : 


If two non-cammutatwe operators of orders two and three generate a 
group whose commutator sub-group is Abelian their product is of order siz. 


If (ST) is of order 7, then (0710:0201) (ST) = 1 and therefore (ST) 
.isin H. If (ST) is in H we see from the values of (ST)* and (ST)* that 
both S and T are in H. Likewise S and F are in H if the order of (ST) 
is any number of the form 64 + 1. Moreover, if the order of (S7’) is of the 
form 6k — 1 ST is in H, and since ST ST = ot, (ST) and, consequently, 
Sand T are in H. Hence, Gand H coincide. Such a group is called perfect. 
We have the following theorem: 


Any group generated by two operators of orders two and three respec- 
tively the order of whose product is of the form 6k + 1 is perfect. 


We have, a fortiori, the theorem: 


Two operators of orders two and thrae whose product 1s of prime order 
greater than three generate a perfect group. 


Every perfect group is simple or else it is isomorphic (#—1) to some 
simple group of composite order.f Hence, 


No group generated by two operators of orders two and three the order 
of whose product is a prime 6k + 1 can have an order less than that of the 
smallest simple group whose order contains the factors 2, 3, and 6k = 1. 


For, the simple group to which G is isomorphic will be generated by two 
operators which correspond in the isomorphism to the generators of G and 
therefore must be or orders two and three with product of order 6% + 1. 


* This fact was used by Prof. Miller in studying the groups in question, Cf. the 
reference above, o, and o, are the same as his s, and se 
f Miller, American Journal of Mathematics, Vol. 20 (1898), pp. 277. See footnote. 
4 Miller: Cf. the last reference. 
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We may also state the following theorem: 


In a group whose order is not a multiple of the order of some simple 
group it is impossible to select an operator of order two and an operator of 
order three such that their product is of order 6k + 1. 


If the order of (ST) is of the form 6k + 2, S is in H; and if of the 
form 6% + 3, T is in Æ. Hence, 


If a group generated by two operators of orders two and three whose 
product is of order 6k +: 2 (or 64 + 8) its order is at most 2 (or 3) times 
the order of its commutator subgroup. 


The transform of o by (ST) is TS?: TSTS: ST =TS*7TS =o, and 
therefore a, and o» are of the same order. Hence, 


Any group generated by two operators of orders two and three whose 
product is of order 6k + 1 is also generated by two operators of equal orders. 


If the order of ST is of the form 6% the subgroup H may or may not 
contain either or both of the operators S and 7. If it contains neither so 
that the sets H, AS, HS*, HT, HST, and HOT are all distinct, it follows 
that the quotient group G/H is cyclic. As a result of this and the foregoing 
theorems we have the theorem : 


The largest Abelian group to which a group generated by two operators 
of orders two and three is isomorphic is a cycle group of order 1, 2, 3, or 6, 
according as the order of the product of the generators is equivalent to 1, 2, 3, 
or 0, mod 6. 


From the value of (ST')" above we see that if (ST)7==1 (ST) is the 
commutator of ot and oz Hence, 


In any group generated by T and S of orders two and three such that 
ST is of order Y, ST 1s the commutator of the commutators of T and 8 and 
of S* and T. 


2. Relations defining generators of certain simple groups. Any group 
G generated by two operators $ and T of orders 3 and 2 whose product is of 
order ? contains two operators o, and e> which also serve to generate the 
group. The elements o, and o, satisfy the following conditions: 


(A) (os to10201 t) = 1 3 


(B) (oc o102017")3og toi = o2017* (02 "010201 1) 35 
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(C) (o2"to10001 t) #02 01" (02 10102017)? = 07102 (027 010201 7) or 0; 


(D) o= (o2 00201 *) 2917102 ( oz 1010201}? ; 


Conversely, any group G generated by two operators o, and oz satisfying 
(A), (B), (C), and (D) is also generated by two operators of orders two and 
three whose product is of order 7. 


For, the element T” = (03700201? )%o2 to1, is of order two as a result 
of (B); the element 8’ = (o20,020;7)%o2710, is of order three as a result 
of (C) ; their product, 8’T’ = (03 to1020,7*)f, is of order 7 by (A) ; the group 
[S’,T’] contains o, as a result of (D); and [8’,7”’] contains oz since it 
contains T’, 8’T’, and c. 

The above theorem states the sufficiency of the given conditions on o, 
and e, in order that the group be of the type in question. The conditions are 
of course necessary as may be seen by consideration of the group [S,T] in 
the manner of § 1, but there arises the question of their independence, whether 
or not one or more of them may not be omitted. In attempting to answer the 
question two methods of procedure are possible. First, the independence 
would be shown by giving examples satisfying all but one of the conditions 
and contradicting the one; or, on the other hand, the redundancy of the 
conditions might be shown by deriving a certain number of them on the basis 
of the others. Both attempts have been made with no result other than a 
slight reflection on the ingenuity of the author. However, we may arrive at a 
plausible answer in the following manner: Conditions (B) and (C) insure 
the presence in [o1, 02] of operators of orders two and three, condition (A) 
requires one pair of such operators to have a product of order 7, and condition 
(D) requires the group generated by the two operators just described to be 
the whole group. 

In investigating the groups under consideration we make use of the 
co-sets with respect to a given subgroup, which should be as large as can be 
conveniently arranged so that the number of co-sets will be small, and which 
should be designated by simple expressions in the generators. For this reason 
we determine another set of generators of G. 

Let (a2740;020;") be denoted by R and let ezte, be denoted by Q. Then 
8S’ = E°Q and T’—Q"1R#, Relations (A), (B), (C), and (D) become 


(A’) RE =1; 
(B’) Q1R#— RQ; 
(C) RQR = QIRQ. 


Condition (D) expressed in terms of Q and # is a consequence of (A’), 
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(B’), (C), for if F = KQ and T” == RQ, [S”, T’] contains both Q and R. 
This does not say, however, that condition (D) is a consequence of the three 
conditions which precede it, for presumably o, and o2 might generate a group 
of which the group generated by Q and À or by S’ and T” would be a subgroup. 


Any group generated by two operators Q and R satisfying relations (A’), 
(B’), and (C’), is also generated by two operators of orders two and three, 
whose product is of order seven. 


We shall now fix the order of @ and examine the resulting groups. 
First we observe that Q cannot be of order 2 for then (B’) would become 
OR* == RQ, whence QR*Q = R° which requires the group to be the dihedral 
group of order 14. The dihedral group of order 14 contains no operator of 
order 3 and therefore condition (C’) cannot be satisfied. Hence, 


There is no group generated by two operators of orders two and three 
whose product is of order Y and whose commutator is of order 2. 


Let us suppose that Q is of order 3. Then by (C) we have QR? = RORQ?. 
Applying this relation to QROQR? we get 


QROR* = QK°QRQ? 
= H(QR*Q)Q 
= E(ROR)Q 
= PQRQ. 


This states that R? is permutable with QRQ as is also (R?) =R. As a 
result of this fact QR? = RORQ? gives 


QR? = R(QEQ)Q = QEQRQ 
whence E =QRQ. This result applied to (B’) gives 
Rt = QRQ 
= QRQ - PERQ? - QRQ 
== R(QRQ)R = R. This contradicts (A’) ; therefore, 


There is no group generated by two operators of orders two and three 
whose product is of order Y and whose commutator is of order 3. 


If Q is of order 4 the group is the simple group of order 168. To show 
this we shall show that the operators S and T satisfy the relations given by 
Burnside * to determine the simple group of order 168. We proceed to show 
that the condition Q= 1 is equivalent under conditions (A’), (B’), and 


* Theory of Groups, p. 422. (Second edition). 
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YC’) above to the condition [(ST)*T]*—1. The group [Q, E] is generated 
by $ and T whose commutator is of order 4. The commutator of T and 8 
is TSTS, putting the fourth power of it equal to zero, we have [TS°TS |* == 
[TST : TST S]* = 1, or 

TST : TSTSTST - TSTSTST - TSTSTST - TSTS—1. This implies 
that (TSTSTST)* —1. Since (ST) = 1, the last statement implies that 
(STSTSTS)* = 1, which is [(ST){T ]*— 1, the condition given by Burnside. 
Therefore, 


The group generated by two operators of orders two and three whose 
product is of order 7 and whose commutator is of order 4 is the simple group 
of order 168. 


We shall proceed to show that Që = 1 is impossible by showing that such 
an assumption leads, in view of relations (A’), (B’), and (C’), to the relation 
QRQ =Q. 

(1) QRQ = QR: R*Q = R! - RtQR+: R‘OR*- RS. > 
The product RtQR* = R%- RQR: R° by (C’) becomes R°- QRQ- Rk. This 
becomes by (B’) Q'R*- R- RtQ*t= Q*R*Q*, which reduces the rightmost 
member of (1) to 

(2) . R? . QRQ ; Q*R°Q* ` R? = R°0* . RQR? « O+R?. 


The product RQR? may be written as R°Q:Q-QR* which by (B’) is 
Q+: R'QR*: Q*, which is Q°R°Q*. Hence, the right member of (2) is 


(3) RQ - Q°R8Q?- QtRs — Ps - Q? R?Q?- Re, 
The right member of (3) may be written as 
(4) R5- R®Q?R5- RSQ?RS - RS. 


The element R°Q°R5 reduces to Q in the following manner. 
(5) MOR = R*- R?Q?R?- BR. 
ReQ*R* = RQ: QR'Q: Q* | 

— R°Q-RQR:Q*— R:RQR: QRQ* 

= R: QR*Q: QRQ* — RQR - RQ°RQ" 

= QRQ - RQ°RQ* = OR: RQR QRQ! 

— QR : QRQ: PRO — Q ` ROR RQ'RQ' 

= Q R?Q + ROR: Qt — QR- RQR- QRQ? 

— O'R QR'Q - Q"RQ* — Q'RQR? - Q'RQ - Q*. 
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The element Q‘RQ is by (C’) RQR: and hence PQR = RQR: PQR- Q 
= Q2ROQR'QRS - Q? = Q RQR? - RQR: RQ? which by (C’) again becomes 
Q2R: QRSQ : QRQ’. If in this we use (B’) to replace QR*Q by R* we have 


EOR E QR ` Rt i POR? aus QRQ. 
Using this in (5) we get 


(6) R°Q2R’ — R°- QURQ- R° which may be written R°Q°R*- R°: R°Q°R*. 
Replacing RQR? by Q°R°Q° we get | 


(7) RSQRS == Q°R3Q8 - R°- QRQ? — Q? - RSQSR3 - PQR: Q3. 


By means of the same substitution we get 


= 


(8) _R5Q2R5 — Q? - Q°R°Q3- QUREQS - Q? — QR'QR?Q, which by (B’) is Q. 


Using this in (4) we get QRQ —R5 Q: Q: Rh’ =—Q. Hence, QR =1 which 
is impossible. Therefore, 


There is no group generated by two operators of orders two and three 
whose product is of order Y and whose commutator is of order 5. 


‘If Q is of order 6 it turns out that the group is of order 1092. Our 
method was to determine the number of right co-sets with respect to the cyclic 
group generated by R. There are 156 such sets counting the group generated 
by R. Hach set may be designated by a single product of Q’s and &’s where 
the first element in the product is a power of Q; for example, QR may be 
allowed to stand for the set QR, RQR,-- +, ROR. To write the resulting 
156 operators would require about two printed pages, so we shall adopt a 
notation to allow us to cut down the space required. We shall denote each 
co-set, whose symbol ends in R, by a letter, for example b is the co-set QA. 
For every set whose symbol ends in À there are five more sets obtained from 
it by multiplication on the right by powers of Q. For each such set we shall 
use the same letter as for the first one except that we shall affect it with a 
subscript equal to the index of the power of Q on the right. Thus, b, stands 
for QRQ, bz for QRQ?. We shall not stop to prove that b; and b; are distinct, 
a fact which will be evident when we obtain the final result. Thus we shall 
be able to indicate the 156 co-sets by giving 26 of them. 

The 156 co-sets are @, di, Go, Us, ds, Os, b, Di, Bo, bs, ba Bs, °° *5 
Z, 215 Los 23, Las Zs, Where 
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: a= J j = QR s = QR'Q? RS 

b = QR k = Q t= QR'O*R 

c = QR [= QR u = QFE QR? 

d = QR m = PR v = OR QR? 

e = Q R n = OR w = QRSQOR 

f = Q°R? o = QER? z = QRSQR° 

g = QR p= QRQ'R y = QRQR: 

h = QR q = QR*QE? z = Q RQR? 

i = Q°RS r= QRQ R . 


Multiplication on the right permutes the co-sets in the following manner: 


Q = (G0, d2A30405) (0D,b2b30405) © * © (22122232425) 5 

R = (a,bb,ascde,) (asefcsghi) (a3jkgsgelm) 
(G40 sCof es) (bifibadstsn1da) (balseataP101) (DghsmsPstteerh:) 
(Cs Mags gars) (CalUGstiJojs) (dokoladapavPi) (AgwxrpspoTsWs ) 
(€2%3l3mM4YW101) (€30sWaYoJoks@) (FeQifsOsSstihy ) (fatsJsSatotott ) 
(hothet4048g¥gtg) (Ag Wat oS2Yakaz ) (NalsYsY1%a02%e2) (1281 at5N4212s ) 


(Ja Vals VaMgtgTs) (ksUszoT1l19305) (lYstalaWor0sta) (a) (Ts) . 


The work required to show that the sets are permuted by À in the manner 
described above had to be done, but it is obviously too long to be given here. 
Each step was similar to, though fortunately not so long and involved as, the 
work done to show that Q could not be of order 5. 

Assuming the correctness of the expression for R, all that is required to 
prove that the group [Q, R] is of order 1092 is to make certain that the 
substitution group [Q, Æ] is transitive. The transitivity follows from the 
facts that Q permutes the different subscripts on each letter cyclically and 
that in the first four cycles of À we have æ with every letter up to o while 
every cycle of R begins with a letter which precedes o in the alphabet. 

The group [Q, E] is perfect and is of order 1092. If a perfect group 
contains an invariant subgroup the corresponding quotient group is simple 
and of composite order. Since there exists no simple group whose order is 
less than 1092 and is contained in 1092 it follows that the group [Q, 2] is 
simple. There being but one simple group of this order it is thereby com- 
pletely identified. This group is described by Burnside.* We may describe 
the group as follows: 


* Proceedings of the London Mathematical Society, Vol. 26 (1895), p. 338. 
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(1) The group generated by two operators of orders two and three whose: 
product is of order Y and whose commutator is of order 6 is the simple group 
of order 1092. 


(2) The group generated by two operators of order 6 satisfying condi- 
tions (A), (B), (C), and (D) is the simple group of order 1092. 


(3) The group generated by two operators, Q of order 6 and R, satis- 
fying conditions (A’), (B’), and (C°) ts the simple group of order 1092. 


Instead of continuing in this manner, assigning values to the order of Q 
and examining the resulting groups, we note that 504 contains the factors 
2, 8, and 7 and inquire whether the simple group of that order may not be 
generated by two operators. The three operators s= (1254673), t= 
(12) (84) (56) (78), and A — (23) (46) (57) (89) generate Go.“ We note 
that sèt == (1362587) and that s*tA == (127) (346) (598). If we change to 
our own notation by letting s%4 — S and A = T, we have S and T satisfying 
the relations S* == T? = (ST)'—1. The commutator of S and T is o, = 
(187623459). The group generated by S and T is perfect, its order contains 
the factors 2, 7, and 9, as well as the order of some simple group, and its 
order is a factor of 504. The only possibility is that S and T generate the 
simple group of order 504. Therefore, 


The simple group of order 504 is generated by two operators of orders 
two and three whose product is of order 7 and whose commutator is of order 9. 


We inquire whether the converse of the above theorem is true, whether 
two abstract operators satisfying’ the above conditions necessarily generate 
G504 We change to the generators Q and À and require Q to be of order 9. 

Our answer to the question is unsatisfactory for the reason that we have 
found it necessary to impose a further condition on Q and È without being 
able to prove that the added condition is independent of the four given above. 
This condition is 
(D’) RQ” = QR”. 


This condition is satisfied by the generators of the substitution group given 
above, but seems not to be a consequence of relations (A’), (B’), and (C’). 
An attempt was made to establish its independence by replacing it by the 
condition that the order of Q%R° be four instead of two; the attempt was 
abandoned because it seemed to be leading to a group whose order was almost 
unmanageably large, at least 15,000. 


* Burnside, Theory of Groups (1897), p. 375. 
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As before, we determine the number of right co-sets with respect to the 
subgroup generated by R. We find that there are 72 sets which, by means of 
the same notation as was used before, may be designated by a, a1, aa ° ",, 
ds, b, * * *, hg, where 


a — 1 e= QTR 

b = Q°R f= QR 

c = QER? g = QR á 
d = QER? h = QTR, 


The sets are permuted by multiplication on the right according to the 
substitutions 


Q? == (atizastaasasaras) * © * (Ahahohshshshghzhs) 5 

R = (a,bebgagdd,) (azecefbagh) (Gab etelisfsfols) (Asdsdogoh 9542) 
(aqhggobrf 634) (Daf sDehtotserhe) (bsCsdrfshiecga) (bs9rerltrfrdsta) 
(C1C5@sCgdg Jide) (CofstoGatzfofs) (a) (ds). 


If we express (D’) in terms of S and T we may state the following 
theorem: 


The group generated by two operators of orders two and three, whose. 
product is of order Y and whose commutator is of order 9 and which satisfy 
the further condition 


(SPST OTe Tels TEST) A 
generate the simple group of order 504. , 


We consider next the simple group of order 660. According to Cole “~ 
the substitution group on 11 letters is generated by (abtegdhfejk), 
(aegei) (bf7hd), and (ac) (ba) (eg) (fk). The product of the first by the 
last is S == (adf) (big) (c7k). If we denote (ac) (bd) (eg) (fh) by T, we 
have S and T of orders three and two with product of order 11. 8 and 7 must 
generate the whole group since there is no simple group of lower order whose 
order contains the factors 2, 3, and 11. 

The commutator o, is (achif)(bjdeg). The simple group of order 60, 
the icosahedral group, is a subgroup of Gess and we note that S’ == 
(ST): 8- (ST}* = (abk) (egh) (fji) and T have the product (adbkc) (fjihy) 
and therefore must generate such a subgroup. 

We inquire whether two abstract operators S and T subject to the con- 





— 


“ Quarterly Journal of Mathematics, Vol. 27 (1894), p. 49. 
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ditions that they be of orders 3 and 2 with product of order 11 and com-* 
mutator of order 5 necessarily generate the simple group of order 660. Again 

a we change to operators Q and À, where À is defined as above but Q is 17102. 
Q and È satisfy the relations: 


(A”) RU — 1; 
(B”) QR: = R°Q"; 
(C) - RQR == QRtQ; 
(D”) Q5—1. 


Here again the conditions seem not to be sufficient and we have found it 
necessary to add the condition 


(E”) RQ? = QR”. 
We use the same notation as before and denote the right co-sets with respect 
to the group generated by Æ as a, ai, de, Qs, Ga, * © * , L, li, lo, ls, la, where 
a == 1 6 == Rt t = QR 
b = QR f= QR® j = QE: 
C== QR? g == QR k == QRQ’ R? 
d = OR h = QR? l = QRQ? RE. 


The corresponding substitutions on the 60 letters are 
Q = (QA, And, ) ar (Uylolsls) 5 
E =— (tybedegbsaseff,g) (dodeg hitb sjsteh sls) 
(Bgjahe ll, Gqlto71b4C2) (€,dgtydeCglotghihegyl,) 
(difzeskskagofadatafata) (a) (fa) (ha) (k1) (ls). 
The relation (i) written in terms of 8 and T is [(TSP (TEPP = 1. 


The group generated by two operators of orders two and three with pro- 
duct of order 11 and commutator of order 5 which satisfy the further relation 
[ (T'S) *(T'8?)*]? = 1 is the simple group of order 660. 
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On Triadic Cremona Nets of Plane Curves. 


By Fay FARNUM. 


I. INTRODUCTION. 


1. A Cremona transformation is fixed whensits scheme of f-points and 
f-curves is known. 


Those which have in each plane only one group of fundamental points 
(f-points), composed of points of equal multiplicity, are called symmetric and 
are well known. A correspondence is called semi-symmetric if, in each of the 
two planes, there are only two groups of f-points; of these the Jonquiéres case 
is a familiar example; all others have been discussed by Montesano (D). 

A correspondence is called triadic if, in each of the two planes, there are 
three and only three groups of f-points; such correspondences have received 
little attention; one isolated case was discussed by Montesano, (C)* and a 
more general set by Ruffini (A).* 

It is the purpose of this paper to determine additional triadic cases; in 
it are developed: 


(a) some triadic correspondences as products of previously existing cor- 
respondences, 

(b) all triadic correspondences having simple fundamental points in 
both planes, . 

(c) some triadic correspondences having simple fundamental points in 
one plane only. 


2. Characteristic Square. The characteristic square of the transforma- 
tion is: 


n Ta Ta * " * Tp 
Sy Gir Gio * * Qip 
Ta So Qo, oo * * ” Sen 
Sp Opi Ape * * * App 
in which n is the order of the transformation; rı, * ° *, r, the orders of the 


f-points in one plane; s:,-° > -, Sp the orders of the f-points in the other plane; 


= The reference is explained in section 3. 
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and a, is the number of times the fundamental curve (f-curve) of s; goes’ 
through r;, or also the number of times the f-curve of r; goes through Ste 

e The characteristic square may be simplified by indicating a group of a, 
f-points of multiplicity r; by the symbol [a;,7;] and a group of 8y f-curves 
of order s by [Bx, sx]. In designating the number of passages of a group of 
curves through that group of points, such that each curve passes through all 
but one of the points L times, and through the remaining one L + 1 times, 
use is made of the symbol L followed by a plus sign or a minus sign, according 
as it passes through the remaining point L+ 1 or L— 1 times. The sim- 
plified characteristic square for the isologous net is 


n [1,n—1] [2(n—1),1] 
[1,n—1] n—2 1 
[2(m—1), 1] 1 Oa: 
For a net of order n which has æ, f-points of multiplicity #1, * + +, &n of mul- 


tiplicity rm, the characteristic group of the transformation is given by 
Gn = [os Vi] © [am tm]. 
The values in T are subject to the following relations 
(a) n, Ti, Sp are positive integers, 
(b) a; are positive integers or 0, 
(1) (ce) Dam? =n — 1, 
(2) D air, = 3 (n — 1). 
These are called the equations of ER A 


(d) Each f-curve is rational and is completely determined by its pas- 
sages through the f-points. 

(e) The f-curves intersect only in f-points. 

(£) The total number of passages of f-curves through an 1-fold f-point 
is 32 — 1. 


3. References. The results necessary for this paper were obtained from 
the following articles, and will be referred to by the indicated letters: 


(A) F. P. Ruffini: “ Sullo risoluzione delle trasformazioni Cremoniane,” 
p. 499, Memoire Istituto Bologna, Ser. 3, Vol. 8 (1877). 


(B) D. Montesano: “ Sur le retiomaloidiche di curve,” Rendiconti Acca- 
demia Napoli, 1905. 
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(C) D. Montesano: “Sur i quadri caratteristici delle corrispondenze 
birationali piane,” Rendiconti Accademia Napoli, Ser. 3, Vol. 21 (1915). 


o 
(D) D. Montesano: “Le corrispondenze birazionali piane emisimme- 


triche,” Rendiconti Accademia Napoli, Ser. 3, Vol. 24 (1918). 


IJ. CORRESPONDENCES DEVELOPED BY RRODUCTSs. 


4, Products of symmetric and Ruffini correspondences will be shown to 
give the following: 


(a) Gu==[3n/2], [4,(n—-2)/4], [(n—2)/4,2] n= 2 (mod 4), 
(b) Gyz==[6,2n/5], [4,(~—5)/10], [(n—5)/10,21 n= 5 (mod 10), 
(c) Ga= [7,3n/8], [4,(n—8)/16], [(n—8)/16,2]  n== 8 (mod 16), 
(d): Ga = [8,3n/17], [4, (n—17)/84], [(n—17)/34,2] n==17 (mod 34). 
(a) For any positive integral value of v there exists a Ruffini group 


Gov = [4,0], [v,2], which is geometric. Form the product of this group 
and the quadratic transformation, that is, 


Corn = [3, 0}, [4, v], [v, 8]; 
| Ge = [3, if. 


The latter is so chosen that none of the f-points of the two fundamental sys- 
tems are common as indicated by 


2xu-+-1 0 0 0 [4,0]  [v, 2] 
2 ii 1 1 
1 0 1 1 
1 1 0 1 
1 1 1 0 


This product gives 
Gr = [3, rl, [4, vj, [v, 8]; 
where : 
n =? (3w 4-1), r= 2+1; 
hence we have 
Gavs == [3, 2v + 1], [4, v], [v, 2], (v —=1,%,3,°° ) 


or, in terms of n, 
Gna == [3, n/2], [4, (n—2)/4], [(n— 2) /4, 2] n == 2} (mod 4). 
For n = 6, G= [3, 3], [4,1], [1,2], 
n= 10, Go [3,5], [4,2], [2,2] or Gio == [8,5], [6,2]. 
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The latter degenerates into a semi-symmetric case, since (n — ?)/4 == 2 for 
n = 10, but this is true for no other value of n. 

Since there are in this Cremona group 3Pn;2, there will be 3 funda- 
mental straight lines in +, hence in the fundamental system of the other plane, 
or in the conjugate group, there will be 3 simple f-points. 

Let the multiplicities of the other two point groups of the conjugate group 
be a and y. They must satisfy (1) and (2) hence 


z= n/2— 1, y =A, 
and the conjugate characteristic group is 
Gr = [4, n/2 — 1], [(n— 2)/4, 4], [3, 1]. 


Since the fundamental straight lines are determined by two basis points of 
multiplicity n/2 and meet the fundamental system in no other points, the 
characteristic square may be indicated by 


n [3, n/2], [4, (n— 2) /4], [(u — 2) /4, 2] 
T4, n/2 — 1] a b c 
[(n —2)/4,4] d € ar 
[3,1] 1— 0 0 


and, according to principles previously stated, the following equations must be 
satisfied : 


n?/2 = 4a(n/2—1) + 4d(n—2)/44+2 

n(n — 2)/4 = 8b (n/2—1) À (b + 1)(n/2 —1) + 4e(n—2) /4 

an = 40e(n/2 —1) + 4[(n—2)/4—1]f +4 +1) 

n(n — 2)/8 == 8ab + a(b +1) + (n— 2) de/4 

n = 4ac + [(n—2)/4—1]df+ (f +1)d 

(n — 2)/2 = 3be + (b = 1)e + [(n—2)/4— ilef + e(f +1). 
The solutions of these equations give the following values for the character- 
istic squares: 

If v is odd, let v= 2a 4-1 and n = 4v + 2 = 8a 4+6 with n=6 
(mod 8), we have 


n [3, n/?] [4, (n — 2)/4] [Cr — À) /4, 2] 
[4, n/2—1] (n—2)/4 (n—6)/8 + 1 
[(n—2)/4, 4] 2 1 0 + 


[3,1] i 0 0 
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or 


8a-+6 [38,4043] [4,20+1] [?a+1,2] 


[4, 4a +2] Ra +1 a+ 1 
[2a + 1,4] 2 1 ie 
[3, 1] io 0 0 


If v is even, let v = 2«. Then n = 4v -+ 2 = 8a + 2, with n=? (mod 8) 
and we obtain | 


n [3, n/2| [4, (n —2)/4] [(n — 2)/4, 2] 
[4,2/2—1] (n—2)/4 (n—2)/8 — 1 
[ (n —2)/4, 4] À 1 0 + 
[3,1] 1 — 0 0 


or : 
Ba +. 2 [3, 4a +1] [4,20] [2a, 2] 


[4, 4a] Qo % — 1 
[2a, 4] 2 1 0 + 
[3,1] 1 — 0 0 


(b) Similarly form the product of Gæ n= [6,0] [4,0] [v,2] and 
G, = [6,2]. We obtain the following correspondences: 


For v odd, n == 20a + 15 with n==15 (mod 20), 
2Qa+15 [6,8¢+6] [4,2¢4+1] [2a +1,2] 


[4,104 +1] 4a+2 a -+ 1 
[2a + 1,10] 4 je 0 + 
[6, 2] oo 0 0 


For v even, n == 200 + 5 with n = 5 (mod 20), 
200 + 5 (6, 8a +2] [4,2a] [2,2] 


[4, 10a] 4a g — 1 
[2a, 10] 4 1 0 +. 
[6,2] ies 0 0 


(c) The product of Gaw = [7,0] [4,v] [v,2] and G: = [7,3] gives 
for v even, n==8 (mod 32), n > 40 with | 


324-18  [7,12a 43] [4,20] [20,2] 

[4, 16@] 6a x — 1 

(2a, 16] 6 1 0 -+ 
[7,3] I 0 0 , 
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and for v odd, n = 24 (mod 32), | : 
. 32a +24 [%,12¢+9] [4,2@+1] [2a +1,2] 
[4, 16a + 8] 6a + 3 a + 1 
[2% + 1,16] 6 1 04- 
[7,3] 1 + 0 0 


(d) The product-of Geva == [8,0] [4,0] [v,2] and G,, == [8, 6] gives, 
for v odd, n = 51 (mod 68) with 


68a +51 [8,24¢-+18] [4,2¢+1] [2a +1,2] 


[4, 34a 4-17]  12a+6 æ + 1 
[2a + 1, 34] 12 1 0-6 
[8, 6] 2 -+ 0 0 , 


and, for v even, »==17 (mod 68) with 


68a + 17 [8,24x +6] [4,20] [2a, 2] 


[4, 34a] 18& % — 1 
[2a, 34] 12 1 0 + 
[8, 6] 2 + 0 0 


5. Product of two Rufini correspondences. The product of two Ruffini 
(Gav == [4,0] [v,2]) groups of the same order, made in such a way that in 
the intermediate plane, the two fundamental systems have the double points 
in common, gives 

Gian = [4, 20° — v] [v,4v] [4, v]. 


Use is made of the theorem (D, p. 18): “ Given two plane birational cor- 
respondences Kaw, Kn'r” represented respectively by the squares 


, 


f 
7 f 


n [%12] 


[a,r] w + 


n’ CAFI 
La, r1’] w E 


Q = Y= 














T 7” 
If in the plane +” the « multiple points of order 7” coincide with the « mul- 
tiple points of order 7,’, the resulting correspondence Krr” is given by 


Q” =— 


dA 


n” [ A, Mo] ji 


[a, Mo] we 








T 


in which the term w” has the sign + or — according as the signs of w, w’ 
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are identical or opposite. Hence we obtain for v odd, 


49? LT [4,20?—v] fv, 40] [4,0] 
[4, 20? — v] v—v  2v—1 (vu — 1)/2 

[v, 4v] 20 — 1 4 — 1 

[4. v] (v —1)/2 1 Oo , 


for v even, 
4v® LI [4,20?—v] [v,4v] ° [4,0] 
[4, Ru? — v] D — 9 2v — 1 vi 
[v, 40] RU — 1 4 — 1 
[4,0] ` v/2— 1 0 


III. TRIADIC CORRESPONDENCES WITH SIMPLE POINTS IN BOTH PLANES. 


6. Classification. Let there be given between two planes, r and +”, a 
birational correspondence of order n with simple f-points in both planes. The 
number, 8, of simple f-points in + equals the number of fundamental straight 
lines in x’. In general each fundamental straight line is determined by two 
f-points, of multiplicities whose sum is n, as p and n— p. There are two 
cases, according as 


(a) pn/2 (b) p—n/8 (n even). 


(a) p<n/2. The value of p must be the same for all the fundamental 
straight lines in a’, otherwise there would be more than one point n — p, 
where n — p > n/2, which is impossible. Hence there must be, in +, B points 
of multiplicity p and one of multiplicity n — p. 


(b) p= 71/2. In this case &n/2 = 1, 2, 8, since a homaloidal net can- 
not have more than 3 basis points of multiplicity n/2 (B, p. 11). 


(1) In 7’, G@ny2==1; then other f-points of 7 must have multiplicity 
less than n/2, hence there is no pair of f-points whose sum is n, therefore no 
fundamental straight lines. Consequently in w there will be no simple f- 
points; so this case is excluded. 


(2) In r’, ny2 = 2; then in x’ there will be one fundamental straight 
line, hence one simple f-point in x. 


(3) In x’, &n/s = 8; then in w’ there will be three fundamental straight 
lines, consequently three simple f-points in r. 
4 
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From these results we have the following theorem: If between two planes, 
x and x’, there exists a birational correspondence of order n, and if in x there 
are B simple f-points, then in x’ there are 
(1) 8 f-points of multiplicity p and one f-point of multiplicity n — p, or 
(2) of B— 1, 3 there may be 
for B = 1, {wo f-points of multiplicity n/2, 
for B= 3, three f-points of multiplicity n/2. 


We will discuss the cases: 


I. 8==any positive integer, p < n/2, 
Il, B=1,3, p—n/2 (n even). 


7. Case I. B—any positive integer, p < n/2. The correspondence 
may be designated by 


in r Gr == [1, m] [as] [8,1], 
in 7° Gr = [1, n— p] [B, pl [a, 1], m + s=n. 


The case of p — 1 will not be considered since there the correspondence be- 
comes a Jonquières, semi-symmetric correspondence. If p and n are used as 
parameters, the only set of solutions satisfying the equations of condition is 


s = (n—1)/p, m = n — (n — 1)/p, 
B=2(n—1)/p—1, a=2p—1. 


These values will be positive integers if and only if n= 1 (mod p) and n > 1. 
By methods previously used, we obtain the following as the characteristic 
square of the correspondence. k = (n — 1)/p. 


kp+ 1 [Lkp—p+1] Repl [2 —1,1] 
[l.kap—k+1] kpt+2—-p—k p—1 1 
[2p — 1, k] pail 1 0-+ 
[2k— 1,1] 1 0 —+ 0 


The correspondence has so far only been shown to satisfy the equations of 
condition; it yet remains to prove it geometric. A correspondence is geo- 
metric if it is the product of geometric correspondences. The series of pro- 
ducts which result in a correspondence is called its series of origin. The 
reverse of the series of origin of the correspondence here considered is a series 
of products of the original by the quadratic correspondence, formed so that 
the three simple f-points of G. coincide with the three f-points of highest 
multiplicity in the multiplicand, and is as follows: 
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Gn==[1,n—p] [2(n—1)/p—1,p] [ep—1, 1], 
Gn-p = [1, n — êp] [R(n —1)/p — 3, p] [2p — 1, 1}, 
Gn-2p = [1, n — 3p] [è(n—1)/p — 5, p] [2p — 1, 1], 








Grip = [1,n—(t+1)p] [2(n—1)/p—(%-+1), p] [Rp — 1,1]; 
and for i = (n — 1)/p — 1, we have : 
Go = [1, n— (n—1)p] [p] [Rp— 1,1]. 
The last correspondence reduces to 
Gm = [1;, p] Rp, 1], 


which is the well-known geometric isologous correspondence. Hence G, is a 
geometric correspondence. | 
If p = 2, the result is the general Ruffini correspondence (D, p. 499). 


That the above correspondence be self-conjugate, the necessary and suffi- 
cient condition is that k = p. 


8. Case II. B=1,3 p—n/t. 
There are the following possible cases: 
(1) G= [1, n—q] [%9] [8,1], q <n/2 
Gr = [3, n/2| ae s] [æ, Lf, 
(2) G= [3,n/2] [es] [3,1], 
Ga = [3,n/2] [ap] [3,1], 


(3) Gn = [3, 1/2 | [2, r] [1, TE 
Gnr = [2, n/2] CE, s] [3, Tl; 


(4) G= [2,2/2] [1,m] [1,1], 
self-conjugate, 


(5) Ga= [2,n/2] [1,m] [%1], 
G, = [1, n—p] Læ, p] [1,1]. 


The equations of condition determine the unknown values with the following 
results: 


(1) No triadic correspondence except the Ruffini case, 


(2) The correspondence is given by 
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n [3,n/2] [9—72/(n+4),n1-4/6] [3,1] 

(3, 2/2} n/4 (n-+4) /12 1 — 
© (9—%2/(n+4),n+4/6] (n+4)/12 2+ 0 
[3,1] 1 — 0 0 


where z = (n + 4) (n/4 +1)/9(n—4), n= 68, 32, 20, 8 only, 
(3) No triadic case, , 
(4) œ = 8 -+ 32/(n + 2), hence n = 2, 6, 14, 80, giving correspondences 


for n == 6, 14, 30 only, 
(5) No solution. 


IV. Sows Trrapic BIRATIONAL C‘ORRESPONDENCES WITH SIMPLE 
FUNDAMENTAL POINTS IN ONE PLANE ONLY. 


9. Classification. Let 8 = number of simple f-points in plane v, then, 
by the theorem previously discussed, there will be in 7’, 


I. For 8 any integer, 8 f-points of multiplicity p (p < /2) and one 
f-point of multiplicity n — p, or 


IJ. For 8 =1 and n even, two f-points of multiplicity n/2, or 
III. For B—3 and n even, three f-points of multiplicity 7/2. 


10. Case I. The correspondence may be represented by 


n [1,2] [a s] [8:1] 
[1, n— p] a b 1 
[8, p] C d 0 +- 
La, t] e TE 0 t]: 


The cases for which p == 1 and p = 2 give the semi-symmetric Jonquières and 
general Ruffini triadic correspondences, respectively, hence, will not be dis- 
cussed. 

From the characteristics stated in § 2 we obtain the following equations: 


by (d) (3) +ad = p’, 
(4) (n — p)? -+ 1 =a + ab? + B, 
(5) 2 =e? + af? + 2f, 
by (f) (6) e+ af = 1 =83t— 1], 
(7) c + ad= 3p +2, 
(8) 3(n— p) —1 =a + ab +B, 
by (e) (9) ca + adb + 1 = p(n — p). 
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Let p= 3, then c < p, hence c—0, 1 or 2; similarly d < p, hence 
d= 0, 1, or 2. The equations (3) and (7) are satisfied by c—2, a = ð, 
and d == 1, giving b == (n—2)/8 or (n—4)/3. In equations (5) and (6)° 
we must have 


be Ou toe es e< t, e=0 0r i; Feb... f= 0 orl. 


Under these conditions the only solution is with a minus sign for f, and is 
given by {=2, e=1, f—1. By methods previously used we complete the 
following correspondence, where the parameter is k = (n-—2)/3: 


3k + 2 [1,24] [5,k-L1] [2(k—1),1] 
[1,34 — 2] 2(k— 1) k 1 
[2 (k— 1), 3] 2 1 0 + 
[5,2] i 1 — 0 (k—2,3,4:::). 


The series of origin is given by 


Gun = FREE [Red]; 
Gok. == [1, k] [3, k + 1] [2k, Es 
Goro = [1,24] [2,4 +1] [8,441] [2(k—1),1]. 


Similarly for p = 4, we obtain the following correspondences: 


Ale +2 [1,384] [7,k +1] [2(k—2),1] k= (n—2)/4 


[1,4k— 2] 3(k—1) k 1 
[3 (k — 2), 4] 3 1 0 + 
[7, 3] 2 bes à 0 , 
and 
4k -+1 fi,38k-+1] [7,k] [24—1,1] k= (n-—-1)/4 
[1, 44 — 2] 3(k— 1) k 1 
[2(k—2),4] 3 1 0+ 


[7,3] 2 i= 0 


11. General Correspondence, The correspondences for p — 8, 4 suggest 
the generalized case p == p and the following analogous correspondence: 


kp +R [1 k(p—1)] [Rp— 1, k +1] [2(k+2—p),1] 
1 


[1, kp-+2—p] (p-—1) (4—1) k 
[2(k—p+2),p] pt 1 0 + 
[2p—1, p—1] p—2 1 — 0 k= (n—2)/p. 


It is necessary that k + 2 — p > 0, hence we may have p= 3, 4, ' ++, and 
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k==2, 8,: + This correspondence can be shown to check in the necessary 
equations and the following gives the series of reductions by quadratic inver- 
e sions to the Jonquiéres correspondence: 


Gip = [1, k(p— 1)] [2p — 1,k +1] [2 (k — p +2),1], 
Grove [1, k(p—2)] [2p—3, k +1] (k —p +8), 1], 


Guo- = [1, k{p—(if1)}] [2p— (ri), k41] [2{t—p+ (i+2))} 1]. 
The last gives for t = p — 2 
Gona == [1, k] [3,k +1] [2k, 1], 
from which a quadratic inversion gives 
Gra [1,4] [2k, 1]. 
12. Case II. B= 1, n even, two f-points of multiplicity n/2. 
The possible solutions are indicated by: 


A. n [2,n/2] [as] [Lt] B. n [2,2/2| [2,s] [lt] 


[2, p] a -F b € [2, p] a bi c 
[a, u] d! e+ fo [2, u] d + e f 
[1,1] 1 0 0 [1,1] 1 0 0 


From the principles stated in § 2 we have for A, 
(10) 2 41 == 207 + af? 
(11) 3i— 1 — 26 + of. 
The solving of (10) and (11) for ¢ in terms of @ and c gives 
(12) €== {—4(2ce+1) a” [2(a—7) 0c? +4e4+10—a] 4} /(a—-9), a9. 
In order that ¢ lie rational it is necessary that 

2(% —a)c? — 4e +a—10 € 0 
which gives for s = 0, a = 10 
e=1, a2%— (4e-+ 3)/(2c? —1). 


The latter relation shows that, for ¢ < 7, it is necessary to consider only those 
values of c which make (4c + 3) (2c?—1) >1, that is, c—1, 2. Hence 
the following cazes will be discussed : 


(a) e=0, (b) c=1, (c) c= 2, (d) a= ?, «=, 8,9,10--.. 
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(a) c=0, a < 10, «3&9. By the equations of condition, we find that 
the only new triadic correspondence is a Gy) having in ~ the characteristic 
group [2,5] [5,3] [1,2] and in +’, [2,3] [5,4] [1,1]. 

(b) c= 1, «9. Equation (12) gives t= 1, or —1+18/(9— a); 
hence the only solutions are given by 


Œ — 6 7 8 b 
t = 2 5 8 17 

10 16 
n = 4. 99 { 79 34 


All of these give geometric correspondences. 


(c) c= 2. For the given equations, the only rational values for ¢ are 
1 and 8 The former has been discussed and the latter gives r == 19/3, which 
is excluded. Hence this case adds no triadic correspondence. 


(d) a=%. If @==7, equations (10) and (11) give 
t == {3(2¢ +1) + [7 (4e -+ 3]*}/2. 


In order that ¢ be rational it is necessary that c==1 (mod 7), that is, 
c = Yg + 1; it is also necessary that 7 (4c + 3) = 7 (238s + 7)== 49(4x + 1) 
be a square. The resulting values are 


t— 21k? +286 +8 and t= 21k? + 14441 


f= V2 + 10% +3 f= + 4k 
c= Yk + k41 c= Yp Yk+i 
r == 7 T= re 


The first gives { — 1, and the second a mixed number for s, hence we have no 
new correspondences. 


@==8. Similarly it can be shown that this case gives no new corre- 
spondences. 


a==9. From (12) we find that for c to be rational, it is necessary that 
4(3t— 1)? + (8 + 66) 


be a square, which gives 1 as the only integral value of t. 

æ—10. The only value possible for ¢ is 1, hence no new triadic cor- 
respondence. 

Further values of « (« > 10) could be similarly investigated. 


B. The only possible value for ¢ is 1. 
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18. Case III. B—3,n even, 3 f-points of multiplicity n/2. If we let 
s=, b —0, we obtain as one correspondence for this case, 
Gn = [8,0/2] [4, (n—2)/4] [(n—2)/4, 2], 


which is the same correspondence that was previously developed as a product 
of the Ruffini and quadratic correspondences. 


14. Conclusion. This completes the discussion of all triadic correspond- 
ences involving simple points in both planes, hence of all self-conjugate triadic 
correspondences with simple points. It also gives some solutions for each of 
the cases of triadic correspondences involving simple points in one plane only. 


& 


Number Relations between Types of Extremals, 
Joining a Pair of Points.” 
By D. E. RicHMonp.{ 


$ 

1. Introduction. Writers on the calculus of variations have heretofore 
been primarily concerned with minimizing or maximizing a given integral. 
Accordngly, attention has been centered on extremal arcs which have at most 
one conjugate point to a given point. The Euler equation, however, gives 
merely the condition that the integral be stationary. A new field has been 
opened up by H. M. Morse Ÿ in a paper which considers extremal arcs bearing 
an arbitrary number of conjugate points. In this paper, Morse develops a 
parallelism between types of critical points and types of extremal arcs, in 
which the type of an extremal arc, whose end-points are not conjugate to 
each other, is determined by the number of points within the are conjugate 
to the initial point. Hence, a given extremal arc has a type number equal 
to the number of such conjugate points. 

The primary object of the present paper is to establish the completencss 
of a set of relations obtained by Morse, between the numbers of extremals of 
different type, joining two fixed points in an ordinary calculus of variations 
problem. Morse’s relations are obtained for the parametric case under certain 
general boundary conditions and under the hypothesis of the existence of a 
field of extremals covering the region of operation. 

By the aid of the field of extremals which are taken as the curves z= 
constant, Morse first reduces the problem to one in non-parametric form. 
When Morse does not wish to exclude the case where the end-points of an 
extremal arc are mutually conjugate, he assumes that the integrand is ana- 
lytic. We shall exclude this possibility and accordingly require less in the 
way of hypothesis. Reference to Morse’s paper will show that the relations 
in question hold for the following non-parametric problem. Given the 
integral 


(1) Sf fern, 


* Presented to the Society, May 7, 1927. 
+ National Research Fellow in Mathematics. 
4 To appear in the June issue of the Transactions of the American Mathematical 
Society. 
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where f(z, y, y’) is of class C’” for any number y’ and for (z,y) in an open” 
region À of the (x,y) plane including the z-axis. In & let there be given 
stwo curves 

yı Y=n(t), — o KC eK ow, 

Y2 Y=¥2(2), Y(T) <y2(2), 
in which y,(x) and y(x) are analytic in z. 


é 
I. We suppose that the curves y, and yz are extremal-convex relative 


to the region R’ 
p(s) Sy E y(2), — © <r< ©, 


in the sense that extremals tangent to y, and yə lie outside of A’ in the neigh- 
borhood of the point of contact. 


II. We suppose that there exists a positive constant e so small that two 
points in Æ’ on any two lines t= k and æ = k + e, respectively, can be joined 
by a unique extremal arc of (1), upon which there exists no pair of conjugate 
points. 

That (I) and (II) are in fact satisfied in the examples we consider, will 
appear in Lemmas 2 and 4. | 

Let A and B be any two points in #’ not on the same line g == constant. 
It follows from I and II that there exists at least one extremal Æ joining A 
to B in R’. We suppose that on no extremal # is B conjugate to A. Letn 
be the maximum type of any extremal joining A to B. Let M; (1— 0, 1, 
' + + n) be the number of extremals # of type i. Then the following theorem 
holds. e 


THEOREM. Between the numbers M; corresponding to the set of ez- 
tremals joining any two fixed points in R’ there exist the following relations: 


Mo ZÈ 1, 
Mo — Mi S1, 


(2) 


(SI Co My, Fe (— 1)" E, 
M, — M, + a (—1)" Mn = À, 


Morse has given a proof, not yet published, that if n > 0, M, =2 No use 
will be made of this fact, other than to restrict the relations whose complete- 
ness is to be proved. No further restrictive relations are known. Let (2’) 
denote the set of relations (2), in which the first inequality is replaced by 
My = 2. eo 


CE 
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* An obvious method of proving the absence of new independent relations 
is to show that, given an arbitrary set of positive integers M; (t= 0,1,-°:,n) 
satisfying (2’), there exists a calculus of variations problem of the form (1) . 
such that the number of extremal arcs of type t joining a given pair of points 
is equal to M. The present paper will give such an existence proof for n = 2. 
Work is in progress on the relations involving extremals of higher type. 

It will be well to point out that among the relations (2) or (2’), the 
next to the last may be omitted. For example, if'n = 2, Mo— M, S1 fol- 
lows from Mea — M, + M, = 1. 

We shall show that there exists an example corresponding to each set of 
positive integers Mo, Ma, and M, satisfying 
(3) My, = 2, 

Mo — M, + M, = 1 


2. The integral. All of our examples will be obtained by an appropriate 
choice of (y) and b in the integral 


(4) LL — 6 (1 de. 
In every case, we require that: 

(A) The function (y) be of class O”” in an interval 

(1)— wK — e =y<h+e, 

. where h, h’, e, and e’ are positive constants to be more explicitly chosen later; 
(B) (y) have a minimum at y = 0, 

marima at y == h and y==—h’, and # (y) 0 elsewhere in (I); 
(C) (0) —0, 

p(y) > 0, yA; 


(D) (—y)=¢(y) 0SySy, yShand SW, where y is a posi- 
tive constant. 


3. The extremals. We shall describe the extremals of (4), making use 
of the general properties of #(y) given in § 2. 
The Euler equation corresponding to (4) is 


(5) y” =— p (4) /2 
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Let us first consider the extremals only insofar as they remain in the 
strip S 
(S) —WSySh, — © <zx< oo. 


In the first place, y = h and y——h are extremals. The only other 
extremal of the form y == constant, is y—0. By the existence theorem for 
differential equations, there exist no other solutions of (5) tangent to y = h, 
y==—h’,ory=0.° ° 


Because of the property (B) of (y), any extremal, other than y = 0, 
which has points within S, must be concave toward the z-axis and hence must 
intersect it at least once. 

Since v does not occur explicitly in (5), it is clear that if y= g (x) is an 
extremal in §, so also is y = g (æ -+ a), where æ is an arbitrary constant. 
It will suffice for our purposes to consider extremals which pass through the 
origin. 

Now (5) admits the first integral 


(6) y” + (y) =e. 

Consider the extremal Æ through the origin with the initial slope y”. 
Since ¢(0) == 0, it follows from (6) that c? —y,” so that c in (@) may be 
interpreted as the initial slope. Let Æ, the extremal through (0,0) with 
initial slope c, be represented by y = g (z,c). 

For ¢ = 0, we obtain simply the æ axis. For c > 0, the discussion will 
be divided into three cases, according as c? < (h), c? = (h), or © > o(h). 


Case I. ce? < o(h). From (6) and (5) it follows that as the ordinate 
y on E increases, y” decreases until for some constant ÿ < h, (J) =c. At 
the point P = (%, ÿ) on Æ, 

Y = Ja (T, C) = 0. 

Since F is concave toward the z axis, it has a maximum at P. From (6), 
the slope of # is numerically the same at all points with the same ordinate, 
and # is symmetric with respect to P. Hence, for c? < 6(h), the extremal 
y = g (a,c) intersects the v axis again at the point (2%, 0). 

As c® increases from 0 to ¢(/), the maximum ordinate ÿ of E, given by 
p(ÿ) = c°, increases from 0 to h, since 


p(Y)>0, OSG <A. 
Case II. c?==¢(h). Here (6) becomes 
y= b(h) — (y). 
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Then y 0 for 0S y < h, so that y increases steadily on E. Clearly E 
cannot have a maximum for y < h. Now y’=0 for y—h, but E is not 
tangent to y == h because of the existence theorem. It follows that E ap- 
proaches y = asymptotically. Obviously then, Æ does not intersect the x 
axis again. 

Case III. c? > ¢(h). The corresponding extremals through (0,0) pass 
out of S, intersecting y = h. After leaving the origin, they do not intersect 
each other or the extremal considered in Case II. Let us follow these ex- 
tremals into the strip, 

h<ySh+e — co <Lx< om. 
In this e strip, the extremals are concave away from the æ axis, since ¢’(y) <0. 
Hence they do not return to S before intersecting y ==h + e. Therefore, in 
Case ITI, as in Case IT, the extremals through the origin do not intersect the 
T axis again. 

If we now consider negative values of c, we can make a similar classifi- 
cation of extremals. ÆExtremals through the origin intersect the x axis again, 
if c < ¢(—h’), otherwise not. 

We may summarize our results in the following lemma. 


Lemma 1. Gwen the integral 


b 
f, 2-4] de, 

where b(y) has the properties prescribed in $ 2. An extremal which passes 

through the origin with the slope c £0 intgrsects the x axis again if 


c>0 and Ê< g(h), 
orc<0 and c<p(—h), otherwise not. 


Let a region S’ be defined by 
(S) —d—-WSySh+d, —o<z<o, LALELE. 


Then 8’ is extremal-convex, for since ¢’(h + d) < 0, it follows from (5) 
that an extremal tangent to y == h + d lies outside of 8’ in the neighborhood 
of the point of contact. A similar statement applies at the boundary, 
y=—h’— g. 


Lemma 2 The region S is extremal-convez. 


4. Intersection of extremals with x asis. We shall now consider an 
extremal Æ through the origin, whose initial slope satisfies the inequality 


ce < p(y), 
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where y is the constant of § 2 (D), such that 


(—y)=¢(y), OSySy. 


Then on #, y is a periodic function of x The first intersection of E with 
the positive æ axis occurs at s = ?% (cf. $ 3), or more explicitly 7 = 2%(c). 
For convenience in notation we shall hereafter let 


”  „(6) = 22(¢). 
For c? < $(y), the intersections of Æ with the positive z axis occur at 
(7) s = my(C), 
m a positive integer. By integrating (6), we have for c > 0, 


Ce) 


(8) n(c) = 2E (c) = 2 f, Fee 0< © < (h). 
Here ÿ(c) is obtained by solving 


p(Y) Se C p (7) Æ 0, 0 LY< h. 


Equation (8) is valid in the indicated ¢ interval although for the application 
in (7) we require that c? < (y) S(t). For negative values of c, 7 (c) 
is defined by a formula similar to (8). 

Now the integral (8) is improper because the integrand becomes infinite 
for y = ğ. But in the neighborhood of y = ÿ, 


[e —e(y)]* = (9 —y)# vy), WG) #0, 


where #(y) is continuous. The convergence of (7) follows according to well- 
known rules. 


5. Type of extremal arc. Let y = g (x, c) represent the one parameter 
family of extremals through (0,0), and y == g{x, co) 0 < co < (y), a par- 
ticular extremal Æ of this family. If for abbreviation we let 


Mn(Co) = 4, 
then by (7) the extremal arc Ee 
(Ea) y=g(2,6), 0SeSa, 


joins two points on the æ axis. We wish to determine its type, i.e., the 
number of points on Fe conjugate to (0,0). This will require a study of the 
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“Jacobi equation.“ Now all extremals of (4), for which —h’ < y < h, are 
represented by 

y—=g(r+a,c). o 
The Jacobi equation for (4), set up for the particular extremal Ẹ, y = 
g(r + Zo Co), IS 


(9) w” + (9 /2)g (2 + do Co)w = 0. 
It is easily seen + that for co s£ 0, ° 
(10) W1(T) = Jal + Zos Co) and w(x) = gelt F Lo, Co) 


are linearly independent solutions of (9). But w, (£) = ga(? + Zo, Co) = 
gu(z + Qo, Co) is the slope of E. For Fa, an extremal arc through the origin, 
Zo = 0, and c < (y). If P, P’, P”’,-- are successive maxima and mi- 
nima on Fa, P” is the first conjugate point to P, P” is the second, and so on. 

Since w.(0) = 0 and w: (0) £0, the conjugate points to A = (0,0) 
on Ee are given by the zeros of w(x). By Sturm’s separation theorem, the 
roots of linearly independent solutions of (9) separate each other, Hence the 
first conjugate point A’ to the origin A lies between P and P’ on Fa, the 
second between P’ and P” and so on. On Ea, therefore, there exist not less 
than (m — 1) nor more than m points conjugate to A. Hence the type of Ea 
as either (m—1) or m. The decision rests with the sign of y’(c) as we 
proceed to show. 


6. Type of extremal arc (cont.). Now n(c) satisfies the following 
identity in c. , 
g(mp(c),c)=0, 0 < ê< p(y). 
Differentiating with respect to c, 
go(mn(c), c) + my’ (c) go(my(c), c) = 0. 
On setting c == c, and my(co) =a, we have by (10), 
Wo(a) == — my (co) wi(a). 


In the following discussion, we shall drop the subscript on €. There are 
three cases, depending on the sign of #’(c). For simplicity, we restrict our- 
selves to positive values of c. 


Case I. Ify’ (c) > 0, we(a) and w,(a) have opposite signs. 


* Cf. Bolza, Vorlesungen über Variationsrechnung (1909), p. 60. This book will 
hereafter be referred to as B. 
+ Cf. B., p. 74. 
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(a) If m is even, w,(a) is positive. Then we(a) is negative, which” | 
means that w, (s) vanishes an odd number of times between = 0 and z = q, 
hence (m — 1) times. 

(b) If m is odd, w;:(a) is negative. Then w,(a) is positive which 
means that w,(x) vanishes an even number of times between x = 0 and z = 4, 
hence (m — 1) times. 

For Case I, therefore, the type is (m — 1). 


Case IT. If (c) < 0, it follows similarly that the type is m, whether 
m is odd or even. 


Case III. If y’ (c) = 0, we(a) — 0 and the point (a, 0) is conjugate 
to A= (0,0) on Ea. In the examples which we shall give extremal arcs 
whose end-points are conjugate will not occur. 


Lemma 3. Given the extremal arc Eq through the origin represented by 


(Ea) y= g (z, Co); Srs, 


where a == My (co). 

Then g(a, co) == 0, 

and Ea is of type m— 1, f (©) > 0; 
M, f (co) < 0. 


7. Hatremals joining points on neighboring parallels. 


Lemma 4. There exists a positive constant e so small that two points in 
S’ on any two lines x —k and æ— ke respectively can be joined by a 
unique extremal arc upon which there exist no pairs of mutually conjugate 
points. 


Since S’ is an extremal-convex region (Lemma 2), any two points P 
and Q in S’ may be joined by at least one extremal are (§ 1). 

Now since #”(y)/8 is continuous in —h’—dSySh+d, it is 
bounded in the same interval. Say ọ” (y)/2 S MW’, —W’—d SySh+d. 
Comparing the Jacobi equation (9) with 


2” +. Mz = 0, 


it follows by Sturm’s comparison theorem, that no two conjugate points are ` 
separated by an x interval less than ~/M == e, say. Hence, if P and Q are 
on the lines ¢ = k and s= k + e, respectively, there exists no pair of con- 
jugate points on any arc PQ. 
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It now follows that the extremal arcs passing through P and intersecting 
x == k + e, form a field,” except for the point P itself. Hence through P 
and Q there can exist not more than one extremal arc. The lemma is there- , 
fore proved. 

8. Required properties of n(c). Let us turn from general considera- 
tions to the specific task of constructing examples in which Me, M, and Jf; 
are arbitrary positive integers satisfying the relations. ° 
(3) My = 2, 

M,—M,+ M; = 1: 


We first note that all such integers are expressible in the form 


M=? + p, p = 0, 
(11) U =R+p+g, q=0, 
M: = 1 +q. 


We have four cases to consider : 


Case I. gq even, p even; 
Case II. g odd, p even; 
Case III. g even, p odd; 
Case IV. q odd, p odd. 


We shall choose for the points A and B to be joined by extremal arcs, 
the origin (0,0) and the point (6,0), respectively, in conformity with the 
limits of the integral (4). 

We shall now describe the character of the function y(c) to be used for 
a given p and g in (11). 

Case I. q even, p even. Let g == 2q, and p= 2p. 

We shall so construct an example that: 


(1) 5/3 <(0) < b/2, where (0) == lim q(c); 


(2) n(c) = 6/2, n(c) > 0, for gi +1 values of € > 0; 
(3) 4(¢) = 6/2, n (e) < 0, for a values of c > 0; 
(4) „(e) =b, x(c) > 0, for p, +1 values of c > 0; 
(5) „(c) =b, x(c) <0, for p values of c > 0; 
(6) n(c) > 6/3; 

(7) 7/(c) +0 when n(c) =b or b/2; 

(8) n(—c) =7(c). ; 


* Of. B., p. 307. 
5 
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In (1), „(0) gives the first conjugate point * to (0, 0). According to’ 
: (1) therefore, the extremal y = 0 is of type 2. Using this fact and Lemma 3, 
e (where & is to be replaced by b) it follows that for an example for which y (c) 
satisfies the conditions above 


My = 2(pi +1) = 2+ p, 
My=2p.+2(q +1) =—2+9+ 9, 
M,—1+%a=—1+4, 

as required. 


Case IT. q odd, p even. Let qg==2q, + 1 and p= 2p, An example 
will be constructed so that: 


(1) 6/2 <7(0) <b; 

(2) nc) = 6/2, 7 (c) > 0, for q, + 1 values of c > 0; 
(3) n(c) = 6/2, n(c) <0, for q, + 1 values of c > 0; 
(4) „(ce) =b, x(c) > 0, for pı + 1 values of c > 0; 
(5) „(c)=b, (c) < 0, for p values of c > 0; 
(6) n(c) > 6/3; 

(7) (c) 0 when n(c) =b or b/?; 

(8) (—¢) =7(c). 


It follows from (1) that the extremal y = 0 is of type 1. Using Lemma 8, 
it follows that for an example for which (c) satisfies the requirements above 


My = 2(p1 +1) = 2+ p, 
My= 1+ 2p. + 2(q +1) = 2+ p +g 
M,=—=2(q. +1) =1 49. 


Case III. g even, p odd. Let g == 2q, and p= 2p, +1. We seek an 
example for which 
My = 2 + 2p, +1, 
M, = 2 + 2p, + 2q +1, 
M = 1 + 2q1. 


Suppose all of the values of c at which the function n(c) described in 
Case I takes on the values 6 and 6/2 lie in the interval D, 
(D) ~as cS e 


In the present case we start with a function 7(c) of the same character 
on D as the function (c) of Case I. Because of the nature of n(c) on D 


Q 


* Cf. B., p. 237. 
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we will obtain extremals whose type numbers sum up as in Case I. In addi- 
tion we need in this case one extremal of type zero and one of type one. 
These we shall obtain by requiring that for two values of c we shall have 
respectively : 

n(c) =b, n(c) >0, >a; 

n(c) =b, (e) <0, c>ex. 


Case IV may now be treated in a manner similar to Case TII, making 
use this time, however, of the results under Case IT. 

We have now described an y(c) which is suitable for any example in- 
volving extremals of type ? joining À to B, with no extremals of higher type. 
It is now necessary to so choose (y) that (ce) has the character thus 
described. 


9. Outline of procedure. We shall define a function y(y) by means 
of different analytic functions over successive y intervals. The function ¥(y) 
will later be modified to give our final function (y). Let the curve z == u(y) 
be drawn in the zy plane, For the #(y) to be described ($ 10), the segments 
of the curve through y== 0, y = h and y == — h’ will be parabolic, while the 
intermediate segments will be linear. The resulting #(y) will be continuous 
but in general there will be a discontinuity of #’(y) at each junction. We 
first obtain a y(y) of this description such that the integral 


(12) tle) =? L us C=O: 


defines a function €(c), which cea the requirements made on y(c) in § 8. 
We shall then modify (y) so as to obtain a function (y) of class C’”’”” such 
that the corresponding function (c) has the same properties as does £(c). 


10. The function w{y). The ẹ(y) used will be such that £(0) = v. 
Hence in choosing b, the upper limit of (4), in order to satisfy (1) of Case 
I or III ($ 8), we require that 


6/3 <a < 6/2, 
while to satisfy (1) of Case II or IV, we require that 
b/2 <a <b. 


A value of b, once appropriately chosen for the case under consideration, is to 
remain fixed during the subsequent discussion. 
In any case, in defining #(y) for positive y, we begin by assuming that 


(A) ¢y)=y, (SyS, 


Q 
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where a, is an arbitrary positive constant. We have 








or f° cette mn 0< eS ¥(a). 


Now, 
lim ¢(c) = 7, and accordingly, 
c~>0 

we set CR” £(0) =r. 


Let us suppose for the present that we are dealing with Case I. To 
obtain one of the points satisfying (2) Case I, we next define 


(B) y(y) =2ay—a’, & <Y£E%, 
where a; will be chosen in a manner to be explained in the subsequent discus- 


sion. It will be noted that #’(y) is continuous at y == a. Using (A) and 
(B), we have 


(=e [x 


dy 2 
+2 f Farrage? Mm) < ASe) 


where y (Z) = ¢. Integrating and differentiating, 


(13) E(c) = 2 sin! (a1/6) + (2/01) (P —a,’)*, 
£’(c) =2/ (P — a?) * [c/a — a/c], v(m) < PS ya), 


Let F (c) denote the right hand member of (13) for any c >> a. The func- 
tion F'(c) becomes positively infinite with c. Furthermore, F” (e) > 0. Now 
let c and the preceding constant a, be successively chosen in accordance with 


the conditions 


9 


(ar) = Co". 


The linear segment (B) of y(y) is thus terminated so that £(c) does not 
exceed (c2) and hence never equals b. The next linear segment of (4) 
will be so chosen that £(c) immediately decreases from £(c). 

We next define 


(C) (y) == Bo + Buoy, be > Mh, fe < y = aas 


where B2, pe, and a; are constants and in terms of w(y) as defined by (B), 


Y (a2) = Ba + 2p. 


* 
+ 
€ 
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“This insures the continuity of y(y) at y =a» Now 


ai dy f” dy 
o= f (ce? — y) +2 a, (E + a," — uy) 
3 dy 
+ 
He an (C7 — Be — 2py) > ? 


War) <P Sym), YE) =. 
Integrating and differentiating 


(14) £(c)/2 = sin t(a;/c) + (1/01) (P —y¥(a))* 
+ (P — y (a2) )#(1/p2 — 1/02), 

(eh .. (c/a, — a,/C) T c(1/p2 — 1/1) 

2 (ce? (ai) )*  (#—y(a))* 

Set the right hand member of (14) equal to G(c) for € >wW(az.). Compu- 
tation reveals that G’’(c) > 0. As c? increases from y(e2), G’(c) increases 
from — œ through 0 approaching 1/w as c becomes infinite. Hence G(c) 
has one and only one minimum at c = Cm, say. The constant a; which ter- 
minates the interval of definition of (C) is to be chosen sufficiently large so 
that (as) > cm”. Hence the domain of definition of £(c) in (14) will 

include c = cm. Another requirement on a, will follow. 
Now Cm and €(¢m) will of course depend upon the value chosen for pn. 
The required continuity of #(y) determines the value of 8; which is to cor- 

respond to a given po Now 


dE(Cm) lcm) dem , à (cm) Elen) 
Spel, EA) , En LEE) EU), 





: dus OCm due Oe dus 
since 
Helon) pee à 
Brn = ¢ (Cm) = 
But by (14) 
DE(Cm)  — 2 
Opts = fio” (Em — y (a2) )* < 0. 


Hence (cm) is a decreasing function of u» It can be shown that as jz JS 
increased from a, to co, €(¢m) decreases from £(¢2) to 0. We shall now choose 
> SO that 

b/3 < E(cm) < b/2. 


For c > Cm, &(c) increases steadily. Let cs and the previous constant a- 
be determined by the relations 
Y (as) Ja C3”, 
where G (cz) == £(¢3) = Elea). 
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Then by using the definition (C) of y(y) over the range a. < y Sas, (c). 

rises to £(c2). As before, the next linear segment will cause £(c) to decrease 

eimmediately. For y(a2) < co? < (as), we have £(c) = 0/2, twice, once with 
t’(c) > 0 and once with ¢’(c) < 0. 

The character of £(c) for the range (a2) < © = y (as) is typical for 

the remaining linear segments of #(y) to be chosen. To proceed we define 


(D) bly) = Bat pY, ps > be, Us CY Sas, 
Y(t) = Bs + 2patls 


where B», us and a, are constants. As before, £(c) has one and only one 
minimum at c? = Cm? > w(as3). By exactly similar steps, u, may be so chosen 
that 

b/3 < Efem) < 8/2. 


To terminate (D), choose c, and the previous constant a, in accordance with 
the relations 

(ca) = €(Cs), Ca > Cs, 

Y (ta) = Cy". 


For y(as) < c? < y(t), we have ¢(c) == 0/2 twice, once with &(c) > 0, 
once with ¢’(c) < 0. 

We continue in this manner, using qi, segments such as (C) until 
f(c) =b/2 a total of (qa +1) times with &(c) > 0 and qı times with 
é’(c) < 0, thus satisfying (2) and (3) of Case I. ($ 8). 

For Case III, we can use so far exactly the same y(y). For Cases II 
or IV, if we use g, + 1 segments Jike (C), our choice of b relative to €(0) 
makes €(¢) = 6/2, a total of qı + 1 times with &’(c) > 0 and q, + 1 times 
with &(c) <0. In all cases, for the range of e for which £(c) is now defined, 
£(c) oscillates between £(c:) and (¢m) and hence never equal b or 0/3. 


11. The function w(y) (continued). Returning to Case I, we now wish 
to obtain the required intersections with £ — b. After the last intersection of 
£(c) with £—b/2, instead of allowing {(c) to stop at ¿= {(c2) = €(¢s), 
etc., let us continue to use the last linear segment of w(y) until €(¢) > b, 
Then by using a proper succession of p, linear segments defining ¥(y), £(c) 
will intersect ¿ = b a total of p, + 1 times with ¿ (c) > 0 and p, times with 
’(c) < 0, in such a manner that £(c) oscillates between K, and Ka where 


6/2 < Kı < b, 
K, >b. 


For a y (y) so defined, let y(— y) = y (y). 
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If we are dealing with Case II, this part of the procedure is exactly the 
same. For Cases III or IV, it is merely necessary to add to a #(y) thus 
defined, an extra linear segment like (C) for y > 0. 

In Cases I and II, we now finish off (y) for y > 0 with a parabolic 
segment having a maximum at y = h, where h is an arbitrary constant greater 
than any value of y prior to this segment. We then choose M’ = h and 
W(— y) =¥y)- . * 

More explicitly, let & be the largest value of y for which y(y) has been 
previously defined. We set 


[+ 


(15) yy) =%a—B(h—y)*, k<ySh+e 


where e is a positive constant and « and 8 are so chosen that the curve 
z = Ņġ( y) is continuous at y = k. 
The contribution to £(c) arising from (15) for c? < (h), is 


o UY : By asf! 
=f am VO) <8< 9M), ¥@) =e. 


Integrating, 
I(c) = (1/8*) log ((h—k)/m + [(h —k)/m)* — 1]#}, 
m? == (a— c°) /B. 


It is readily proved that I’(c) > 0, so that for y(k) <<? < y(h), éle) 
continues to increase, becoming infinite as c? approaches (A) = a. 

In cases IHI and IV, we take the curve z = y (y) as defined prior to this 
paragraph and add a parabolic segment suth as the preceding to the part of 
the curve y > 0 and a similar segment to the part y < 0. 

Except for continuity in its first four derivatives, ¥(y) satisfies the 
requirements of §2. The constant y there introduced is to be chosen in the 
following manner. For Cases I and II, let y = h == h’. For Cases IIT and 
IV, we let y be the largest value of y for which y(— y) = y(y) in the func- 
tion ¥(y) which we have described. 


THEoREn I. A continuous function y(y) defined by different analytic 
functions over successive y intervals, and satisfying (B) (C) (D) § 2, may 
be so chosen that 


E c) =2 f z i D = Ce, 
( ) F TON i, 2 y (Z) 
has the properties assigned to in § 8. 


12. A function $(y) approximating (y). Having specified a function 
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w(y) such that £(c) has the properties of the function n(c) described in § 8, 
wit remains to define a function #(y) of class C’’’”’ such that the corresponding 


n(c) =2 f’ (c? — OL 3 p(ÿ) = c?, 


has the same properties. This we proceed to do by setting (y) = w(Y) 
outside of an arbitrarily small interval including each junction, y = ai In 
the neighborhood of y == a, $ (y) will be so chosen that ’(y) increases stead- 
ily from the slope of the preceding linear segment to the slope of the succeed- 
ing linear segment. Then in this neighborhood ¢(y) > y(y). 

In order to compare n(c) and £(c) we require the following lemma. 


LemMa 5. Given the integral 


ÿ dy 
I = ey, >» 
Ia (p(Z) —p(y))” 
p(y) >m, F—e<ySy. 
Then, I < 2(e/m)*. 


in which 


Proof. Using the law of the mean, 
PT) — (y) =p (4*) G — y) > m(G—y) 


where 
yxy <y. 
Hence, 


I < (1/m*) F TEE == 2(e/m) ®, 


In comparing (c) and ¿(c), it will suffice to consider the difference 
produced by the modification in the neighborhood of a single junction, y = a. 
For brevity let 


Gi — (e/2) =r, a: + (e/2) =s, wW(r) =m. 
We are choosing ¢(y) so that 


o(y) = ¥(y), 4, sy; 
(16) ply) > (y), (ly) >m r<y<s. 


Now for y Sr, since ¢(y) =y(y), we have Yÿ(c) =2Z(c) and n(c) —€(c). 
For y Ès, 


lA l o Yoo 
TOEO DE S EE 
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Then 
o< te <2 f | 
< 4 ; 
se [qe < 4/0) 
using (16) and Lemma 5. 


For r<y<s, E : 
ú y 
n(c) —E(c) == À f Fox — — 2% i E E 5 
Then 
n(c) — éle) <? f T < 4[(ğ—r)/m]* < 4(e/m)*. 


Also 
z dy 
E R f |. fay. y. NS À |» 
EG) <? J. Ge — FON) 
While #(y) has a discontinuity in its derivative at y = &;, we find by a slight 
modification of Lemma 5 that 


E(c) —n(c) < 4(e/m)*. 
Hence, by a proper choice of e, |n(c) —£(c) | may be made arbitrarily 
small, uniformly for all values of c in the interval 
— [y(—h’)]4 -eScs [y(h)]* —e e>0. 


We now compare 7’(c) and é’(c) for a value of c? > gs) = ẹ(s) for 
which {(c) =b or 6/2. Let c?—¢(s) =*k. Now 


, eee i o= cdq | 
oO [io JS, con : 
Then by (16) 


o< ro S BAF 


j c dy __ Ree 
a S; (f@—o(y))* KA © 
Hence by a proper choice of e, £’(¢) —7/(c) may be made arbitrarily small 
in the neighborhood of an intersection of €(c) with E= b or ¢ = b/2. 

As a result of the foregoing, e may be chosen sufficiently small so that 
the curve 2 == „(c) intersects z = b and z= b/2 the same number of times 
as does z= ¿(c), and »’(c) and ¿’ (c) have the same sign at corresponding 
intersections. 
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Tuzorer 2. A function o(y), satisfying the requirements of § 2, may 
be so chosen that the function 


n(c) = 2 f’ (ce? — ETT > o(y) — 6, 


has the properties assigned to n(c) in § 8. 


18. Conclusion.» Ag a result of Theorem 2 we have the important 
theorem 


THEOREM 3. A function b(y) of class O” and a constant b may be 
so chosen that the integral 


: 
f° wee) ae 

possesses extremals joining (0,0) and (b,0) of which M; (i== 0, 1, 2) are 

of type i, where Mo, Mı, and M, are arbitrary positive integers satisfying 


(3) M = 2, 
AL, =—— M: -h M, = 1. 
Finally, 


THEOREM 4. Between the numbers M; corresponding to a set of ez- 
tremals joining any two fixed points in an extremal-convez region 8’, there 
exist no relations independent of (3). 


By a similar procedure it is easily shown that the relations, 


My = 2, 
Mo — M ne 1 


are complete for the case n == 1. 
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An Intrinsic Treatment of Poisson’s Integral,“ 


By FRED W. PERKINS. 


Introduction. In many phases of mathematical work it is desirable to 
have the statements of fundamental propositions available in a form which is 
independent of any particular codrdinate system. Such a property not only 
broadens the range of applicability of a formula, but often, by suggesting a 
simple intuitive interpretation, throws light on the meaning of a relation. A 
number of such interpretations of Poisson’s integral have been given. The 
present paper generalizes these, and gives special attention to the case in which 
the circle is replaced by the half plane, where the integral can be given a par- 
ticularly simple form.f It will appear that in general the representations given 
for Poisson’s integral are valid without change of form for circle and half 


plane. 


Section 1 is devoted to the study of the case of the half plane and to the 
consideration of a question of uniqueness. Section 2 gives several intrinsic 
formulations of Poisson’s integral, embracing as special cases those given by 
Schwarz, Neumann, and Bôcher. Section 3 develops an intrinsic formula for 
the directional derivative of a harmonic function in terms of its boundary 
values. In Section 4 these results are used to generalize certain theorems 
regarding the oscillation of harmonic functiens, while Section 5 is devoted to a 
discussion of the spatial analogues of some of these theorems of oscillation. 


1. A Formula Related lo Poisson’s Integral. The solution of the first 
houndary problem of potential theory for a half plane is obtainable at once 
from results due to Evans and Bray { and to Evans § by a conformal mapping 





* Parts of this paper were presented to the American Mathematical Society, January 
2, 1926, in two communications entitled “ A Function Related to Poisson’s Integral” 
and “On the Oscillation of Harmonie Functions (Second Paper).” 

f The transformation of the circle into the half-plane has been used by Osgood 
(PPunktionentheorie, 4th edition, Leipzig, 1923, p. 638) as a basis for the discussion 
of Poisson’s integral. But full use has not been made of the geometry of the 
situation. 

$“ Sur Pintégrale de Poisson généralisée,’ Comptes Rendus, t. 176 (1923), p. 
1042; ‘La Formule de Poisson et le Problème de Dirichlet,” ibid., p. 1368. 

$“ Sur l’Intégrale de Poisson,” ibid., t. 177, p. 241. 
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of the half plane on the interior of the unit circle, and the use of Bôcher’s 
interpretation of Poisson’s integral.* 

Let the half plane be taken as either the upper half or the lower half of 
the plane of x and y, and P be one of its points (y +0). Let p be a variable 
point of the z-axis and w” the angle from the perpendicular to the z-axis from 
P to the tangent at P of the circle through P and p orthogonal to the a-axis. 
Half this angle is the angle » from the perpendicular to the z-axis at P 
to the line Pp. The results cited then enable us to state the following theorem: 


THEOREM. If f(p) is any function of p, measurable (L) as a function 
of x, and bounded, the Lebesgue integrals 


u(P) = (1/27) [7 pdo = (1/7) f7 RP), 


where do and dw’ are counted positive in the direction of increasing x, define 
a function of P which is bounded and harmonic throughout the interior of 
either half plane, and assumes the boundary values f(p) for approach along 
the circles w’ at almost all p. It is the only such function. 


From Fatou’s theorem + we have also the following result: 


The function u(P) approaches the boundary value f(p) as P approaches 
p in any direction which makes a positive angle with the boundary, for almost 
all p; if f (p) is continuous at po, u(P) approaches the boundary value f (po) 
at po for the general two dimensional sense of approach. 


Suppose that we restrict ourselves to the two dimensional sense of 
approach, using the expressions “assumes” or “approaches the boundary 
values ” only in this sense. The theorem then yields the following statement: 


If F(p) is continuous almost everywhere, and bounded, the above formulas 
give us a function which is bounded and harmonic throughout the interiors 
of the half planes, and assumes the boundary values at all points of continuity. 
It is the only such function. 


It should be noted that the uniqueness property does not hold in the form 


* Bulletin of the American Mathematical Society, Ser. 2, Vol. 4 (1897-98), p. 424; 
Annals of Mathematics, Ser. 2, Vol. 7 (1906), p. 92. See also Osgood, loc. cit., p. 635. 

+ Fatou, “ Séries Trigonométriques et Séries de Taylor,” Acta Mathematica, Vol. 
30 (1906), pp. 335-400, see p. 345 and p. 357. 
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stated above * if the requirement that f(p) be continuous almost everywhere on 
the boundary be dropped, as is shown by the following example. Moreover it 
is impossible, in this example, to remove the difficulty merely by redefining 
f(p) on a point set of measure zero. It may also be noted that the function 
f(p) here constructed is of class 1, in the sense of Baire. We shall find it con- 
venient to study the problem with reference to the interior of a circle; the 
result can be extended to a half plane by inversion, . 

We construct a point set e on an arc of the circumference O which is per- 
fect and nowhere dense, yet such that the measure of the points common to & 
and any interval with mid-point at a point of e shall be positive. This can be 
done, for instance, by starting with an open arc of C, removing the open quar- 
ter with center at the mid-point of the arc, removing in the same way the open 
sixteenths of the remaining arcs, removing in the same way the open sixty- 
fourths of the four then remaining arcs, and so on indefinitely. The set e 
shall consist of the points of the initial arc never so removed. There is no 
difficulty in verifying the fact that it has the stated properties. 

We now define f(p}) as 1 on a and 0 on the rest of C. Let v(P) be the 
function defined by Poisson’s integral for the values f(p) on C, the integral 
being taken in the sense of Lebesgue. This function is bounded and harmonic 
throughout the interior of C; it is positive throughout this region, but it 
assumes the boundary value 0 continuously at each point p of the boundary at 
which the function f(p) is continuous, namely all the points of © except 
those in e. Thus v(P) and 0 are two distinct functions harmonic within C 
and assuming the boundary value f(p) at every point of continuity of that 
function. 

Moreover, the function f(z) cannot be so altered at the points of any set 
of measure 0 that it uniquely determines a bounded harmonic function 
approaching it at every point of continuity. For suppose that f*(p) is any 
second function differing from f(p) only on a set of measure 0. Poisson’s 
integral, formed for f*(p) approaches f*() at each point of continuity. But 
the same is true of the function 0, since the only points at which f*(p) is con- 
tinuous are among those for which it vanishes. 


* For a discussion of a modified form of the uniqueness theorem for Poisson’s 
Integral, see Fatou, loc. cit., see also Plancherel, Bulletin des Sciences Mathématiques, 
Ser. 2, Vol. 34 (1910), p. 111. Necessary and sufficient conditions on a harmonic 
function for representation by Poisson’s integral have been obtained by Evans and 
Bray and by Evans, loc. cit. See also the book of the latter on Logarithmic Potential— 
Discontinuous Dirichlet and Neumann Problems, in the Colloquium series of the 
American Mathematical Society. 
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To see this we need to verify that f*(p) is discontinuous at all the points 
of e. Let p, be any point of e. Every interval with p, as center contains 
infinitely many points at which f(g) and f*(p) each have the value 1. For 
every such interval contains a point set of positive measure at which f(p) = 1, 
and f*(p) s4f(p) only on a point set of measure zero. On the other hand, 
every such interval contains intervals exterior to the set e, and hence infin- 
itely many points atewhich f(p) and ‘f*(p) have the common value zero. 
Hence, f* is discontinuous at pı. Thus f“(p) can be continuous only at points 
outside e, where it differs from 0 only at the points of a set of measure 0, and 
so cannot be continuous at any point where it differs from 0. 


2. Interpretations of Poisson’s Integral. In this section we shall derive 
a number of extensions and reformulations of known interpretations of Pois- 
son’s integral, obtaining certain results independent of codrdinate systems. 
We shall consider functions which are bounded and harmonic in either the 
interior or exterior of a proper circle, or in a half-plane. From the point of 
view of the geometry of inversion a straight line is simply a circle through the 
point at infinity. Since many of the theorems under discussion can be formu- 
lated in such a way as to be applicable to a region bounded by this special type 
of circle as well as to the ordinary region, we shall use the terms “ circle ” and 
“ point ” as in the geometry of inversion, unless the contrary is explicitly indi- 
cated. 

We shall confine our attention to the case that the boundary values are 
piece-wise continuous. In this case Poisson’s integral,” or the formula of the 
first theorem in the preceding section, gives the unique bounded function which 
is harmonic throughout the plane except on the circle under consideration and 
assumes continuously the given boundary values at all points where the latter 
are continuous. For brevity, we shall refer to this harmonic function as the 
one “ determined ” by the given boundary values. 

Our first theorem is an extended form of Schwartz’s interpretation of 
Poisson’s integral. 


THEOREM I. Let p, p be the intersections of a fixed circle C and a varia- 
ble circle c through two distinct fixed points P, Q, not on C. Let f(p) be a 
piece-wise continuous function on O, and let g(p) =f(p’). Let u, v be the 


* Here absolute value signs should be used for the coefficient of the boundary values 
f (p) in the integrand, in order that the integral may give the solution of the 
exterior as well as the interior problem. 

t Schwartz, Gesammelte Werke, Vol. 2, p. 360. 
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harmonic functions determined by the boundary values F(p), g(p) respectively. 
Then 

( u(P) =0(Q), 

(u(@) =v(P). 


Schwarz’s Theorem is equivalent to the special case in which C is a proper 
circle and Q the point at infinity; for when it is recalled that the value of v 
at infinity is the same as its value at the center of C, namely the average of the 
function f(p’), the theorem tells us that the value of u at P is the average of 
the values obtained by transferring the boundary value at p to the point 7’ 
on C collinear with P and p. Schwarz stated this result merely for the case in 
which P is inside C, but his demonstration can readily be extended to cover 
the case in which P lies outside C. His proof is based upon the formula for 
Poisson’s integral. Another proof, free from computation, is given below. 

In the case that C is a proper circle, and Q the point at infinity, we infer 
from a well-known theorem that the product Pp: Pp’ has a constant value, 
k?, as p traces C. If P lies outside C, this means that p, p’ are conjugate 
points with respect to the circle T with center at P and radius k. If we invert 
in T the function u, finite and harmonic in C with boundary values f(p) on C, 
is carried inta a function v, bounded and harmonic within C, with boundary 
values g(p) =f(p’). Furthermore P is carried into the point at infinity, 
whence u(P) = v(), i. e. the average of the function g(p). If P is an 
interior point of C, a rotation about P through an angle + followed by an inver- 
sion in T carries p into p’, P into the point at infinity, and u into a function v 
bounded and harmonie exterior to € with the boundary values g(p), whence 
the desired result follows. 

The generalization to the theorem as stated above is obtained immediately 
by making an inversion with center at Q. Since Q does not lie on C, C will 
always be carried into a proper circle by this transformation; u, v are carried 
into two functions, w’, v” such that 


| w (P) —v(), 
Lw (o) =v (P), 


where P’ is the point corresponding to P. Inverting again so as to return to 
the original figure, and using the fact that piece-wise continuous boundary 
values determine a bounded harmonic function uniquely, we obtain the desired 
result. 

We note incidentally, as a limiting form of the above theorem, that if the 
boundary values on C are interchanged at each pair of points in which it is cut 
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by a variable circle tangent to a fixed line at a fixed point P, not on C, then 
the corresponding harmonic functions have the same value at P. The truth 
of this is immediately apparent on making an inversion with center at P. 


THEOREM IT. Let P, Q be any two distinct fixed points not on the fixed 
circle C. Let y be the directed angle * from some fixed direction at P to that 


directed are Po of the circle c, determined by P, Q and the variable point pon | 
C, which does not pass through Q. Letu be the harmonic function determined 
by the piece-wise continuous boundary values f(p) on C. Then 


u(P) = (1/7) f f(P)dy + u(Q), 


the upper or lower sign being chosen according as P, Q lie in the same region 
or different regions bounded by C. The integration in each case is taken in 
such a sense that the region containing P lies on the left. 


We discuss first the case in which Q is the point at infinity, and ©, there- 
fore, a proper circle. 

Here the theorem is obviously true if P is chosen as the center of the 
circle, so we may exclude this case from further consideration. We take as the 
fixed direction from which to measure y the direction from P to O, the center 
of C. Let ps be the first point in which the ray PO, when traced in the posi- 
tive sense from P, meets C, and let po’ be the other point of intersection. Let 
g be the second intersection of C and the line Pp. Denote the directed angle 
from Op, to Op by ¢, that from Op’, to Op’ by ¢’. In all cases we have, for 
suitable choices of the determinatigns of ¢, œ’, the relation 


2y =p + #'. 


Hence we have, according as P lies outside or inside C, either 


an) f Aoa Gen SO Fet 2) [rm 


or 


(1/n) f Ady = (1/21) NO + (1/2) S” Faw. 


* We may choose the determination of ÿ arbitrarily, except for the condition that 
ÿ(p) ~W(q) as p>q for all points q on C, excepting one point (in the case that y 
is increased by 2m when p traces C in a suitable sense). A similar remark applies 
to 8 in Theorem II-A below. 

If P and Q are finite points and their roles are interchange the new angle y” 
replacing ÿ may be so chosen that Y ——y. This fact suggests as a definition of y, 
in the case in which P is at infinity, the angle obtained by interchanging P and Q 
reversed in sign. With this convention the theorem is true in this special case. 
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Now | B 
(1/21) (Hp) (1/2) f ipd =— ulo), 
and : 
(1/2n) f  f(p)dp’—=u(P). 
fence, 


u(P) = (1/n) f fo) E ulo)" 
according as P lies outside or inside * C. 


Now the expression (1/7) f f(p)dy (as defined in the general case) has 
C 


a meaning which is independent of an inversion. That is, if we carry the func- 
tion f(#) on C into a function f’(p’) on O” by an inversion, carrying also P, Q 
into P’, Q’ respectively, then it follows that this integral formed for one figure 
has exactly the same value as it has when formed with reference to the other. 
(The reversal of the sign of angles is compensated by the convention in regard 
to the sense of integration.) Hence, the general theorem follows by inversion 
from the special case treated above. 

It will be noted that this result includes Bécher’s interpretation of Pois- 
son’s integral as the special case that P, Q are conjugate points with respect 
Lone. 

The following is another formulation of the same result, which is more 
convenient for some purposes: 


THEOREM IT-A.+ Let P, Q be any two tistinct points not on the circle C, 


* This result, in the case that P lies inside C is essentially Neumann’s interpreta- 
tion of Poisson’s integral, Abelsche Integrale, 2d edition, (1884) p. 410#. Neumann's 
proof is based on the method of the arithmetic mean. It will be noted that when P 
lies inside C the integral on the right represents simply the average of the boundary 
values on C as they appear to an observer at P. In the most general case in which P, 
Q lie in different regions bounded by Ọ a similar meaning may be attached to the 
integral if we think of light as being refracted so that it comes to P along ares of 
circles passing through Q. This device is similar to one used by Bôcher in the 
Annals paper cited above. 

7 This theorem has been given, for the special case in which P and Q are interior 
points of a proper circle, by Darboux, “Un peu de Géométrie à propos de l’'Intégrale 
de Poisson,” Bulletin des Sciences Mathématiques, 2d series, Vol. 34, (1910), p. 287 ff. 
(see particularly formula 12, on page 294). It should be noted that the angle 
AMB appearing in the form of the theorem there given must be interpreted as a 
directed angle. Failure to take account of this leads to inaccuracies in the applica- 
tion of the theorem on pages 294 and 295, although the final result, which we shall 
discuss under Theorem I of Section 4, is correct (the angles AEB and AHB being 
essentially positive). 
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and denote by 0 the angle from pQ to pe. Let u be the harmonic function 
determined by the piece-wise continuous boundary values f(p) on C. Then 


iP) = (1e) Í, f(u)d8 + u(Q) 


according as P, Q lie in the same region or different regions bounded by C. 
The integration is to be teken in such a sense that the region containing P lies 
on the left. 


The proof of the theorem for the case in which P and @ are finite points 
consists merely in noting that if the angle y of the preceding theorem is meas- 
ured from the directed line QP, then y is equal to 6, inasmuch as each is equal 
to one-half of that directed are QP of c which does not go through p, measured 
in terms of the radius.* In each case, the angle is positive or negative accord- 
ing as the sense from Q to P on this arc is counter-clockwise or clockwise. 

If one of the points P or Q is chosen as the point at infinity the corre- 
sponding ray pP or pQ is indeterminate; it is readily verified, however, that 
the theorem still holds if the ray in question is understood to have a fixed 
direction as p traces C. 


3. A Representation of the Derivative of Certain Harmonic Functions. 


THEOREM. Let p be a variable point on a fixed circle + C, and c the circle 
through p tangent at the fixed point P, not on C, to the fixed directed line L. 
Let the curvative of c be represented by + K (p), the sign being chosen so as to 
agree with the sign of that determination of the angle from L to the ray Pp 
which is numerically not greater than m. Let u be the harmonic function 
determined by the piece-wise continuous boundary values f(p) on C. Then 
the derivative of u in the direction of L is given by 


[du/dé] p = (1/2) f F(p) dK (p), 


the sense of integration being so chosen that ihe region containing P lies on 
the left. 


* The relation is true when ¢ goes through the point at infinity inasmuch as 8 and 
y are continuous on C. 

7 In particular, Č may pass through the point at infinity. The conventions adopted 
at the beginning of Section 2 regarding the use'of this and certain other terms are 
retained in this section. 
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We note that this representation of the derivative is independent of coör- 
dinate systems. 

Let $ be an arc on C lying entirely in the finite part of the plane.* Divide’ 
3 into n arcs Asi, Pia Py i= 1, 2, +++, n, the points of division being num- 
bered in their order on 3, traced in the positive sense.f We choose the points 
of division so as to include such points of discontinuity of f(p) as lie on 3. 

We shall denote by f: the value of f(p) at the mid-point of As; and by U; 
the harmonic function determined by the boundary values f; on As; and 0 
elsewhere on C. 

Let P’ be a point at a small distance Aé from P on the line L, the direc- 
tion PP’ being the positive direction, é, on L. Denote by 0 the angle { from 
pP to p. 

By Theorem II-A of Section II, we know that if Aé is sufficiently small 
to insure that P, P’ lie in the same region bounded by C, then 


UP ey (1/n) f fı dé. 


Hence, denoting the value of 6 at P = P; by 6; we have 


Di(P')— OP) fale —Oca) 
AÉ a wht 


Excluding for the moment the special case that one of the ends of As; 
lies on L, denote the radius of the circle through P, P’ and mi by ri Then 


AË = 2r; sin | 6; |, 
and 
U(P')—U(P) f E 0; 1 bi ] 
TA masin] Oma] J” 


AË S 2x Lr sin] @:| tia masim] 





We note that this expression for the difference quotient is valid even in the 
previously excluded case that p; or pi-1 lies on L, provided we agree to replace 
the corresponding fraction 1/1; or 1/ri-ı by 0. 

When P’—>P, the fraction 1/r; approaches as a limit the curvature of the 


* If © is in particular a proper circle, 2 may be the whole of C. 

f That is so thatthe region (bounded by O) containing P lies on the left, 

t The determination should be chosen at some arbitrarily chosen point p, on Z 
but not on L, so that if p is held fast and P’ allowed to approach P, then lim 8 == 0. 
This determination is then extended continuously along C. 
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circle through p; tangent to L at P. In all cases we obtain, on noting that # 
and K(p) have the same sign, 


[dUi/dé|p = (fi/2ar) [K (pi) —K (pir) ] = (fi/8r) AK. 


We introduce now the harmonic function U*(P) determined by the boundary 
values f(p) on 3, 0 on the remainder of C. 

Allow #, the number of the ares As; on X to become infinite in such a 
manner that the length of the largest arc As; approaches zero as a limit. On 
C, and consequently throughout each of the regions bounded by C, the differ- 


ence U*(P) — 5 U; ultimately becomes uniformly less in absolute value than 
i1 


any preassigned positive ee From this, we infer that (d/dé) [ 5 U;|p converges 
i=l 
to [dU*/dé]p. On the other hand, we know that 


[(d/dé) (È Us) Je = (1/27) È FAR, 
whence 


[dU*/dé]p = (1/2x) f f(P)d E(P), 


the sense of integration being the positive sense on 3. 

This virtually completes the proof for the case in which C is a proper 
circle, inasmuch as 3 may here be chosen as the whole of C. If, on the other 
hand, C extends to infinity, we must examine the behavior of U* when the 
ends of X are allowed to recede indefinitely in opposite directions on C. It is 
sufficient to show that in some neighborhood of the point P the function 
U*(Q) converges uniformly to Ü(Q). Throughout any finite connected 
region enclosing P but containing no points of C, the angle subtended at Q 
by the ends of 3 can be made to differ from ~ by less than any preassigned 
positive quantity, by requiring merely that the ends of 3 lie beyond certain 
fixed points the positions of which depend on the region S, but not on the 
choice of Q within 8. The desired result now follows immediately from the 
first theorem of the paper. 


4, On the Oscillation of Harmonic Functions in the Plane. This section 
contains applications of the above results in obtaining extensions of theorems 
on the oscillation of harmonic functions.* The extensions consist largely in 


* See Schottky, “ Ueber die Wertschwankung der harmonischen Funktionem zweier 
reellen Veränderlichen und der Funktionen eines Complexen Arguments,” Journal 
für die Mathematik, Vol. 117 (1896-1897), p. 225 ff.; Koebe, “ Ueber das Schwarzsche 
Lemma und einige damit zusammenhängende Ungleichheitsbeziehungen der Poten- 
tialtheorie und Funktionentheorie,” Mathematische Zeitschrift, Vol. 6 (1920), p. 52 ff.; 
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‘a reformulation of the theorems which renders possible their utilization under 
less simple conditions in the plane of the geometry of inversion.” 


© 


THEOREM I.t Let P, Q be any two distinct fixed finite points in the 
same region S bounded by a circle O. Denote by Pı, po, the points of contact 
with O of the two circles through P, Q tangent to C, and by Ou, Oz, the 
directed angles € Qp.P and q Qp:P, respectively. ‘Let u be any function 
bounded and harmonic in S; then 


| u(P) —u(Q) |S (| 8—6: |/=) D(u, 0) 


where D(u,C) means the oscillation Ï of u on C. 


If, further, u is continuous on C, but not a constant, then the upper sign 
always holds, but the inequality is the best which is applicable to all such 
functions. 


This theorem is a generalization of a theorem given by Darboux, also 
discussed in the author’s paper in the Annals of Mathematics cited above. 
In the case there treated—that in which P and Q are interior points of a 
proper circle C—one of the angles 6, and 62 is positive and the other negative, 
and so | 4 — 6, | is the sum of the numerical values of the angles 4, and 2, 
which we represented by A, + 4, in our earlier notation. 


Jensen, “Investigation of a class of fundamental inequalities in the theory of analytic 
functions,” Annals of Mathematics, Vol. 21 (1919), pp. 1-29; Darboux (lee. cit.}, 
and Schwarz, Gesammelte Abhandlungen, Vol. IT, p. 361. 

Other properties of the oscillation of harmonic functions, of a type somewhat 
different than those studied here are given by Bouligand in a paper entitled “Sur 
la continuité et les approximations en dynamique des liquides,” which is to appear in 
a forthcoming number of the Journal de l’Ecole Polytéchnique. 

Further references to the literature will be found in the author’s paper “On the 
Oscillation of Harmonie Function,” Annals of Mathematics, 2d. Series, Vol. 27 (1925), 
pp. 159-170. 

* We therefore use the terminology of the geometry of inversion, as in Sections 
2 and 3, 

+ Since the publication of my paper in the Annals of Mathematics, mentioned above, 
I have learned that this result was given by Darboux (loe. cit.) for the case in which 
P and Q are interior points of a proper circle ©, and the boundary values are piece- 
wise continuous. In regard to the discussion given by Darboux see the footnote to 
Theorem II-A of Section 2 of the present paper. 

If u is discontinuous on C the oscillation of u on © is defined as the difference 
between the upper and lower bounds of u in 8. 
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In the first part of the proof of this case previously treated, a relation’ 
is obtained which can be written in the form 


| u(P) —u(Q) | S| U(P) —U(Q) | Diu ©) 


where U is the function bounded and harmonic within the proper circle Ọ, 
assuming the boundary values 1 and 0 respectively on the two arcs of C deter- 
mined by the points we now call p, and pə» Furthermore, if w is continuous 
on C, but not a constant, the upper sign holds, but the inequality is the best 
which is applicable to all such functions. That these relations hold in the 
cases in which the region of definition of u is the exterior of a proper circle, 
or a half-plane, can be verified immediately by inversion. The general theorem 
under consideration can now be obtained by the use of Theorem II-A of 
Section 2 of this paper. 

We shall now give a second proof of this theorem which is independent 
of the earlier demonstration. 

We note that @, which is continuous on €, cannot have a maximum or 
minimum except at p, and po, for at any other point po the circle c through 
P, Q, and po cuts C at an angle not zero, which clearly implies that @ either 
increases or decreases when p passes through the point po. Moreover, since C 
does not go through P and Q, 8 cannot be constant throughout any arc of C. 
From these facts it follows that 8 varies monotonically when p traces either of 
the arcs * Pi Po of C. For, assuming that this is not true, we infer that there 
exist on y, one of these arcs, two points 7, and r, such that 1, 71, T2, Pz occur in 
the order named and the quantities + 9(p:) —@(p2) and 6(71) —@(r:) do 
not have the same sign. From the continuity of 0 it follows that there are 
two distinct points 7,’ and 7s’ on y such that @(ri’) = 6(12’), whence we 
deduce that @ is either constant on at least a part of the arc r,’ r or else 
attains a maxium or minimum value, in the strict sense, at some interior point 


of the arc FA T2. But we know that neither of these situations is possible, so 


we conclude that ĝis monotonic on each arc Pa De of C. 


* This is true even if Ç passes through the point at infinity. In such a case it is 
convenient to consider the behavior of the function @ on tha corresponding are of a 
proper circle obtained from C by inversion. In the new figure the function @ 
does not in general have the same geometrical meaning as before, but this is of no im- 
portance in the part of the proof now under consideration. 

f We denote by (p) the value of 8 at the point p of ©. 
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* Let u be any function harmonic in § and continuous on the boundary C.* 


Using the fact that @ is monotonic on each of the arcs pi Po, we have 


u(P)—u(Q) = (1/7) f F= (1/7) (FC) 6e — 01] + (n°) Li — 4) 
or u(P) —u(Q) = (1/7) [42 — A] CC?) —f(p7)], 


where 7’ is a point of one of the ares Dips and p” a point of the other. From 
this it follows that 


| w(P) —u(Q) | S (| 2 — 4 |/r) D(u,C). 
Now f(g) can be the maximum or minimum value of f(z) on the corre- 


sponding are Pi Da only if f(p) is constant on that arc; a similar remark 
applies to f(p”). Since f(p) is continuous on C it is not possible that f(p’) 
and f(p’’) should each be an extremum of f(p) on C unless f(p) is constant 
on C. Consequently in the relation given above the lower sign can hold (for 
functions u continuous on C) only in the trivial case in which w is a constant. 
That the inequality is the best applicable to all functions u harmonic in $ 
and continuous on the boundary is readily verified by considering the harmonic 
function determined by the boundary values given below: 


f(p) — 0 on one are Pi Po, 

f(p) =1 on a part, Ti T'es of the remaining arc Pi Pz | 

f(p) is continuous and monotonic on the remainder of C joining con- 
tinuously to the boundary values specified for the other portions of C. 


If, now, in the inequality above, the factor | 4 — 6, |/r is replaced by a 
smaller quantity, then we can choose 7, and r, so that T, ta comprises such 


a large part of Pa De that the new inequality fails to hold for the harmonic 
function determined by the continuous boundary values given above. 

The case in which «u is bounded and harmonic in S, but not necessarily 
continuous on ©, can be treated by introducing a region & which includes 
the points P and Q, and which, together with the proper circle C’ forming its 
boundary, lies entirely in the open region 8. Since w is continuous on (”, 
we may write 

| u(P) —u(Q) | S (| 0.’ — 0: | /w) D(u, C’), 


using primes throughout for quantities associated with 9’. 
* If the point at infinity lies on ©, we shall agree that the restriction of continuity 


on Ọ requires that the relation lim f(p) =f(q) holds even when g is the point at 
infinity, as p — q. 
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Let R be any point in the region 3’ bounded by C’ complementary to 5”. 
Consider the behavior of the function 8 (R) —<{QRP in >’. We note that é(2) 
is harmonic at each finite point of 3’; moreover, it is continuous at infinity, 
(if the point at infinity is a point of 3’), and it is continuous on €”. It fol- 
lows that, even if 3’ extends to infinity,” the function 6(£) attains its extreme 
values only on ©’. These extrema are 6,’ and 62’. 

If now the center and the radius of C’ are allowed to vary continuously 
in such a way that S’ expands so that any given point of S ultimately becomes 
and remains a point of &’, then the extreme values of @(#) on S ap- 
proach those on S, and consequently | 6.’ — 4,’ | — | 62.—6,|. Moreover 
D(u, C’) — D(u, C) ; hence we have as the limiting form of our inequality 


| u(P) —u(Q) | S (| 8-— 0: |/=) D(u, C). 


It should be noted that when discontinuities on C are allowed, it is not 
necessary that w be a constant in order that the lower sign hold. Such is 
obviously the case for the harmonic function determined by the boundary 


sr 
values unity on one arc p, pə zero on the other. 


Taroren IIL} Let C, and C be any two fixed circles having no point 
in common; denote by Sı the region bounded by Cı containing Cz, by 8: the 
region bounded by Ca containing Cı. Let ur, ua be any functions other than 
constants which are bounded and harmonic in S, and Ba respectively. The 
ratios Qi = D (ui, C2) / D (t, C1) and qo = D (ua, C1) / D (uo, Cz) depending 


9 

* This case can be treated by an inversion. 

f This theorem is a generalization of a theorem on the oscillation of harmonic 
functions on concentrie circles due to C. Neumann. See the author’s paper in the 
Annals of Mathematics cited above, and the papers by Schottky and Koebe, also 
cited above. 

The constant g may be identified with the Hilbert configuration constant for the 
multiply connected region bounded by ©, and O, in the case in which these are 
proper circles, See the diseussion of the Hilbert constant (generalized for multiply 
connected regions with finite boundary) by E. R. Neumann, “ Zur Integration der 
Potentialgleichung vermittelst C. Neumanns Methode des arithmetischen Mittels,” 
Mathematische Annalen, Vol. 56 (1903) p. 49f#. See particularly pp. 107-112 inc., 
where the theory is applied to the region bounded by two proper circles. The 
value obtained in the case in which the circles are concentric is identical with the 
constant g of the theorem now under consideration. Since each constant is independent 
of an inversion, they are identical in the general case. Neumann gives a formula for 
the Hilbert constant for the region bounded by two non-concentric circles, depending 
on the difference in the dipolar coürdinates of the circles. 
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‘on the arbitrary functions u, and us respectively, have a common least upper 
bound q, determined by the choice of the fixed circles Cy and Ca. There exist 
functions uy, U2 such that qı = qa =q. If, however, we make the furthes 
hypothesis that u, and w are continuous on C, and Ca respectively, then, 
although qı and q have the same least upper bound q as before, this bound 
is not attained. 


If Cy and O, are proper circles of radii a, and @, respectively, and with 
their centers at a distance k from each other, then 
q = (2/2) sin (2a,42/| ay? + a? — k? |). 


If C, or Ca is a straight line and the other a proper circle of radius a with 
cenicr at a distance h from this line, then 


q == (2/r) sin (a/h). 


The quantity q may be gwen the following geometric interpretation: 
let C be any circle cutting Cı and Cz orthogonally." Draw the two circular 
arcs Cı and ©: tangent to one of the given circles O, and C and intersecting 
the other in the same points as does C. The number q is the ratio to a of 
the angle between cı and Co. 





The numbers q, and qz associated with a pair of circles C, and C, and a 
pair of functions wu, and ux are unchanged by an inversion, and so their least 
upper bounds for all admissible functions u, and we have the same property. 
To prove, therefore, that g, and qz have the same least upper bounds it is 
sufficient to show that C, and C can be interchanged by an inversion 7, This 
is always the case, for by an inversion T, we can carry C, into a straight line 
C; and Cz into a proper circle C.’.. Now C,’ and C,’ are conjugate with 
respect to the circle C” with center at that point of Cz” at the greatest distance 
from C,’ and radius equal to the geometric mean of this distance and the 
diameter of C,’. It follows that C, and C, are conjugate with respect to the 
circle C corresponding to C” by the transformation T>. 

In determining the value of g we shall consider first the case in which 
Cı is a straight line. Let P and Q be any pair of points on C2 Draw the 
circles through P and Q tangent to C,; denote by p, and pe their points of 
contact with C,. Make an inversion ł in the circle orthogonal to C, with 


“If each of C, and O, is a proper circle, O may conveniently be chosen as a straight 
line through their centers; if one of €, O, is a straight line, © may be chosen as 
the straight line perpendicular to this through the center of the other. ©, C, 
eannot both be straight lines since by hypothesis they have no point in common. 

+ If p, is the point at infinity, this inversion is unnecessary. 
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center at p,. Now C, and Cs are unaltered by this transformation; the points’ 
P and Q are carried into P* and Q*, equidistant from Cı, and so p”, the 
javerse of po, is the foot of the perpendicular to C;, drawn from the center 
of Ca The function u, is transformed into a function u,*, bounded and 
harmonic in the same region. By the first theorem of this section we have 


| t” (P*) —u,*(Q*) | < (| x Qp * Pp" | /x) D(u,*, C1). 


But | { Q*P.*P* | is at thost as great as w, the angle between the tangents 
to C, drawn from the point p,*. It follows that the least upper bound of 
D (uz*, Cz) /D (u:*, C1), and so also of D (u, C2) /D (tn, C1) is q —w/x; this 
bound is attained if, and only if, u is allowed to be discontinuous on C. We 
thus obtain the evaluation of g for the case that one of the circles C, or Cz 
passes through the point at infinity; we also deduce, by inversion, the geo- 
metric interpretation of q given in the last paragraph of the statement of the 
theorem. + 

It remains to compute the value of g for two proper circles. We shall 
first consider the case in which one of these circles, say Cz, lies inside the 
other. We invert in the circle of radius (2) “a, with center at that intersec- 
tion of C, and the line of centers of C, and ©; which lies nearer C.f By this 
transformation C, is carried into a straight line C,’ through the center of Ca, 
while C, is carried into a proper circle with center at a distance 


h = Oy? / (dy — dp — k) + 047/ (0, + Ge 
from C,’, and of radius 
= m / (ùs — as — k) — l? / (dy + Go — k). 


Since the value of q is independent of an inversion we can compute q for the 
circles Cı and C by substituting these values of À and a for the formula 


q = (R/x) sin™ (a/h), 


which gives the value of q for C,’ and C.’. We thus find that for two proper 
circles, of which one lies inside the other, 





k) — M 


q = (2/r) sin [2a,a./(a,? + a — k?) ]. 


t This interpretation is readily established for the case considered in Neumann’s 
theorem (see the paper by Koebe cited above}. It can then be extended to the general 
case by inversion, using the fact that the cireles C, and C, can always be transformed 
into concentric circles by an inversion. 


t If C, and O, are concentrie we may use as center any point of C. 


PERKkixsS: An Inirinsic Treatment of Poisson's Integral. 405 


In case C, and C are mutually exterior, we invert in a circle of radius 
(2) a, with center at the intersection of C, and the line segment joining the 
centers of C, and Co. ə 
In this case we have 





an do) + a,°/ (k —a, + Ge) + th, 
a = ay" / (k — ty — t2) — a? / (k — a + ae) ; 
whence, | 





q = (R/r) sin [Rarta/ (W — af — a) |. 


In the last formula we have a? + a.2— k? < 0, whereas, in the corre- 
sponding equation for the case that one of the circles, C, and Ca, lies inside 
the other, we have m? + a.2-~k? > 0. Hence, for any two proper circles 
we may write 


q = (2/r) sin (Raids / | hy? + a.” 











he) 
We note that, if k = 0 and a. < a, we have 
q = (2/m) sin? [Raa/(a* + do?) | = (4/7) tant (42/01) 


in accordance with the extended form of Neumann’s theorem due to Kocbe.* 


Tororem IIT.+ Let P be any fixed finite interior point of a region 8 
bounded by a circle C. Let L be a fixed directed line through P. Let + K, 
+ K. denote the curvatures of the two circles tangent to L at P and to the 
circle C, the sign in each case agreeing withe that of the determination numer- 
ically not greater than m of the angle from L to the ray joining P to the 
point of contact with C. Let u be any function bounded and harmonic in S, 
and denote by [du/dé|p the derivative of u in the direction of L at P. Then 


| du/dé |p S (1/2) | Ka— K, | D(u, C). 


The lower sign may hold for certain functions discontinuous on C. If, how- 
ever, ù is continuous on C, but not a constant, then the upper sign always 
holds. Moreover this is the best inequality for the directional derivative 
applicable to all such functions. 

The expression on the right is, in reality, independent of the direction é. 


* See the paper in the Mathematische Zeitschrift, cited above. Another proof is 
given in the author’s paper in the Annals of Mathematics, also cited above. 

f This theorem is an extension of that given in §3 of the authors paper in 
the Annals, cited above. 
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If C is a proper circle of radius a, and P is at a distance p from O, the center 
of O, then the above relation may be written in the form * 


| du/dé |p S (2/x) (a/| a? — p? |) D(u, C). 


If C is a straight line and P is at a distance 8 from C, then the relation takes 
the form 


du/dé |p S D (u, O) /rà. 





The function K (p), introduced in the third section of this paper, is con- 
tinuous and monotonic on each of the arcs of C bounded by p, and po, the 
points of contact with C of the two circles through P tangent to L and to C. 
It follows, then, from the theorem of that section that if u has the continuous 
boundary values f (p) on C, we deduce from the relation 


[du/dé]p—(1/2n) f f(p)aK(p) 


the following equation: 
[du/dé|p = (1/27) {[K: — Ki |f(p’) + Li — Kal (2”)} 
or [du/dé|p = (1/20) [K,— K JF W) — P(e") I; 
where p’ is a point of one arc PiP, and p” a point of the other. We have then 
| du/dé |p S (1/2r) | K: — Kı | D (u, C). 


The other facts given in the first paragraph of the statement of the result are 
also obvious from the same type of reasoning as that used in the proof of the 
first theorem of this section. 


We shall now discuss the geometrical problems of showing that the value 
of | K, — K, | is independent of the direction é, and of expressing this quantity 
in terms of a and p, or of h, according to the nature of C. For any choice of 
P and é, the center of any circle tangent at P to a line L with the direction é 


* An analogous relation for a regular function of a complex variable is virtually 
contained in a relation given by Schottky (loc. cit.). It is shown that if ¢(2) 
is such a function in the circle with center at œ = o and radius R, and if D(¢) 
is the maximum value of |(y)—¢(z)| for two arbitrary points y, z on the 
boundary, and 7 any positive number less than E, then 


| (r) |< Do) . (2/r) . B/(B%r). 


This result can obviously be generalized. It will be noted that D(¢) is ordinarily 
greater than the oscillation on C of the real or pure imaginary part of ¢(a). 
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lies on the line Z through P perpendicular to L. The center of any circle 
through P tangent to C lies on a certain conic. If C is a proper circle with 
center at O and radius a, then, according as P lies inside or outside C, this 
conic is an ellipse or a hyperbola with foci at O and P and major axis a; if C 
is a straight line, this conic is a parabola with P as focus and C as directrix. 
These facts follow immediately from elementary geometrical considerations, 
through the properties of the sum or difference of the focal radii in the case 
of the central conics. 

In all cases except that in which P lies outside a proper circle C and L” 
has an intersection with the corresponding hyperbola lying on that branch 
farther from P, we know that K, and K, if different from zero, have opposite 
signs. For in these cases the centers of the circles through P tangent to L 
and to C, and therefore the points p, and pe, lie on opposite sides of L. Here, 
then, | Kz — Kı | represents the sum of the reciprocals of the segments into 
which P divides the chord of the conic lying on L’. This is true when only 
one of the intersections is finite, provided the reciprocal of the half line now 
replacing a finite segment is interpreted as zero. On setting up a polar 
coôrdipate system with pole at P and prime vector along the line normal to 
the corresponding directrix but directed away from this line, we have as the 
equation of the conic,“ or the part thereof involved, 


r= em/(1—ecos¢). 


Hence, we see that the reciprocals under consideration may be written in the 
form 
1/r, == (1 — e cos b)/em, 
1/rz = [1 — e cos(¢, + r) ]/em, 
or 1/72 = (1 + e cos ġ)/em, 
and so we have 
| Kı — K | = 2/em, or | Kı — KE: | = 4/1, 


where / is the length of the latus rectum of the conic. 
In the case that the conic is a hyperbola, the branch farther from P has 
as its equation with reference to the codrdinate system used above, 


—=—em/(1+ ecos¢). 


* We use a familiar notation, regarding ~ as essentially positive. This equation 
cannot be applied in the special case that P coincides with O as the ellipse then 
becomes a circle. Here, however, the validity of the final result is immediately 
obvious, 
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In order that Z meet this branch,* it is necessary that Z’, (directed from P 
to this point of intersection) make an angle , with the prime vector such that 

ee cos ps < — 1, which means that the same ray has a second finite intersection 
with the branch r—em/(1—ecos pb). Hence, K, and K, have the same 
sign in this case and 


| Kı — Ka | = (1—e cos ¢:)/em + (1 -+ e cos di) /em, 
or ' a | Ky — Ky | = 4/1, 


Hence, we see that in all cases | K, — K, | has the value 4/1, independent 
of the direction é. 

If Cis a proper circle of radius a, and P is at a distance p from its center, 
the square of the semi-minor axis of the corresponding ellipse or hyperbola is 
| a — p° |/4, and so 


l = | œ — e |/a, and | Ke — K, | = 4a/| a® — e |. 
Hence in this case the relation 
| du/d | pS (1/27) | K: — K, | D(u, 0) 
can be written in the form 
| du/dé|p £ (2/7) (a/| aè — p |) D (u, 0). 


In the case in which C is a straight line, and the point P is at a distance 
ô from C, the corresponding conic is a parabola and we have ¿== 28. Hence 
in this case | Ka — K, | == 2/8, and the relation 


| du/dé | pS (1/27) | Ke — K, | D (u, O) 
takes the form 
| du/dé | pS D (u, C)/r8. 


5. On the Oscillation of Harmonic Functions in Space. This section 
contains relations in space analogous to some of the results obtained for the 
plane in Section 4, though now given in a less general form. Given a function, 
bounded and harmonic in the interior} of a proper sphere S, we define D (u, 8) 


* By making suitable conventions as to signs, this case could be united with 
that previously discussed. It seems clearer, however, to give separate discussions. 

¢ It will be noted that if D (u, S) were similarly defined for a function bounded and 
harmonic exterior to 8, then it would not necessarily agree with the usual definition 
of oscillation in the case that uw is continuous on 8. For example, if w{P}) —1/r 
is the distance from the center of a unit sphere # to the point P exterior to S, we 
would have D(u, S8)==1 whereas the difference between the maximum and minimum 
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as the difference between the upper and lower bounds of u within S. The fol- 


lowing result corresponds to Theorem I of the preceding section. - 


THEOREM. Let S be a sphere of radius A, and P;, P, any two distinct 
points within this sphere, at distances l, la, respectively, from the center O. 
Let o be the sphere or plane which is the locus of all points Q such that 


PQ (4 + j“ 
PQ \4°—l 
Denote by s the part of the surface S which lies within o, (or, tf o 18 a plane,” 


on either side of o). Let P be any arbitrary point within K; denoting the dis- 
tances from P to O and to an arbitrary point p of s by Land p respectively, set 





eee 





U(P) = (1/44) ff, ds. 


Tf, now, u(P) is any function bounded and harmonic within S, then 
| u(P1) —u(P2) | S | U (P1) — U (P2) | D (u, S). 


If, further, u(P) is continuous on S, but not a constant, then the upper 
sign holds, but this is the best appraisal of | u(P:) —u(P:)| applicable to 
all such functions. 





Let us first consider the case that u is continuous on S. If u is a constant, 
the validity of the first paragraph is obvious, so we may exclude this case from 
further consideration. We may, without*loss of generality, suppose that « 
has the maximum and minimum values 1 and 0, respectively, on S. For if wu’ 
is any function harmonic within and continuous on S, having as extreme valucs 
on S the numbers M, m (where m < M), then 


u! — m 


i= ——— 
M — m 


is another function of the same sort with the maximum 1 and the minimum 0. 
If the theorem is true for the function u, it is also true for the function w’, as 
can readily be seen from the relation 


values of u on Sis 0. In the treatment of these problems in space, it is not desirable 
to use the terminology of the geometry of inversion; by a sphere we mean always a 
proper sphere; by a point, a finite point, ete. 

* It is readily shown by considerations of symmetry that in this case the value 
of | U( Pi } — U(P,) | is the same no matter which of the hemispheres of S determined 
by the Slane o is chosen as s. 
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u’(P,) —w (P2) = [u(P1) —u(P2)] D(w’, 8). 


« Representing the boundary value of u at an arbitrary point p of S by 
f(p), we have, from Poisson’s integral 


u(P,)—u(P2) = (1/44) f È F(p) P(Pa Pa), 


where F (Ps, Pa) EE — eons = T — Be |: 
1 | . 
pı and pz designating the values of p at P, and P, respectively. 

A similar relation would hold in the case of a harmonic function constant 
within S, whence we infer that F(P;, P2) is positive on a part of S and negative 
on a part of §. This means that o always cuts S, and so s always exists. Fur- 
thermore Pı, Pa, lie on opposite sides of øo. If, in the inequality to be estab- 
lished, the points P,, P, are interchanged, then neither side is affected in value, 
s being unaltered. Hence we may assume that P, lies on the same side of o as 
does s, which implies that F(P,, P,) is positive on s and negative on S-s (the 
remainder of s), points of the common boundary of these regions being dis- 
regarded. We have 


u(P,) —u(P2) 
= (1/40) f f PCP) F(PsyPa) 48 + (1/44) S S FCO) Elpo pe) ds. 
Recalling that 0 = f (p) = 1, we see that 
(1/44) È f FP) F(Ps, Pi) dS S (1/44) f f F(R, Pa) as, 


(1/44) f f I) PoPa) aS SO. 


Moreover, the continuity of f (p) on S implies that the lower sign cannot hold 
in both these relations. Consequently, 


u(P:) —u(P2) < (1/4rA) JS F(P,, P3) dS = U (P1) —U(P2). 


A similar relation holds for the function v(P) —1—"(P), which is finite 
and harmonic within S with the extreme values 0 and 1. This gives 


—[u(Pi) —u(P2)] < U(P:1) — U (P2). 
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We therefore have 
| u(P1) —u(P2) | < U(P1) — U (P2), 


which implies the validity of the desired inequality for any function harmonie 


within and continuous on S. 
To prove that this is the best possible inequality it is sufficient to show 
that, given any e > 0, there exists a u(P) such that the relation 


| U (P1) — U(P2) | —}'u(P:) —u(P2) | < € 
holds. 
Denote by ô the distance from an arbitrary point p of s to the plane deter- 
mined by the circle forming the boundary of s. Given any positive 8, consider 
the function u, (P), bounded and harmonie within S, determined by the con- 
tinuous boundary values given below: 


fı(p) = 0, on S—s, 
f1(») = 8/8) when p is a point of s such that 8 = 6), 


fı(p) = 1 on the remainder s’ of s. 


Assuming, as before, that s and P, lie on the same side of e, we have 


| U (P1) — U (P2) | — | u (P1) — u (Pa) | S (1/4rA) f f FP. P.) as 


A AAW — Ah), 
gd. ae a dy 
2(4— h)? 


Hence, if we choose à, = e we have the desired result. 


(A + 11) 
We are now ready to discuss the case in which the restriction that w is 
continuous on 8 is replaced by the weaker condition that u is bounded within 
S. Make a transformation of space consisting of a shrinking toward the 
center of the sphere S, so that S is carried into sphere S’ of radius A’ == 14, 
where 0<A< 1. The function u, (which is not subjected to the transforma- 
tion) is continuous on 8’, and so 


| u(P,’) —u(P2’) | < | UP) — UP) | D(u, 8) 


P.’ and Pz’ being the points corresponding to P, and P, and U” the function 
associated with P,’, Py, S’ in the same way as is U with Pa, Pa, S. By con- 
sidering the relations between A, p, J, AS and the corresponding quantities 


? 
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with reference to the transformed figure, it is seen that at any pair of corre- 
sponding points P, P’ we have 


U’(P’) = U(P). 
Hence, 


| u (Py) —u (Px) | < | U(P:) —U(P2) | D(w 8"). 
On letting À — 1, we have, 
|u(P,) —u(P2) | S | U (P1) —U(P:) | D (u, 8), 


the lower sign holding if, for instance, w is chosen as the function U. 


THEOREM IT. Let S, S be any two fixed concentric spheres of radu A, A’ 
respectively (where A’ < A). Let u be an arbitrary function bounded and 
harmonic within S, but not a constant. The ratios D(u, 8’)/D(u, 8) for all 
such functions u have a least upper bound q. The bound q is attained; if, 
however, the restriction is added that u is continuous on K, then the bound q 
is unaliered, but is not attained. 

The value of q in terms of the ratio p = A’/A is 


= | 1 — I w] 
(ETA ) pe S 
or in terms 0j the angle a == tan? Bs 


q == sin (34/2) /cos (a/2) 
or g = [3 —4sin?(a/2)] tan (¢/2). 


The number q may be gwen the following geometric interpretation: draw 
the mutually perpendicular lines L, L’ through O, the center of S and 8’, 
Let D be a point of intersection of L and S and D’ a point of intersection of 
I’ and 8’. Denote by D” the second point in which the line DD’ cuts 8’. 
With center at D and radius DD” draw a circular arc in the plane of L, L’ 
cutting L in the point A. Then q is the ratio of the length OA to A’. 


Denote by Pı and P, the points where an arbitrary one of the functions u 
assumes its extreme values of S”. 

Let o be the plane in which P,, P, are symmetric, s the hemisphere of 8 
bounded by o and lying on the same side of o as does P;. Let 
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1 A? — T 
U(P)= 5 S. = i, 


(using the notation of the preceding theorem). o 


Represent by Q, and Q- the points in which the normal to o at O meets 
S’, Q:, lying on the same side of o as does P,; then U(P,) = U(Q:), 
U(P,) = U(Q:) the lower signs holding in fact only when P, and Q, are 
identical. For, excluding this trivial case, let m be*the plane of symmetry of 
P, and Q, o the reflection of o in v, 8, the larger part of s bounded by the 
intersections of o and o” with S, s the remainder of s. Denote by U, the 
function given by Poisson’s integral for the boundary value 1 on s,, 0 else- 
where, and U, that for the boundary value 1 on s», 0 elsewhere. Then 


U,(P:) = U:(Q:), by symmetry, 
U:(P:) < U:(Q2), since each point of s is nearer Q, than P:. 


Hence U(P,) = U, (Pi) + U2(P:) < U1(Q1) + U2(Q1) = U (Qa). 


2.72 
Let V(P) = aSa as 


then T(Q2) = V(Q:) —1—U(Q); 
U(P2) = V (P1) =1—U(P:), 


and so U(Q:)—U(P;) = U (P1) —U(@:) <0, or U(P2) > U(Q:). 


The explicit formula for q in terms of A, A’ can be obtained by integra- 
tion from the relation 


2 An /2 2 
= -f af, S (5 5— +) A? sin 6 dé dé 
pi Pe 
where p, = (A*— 2AA’ cos 0 + A”) £, pa = (A? + 2AA’ cos 6 + A”) %, 
This yields 


A A?— A” 
I= 7 A’ (A? + A”) % 


1 — p? 


Í 
or g= = — CC. 
IT y u(i + p?)* 


We note that we may write 


2 A” 
ae À — (e na) 
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Now DD’: DD” = A? — A’; moreover, DD’ = (A? + A”) +. Hence we seg 
that the parenthesis in the numerator represents DD’. The interpretation 
or g given in the last paragraph of the theorem follows. 


From this we may obtain readily the trigonometric formula for g. Draw- 
ing the line D” A, it is readily shown that 


<< ODA = 80/2, and <q OAD” =r /2 -+ 4/2; 
hence on applying the Law of Sines to the triangle OD” A we have 
q = OA/OD” = sin (3a/2) /cos (a/2) = [8 — 4 sin? («/2)] tan («/2). 
This completes the proof of the theorem. 


HARVARD UNIVERSITY. 


On the Invariant Combinants of Two Binary 
Quintics.” 
By THomas W. Moore. 


The question of the invariant combinants of two binary quintics con- 
sidered in this paper presented itself in a study of the rational space quintic 
curve. Such a curve in a space of three dimensions is defined by means of 
four binary quintic forms giving the parameters of the sets of five points in 
which each of the four reference planes cuts the curve. Then if some pro- 
jective specialization occurs in the curve it will be disclosed by some invariant 
or covariant condition imposed on these four quintics. In this way a study of 
the geometric properties of the curve can be converted into an investigation 
of the covariant theory of these four forms in question. 

Two binary forms of the nth order are apolar if their bilinear invariant 
{nth ordered transvectant) vanishes. The apolarity relation is a linear con- 
dition on the coefficients, and it is known that there are (n — 7 + 1) linearly 
independent forms of order n apolar to each of r such given forms. Hence 
there are two binary quintics apolar to the four given quintics defining the #,°. 
The curve may equally well be defined by these two quintics. The linear com- 
bination of these two forms in terms of a pgrameter determines what is called 
the fundamental involution on the curve. 

This is interpreted geometrically by noticing that any plane (r) cuts 
the curve K" in five points whose parameters are given as roots of a form 
which is a linear combination of the four quintics defining the curve. Hence 
any plane section of the curve will be apolar to the two fundamental quintics, 
and a necessary and sufficient condition that five points of the curve be on a 
plane is that the binary quintic defining them be apolar to each of the two 
fundamental quintics. If A, As, As, Aq, As are the five points and f= ax’, 
f = aë the two fundamental quintics, then the conditions are 


AMANAN AA Or, Su 0, OY, NA NE NA As TE 0, 


OT if S1, S2, $3, S4, Ss are the elementary symmetric functions of the five X's: 


* Presented to the American Mathematical Society, Feb. 26, 1927. 
t National Research Fellow in Mathematics. 
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{ loss 4- iss + QoS À aSa + aasi + as = 0 \ 
a oss + 184 + A’ oSs3 + &'a82 —- i 48) -+ a sxx: () 


From this point of view the study of the rational quintic becomes a 
study of the system of invariant and covariant forms of the two binary quin- 
tics. Of especial interest are the covariant forms known as combinants. An 
invariant or covariant of any number of binary forms of the same order 
fi, feo ‘°°, fr is called a combinant if it be unaltered except as regards a 
factor independent of the forms when each form is replaced by a linear com- 
bination of the type lf, + lef.-+-+ +--+ Uf, in which the Vs are constants.” 
The combinants are important geometrically because they are unaltered not 
only by a linear transformation applied to the variables, but also by any linear 
transformation effected on the coefficients. The natural geometric representa- 
tion of the combinants is in the theory of rational curves, and the projective 
properties of the curve are defined by them. 

The simultaneous system of covariant forms of two binary quintics has 
never been established. The complete systems of single binary forms up to the 
tenth order have been worked out by Gordan, Clebsch, von Gall, Sylvester 
and others. Gordan proved in general that the number of forms in either the 
complete system of a single form or of a simultaneous system of two forms is 
finite. The simultaneous systems of two forms as high as the fourth order 

, were set up by Gordan first in his article “ Die simultanen Systeme binärer 
Formen ” in Vol. 2 of the Mathematische Annalen. For instance the system 
of two quartics is given on p. 275 of that volume. 

We propose to concern oursetves here with the combinant forms of the 
two quintics, Inasmuch as this phase arises from the geometrical question. 
One might be led to suspect that the systems of combinants of either the set 
of four quintics which are the coordinate forms of the quintic curve or the 
set of two apolar quintics are equivalent, since the curve may be given either 
way. - This is indeed the case, as Meyer has shown.t In fact, by virtue of 
the relations existing between the fourth order determinants in one set and 
the second order determinants in the other we can secure one set of forms 
from the other, so far as coefficients are concerned. 

The theory of the combinant forms has been the subject of extensive 
investigation by Gordan in a memorable article “ Ueber Combinanten ” pub- 
lished in Vol. 3 of the Mathematische Annalen. Here he proved the theorem 


* Grace and Young, Algebra of Invariants, p. 314. 
į W. F. Meyer, Apolaritét und Rationale Kurven, 8 11. 
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that the complete system of combinants of two binary forms of the same order 
is identical with the complete system of covariant forms of the joint set of 
the first, third, fifth, etc., transvectants of the two forms. These odd-orderedo 
transvectants are combinant forms, and we remark besides that every in- 
variant or covariant of a combinant is also a combinant of the two quantics. 

E. Stroh called attention to the fact that such a system of covariant forms 
is not the most general of its type, due to the syzygies which exist between 
these odd-ordered transvectants. Let us suppose that the two given quantics 
are p and w of the mth order. These odd-ordered transvectants are then 
(dv), (dy)*, (bd), ete., of orders 2m— 2, 2m — 6, 2m — 10, etc., respect- 
ively. Now Stroh has shown * that such a complete system is the same as 
the complete system of a single binary form of order 2m — 2, the unique form 
apolar-to the two given quantics of order m. This apolar form of order 
2m — 2 is the form discussed by Gordan in his paper on resultants + and it 
_ vanishes identically if @ and y have two or more roots in common. 

Consequently we know exactly the number of forms in such a system 
provided we know the number in the system of the form of order 2m — 2. 
For example consider the case of two quartics. The first and third trans- 
vectants are a sextic and a quadratic respectively. The apolar form is a sextic 
and hence there are just 26 covariant forms in the simultaneous system, and 
thus 26 combinants of the two quartics. This system was given by Stéphanos 
in the Comptes Rendus.Ï 

We are interested here in the complete system of combinants of two 
quintics, and to the author’s knowledge little has been done on this so far. 
The first, third and fifth transvectants areean octavic, a quartic, and an inva- 
riant respectively. The single apolar form is an octavic, and so we have 
sixty-nine combinant forms (von Gall). Apparently the only work published 
on the combinants of two quintics is a short paper by Berzolari,§ in which he 
gives three syzygies connecting these odd-ordered transvectants above. 

Let us denote the two quintics defining the fundamental involution by 
Q = qz, Q’ = Q’. Then the first, third and fifth transvectants are re- 
spectively 


* E. Stroh, Mathematische Annalen, Vol. 34, pp. 321 ff. 

7 P. Gordan, “Ueber die Bildung der Resultante zweier Gleichungen,” Mathe- 
matische Annalen, Vol. 3 (1871), pp. 355-414. 

i C. Stéphanos, “Sur le système complet des combinants de deux formes binaires 
biquadratiques,” Comptes Rendus, Vol. 97 (1883), p. 27. 

§ L. Berzolari, “ Sui combinanti dei sistemi lineari di quintiche binarie,” Rendé- 
conti di Palermo, Vol. 7 (1893), p. 5. 
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f = a = (gg)grge, p= aat = (gg aug y= (gg) 
e If we denote the apolar octavic by F — F,5, we have the following relations 
due to Stroh: * 
(99') q2°q’a* = (1/12008) [Bis + (9/7) k? — (1/3) (Ai + 2BF)] 
(g9) gag a = — (1/200K*) [ (2/7) k: — i + (2/15) Ak] 
(gg) = (1/8008°) [(1/3) 4? — 20] 
where À is the resultant of the two quintics, and the forms on the right, all 


pertaining to F, will be explained later. 
Berzolari’s three syzygies are: 


(I) (FF) — (4/7) (fb)? + (1/15) yf — (15/98) $° = 0 
(IT) 2(ff)° + (15/7) (fp)* — (50/49) Hy — (1/8) y+ $ == 0 
(TIT) (ff) + (5/7) tg — (2/15) ¥? = 0. 
The explicit forms of part of the forms above may be written down easily. 
We have 
Q or Qa” = Qot" -+ BGE Lo -+ 10q2% 22" a 10g:7:°%%° -}- DQataiTe* +- Qst” 
g bag Qa” =S Qot" + Dq'1%1 To + 10q’2%1°T2? ct 10ga: T" + Dq'at1Te* + Q sT". 


Let us set pi; = igs’ — qiqi” (t, 1 — 0, 1, * ++, 5) where the q; are the 
actual coefficients. Then we have: 


f = (qg) la a = Ports® + Apot: Te + 2 (3 Pos + Sprz) 21 t2” 
+ 4 (Poa + 513) T1°%2° -+ (Pos -+ 15p14 -+ RO Pas) T1°Ta* 
+ 4 (pis | 5 oq) T1°T2° + 2(Bpes + DPsa) T1°%2° 
F bpesti + DasTof. 
p = (qg) gag a = (Pos — Bpi) 2:4 + 2 (Dos — 2 P13) T:°T2 
+ (Pos + vie 8 Ho3) 21 E? -}- À (Pis = R P24) T1T2° 
+ (Pos — 3Ps4) 2" 


y = (qg)? = Pos — Sprs + 10 pros. 


The apolar octavic is best expressed as the bordered resultant, using 
Bézout’s method of elimination. 


* E. Stroh, loc. cit. p. 326. 
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5Po1, 10 D0, 1072; 5 Poss Doss To 
10Do2; LOpos-+50pi2, Poa +505, Dos t25pis, DPiss — tite" 
103, 5poat+-50pis, Post 25pie-+100p05, pis +50 p04, 10Pes, 621 
Pos Pos FROPiss Pis +50 Poe, 10fo5-+50p34, 10935, — 42°: 
Dos, Pis; 10 p05, 10235, 5 Das, T1° 
Lo, — 4tite”, 62,72,", — 4T Ta, %1°, 0 


So according to the theory of Stroh we shall get the complete system of 
combinants of the quintics Q and Q’ by considering the simultaneous system 
of covariants of f, ġ, and y. Since y is invariant it may be neglected and 
we need consider only the joint system of the Jacobian octavic f and the 
quartic ¢. This system is in turn equivalent to the single complete system 
of the apolar octavic. Now starting with the two forms f and ¢ it is our 
task to set up the joint system of covariants and reduce them to the least 
possible number by use of the three syzygies above due to Berzolari. We shall 
make use of a formula known as Gordan’s series to effect this.. Namely, if 
f, D, y are three binary form of orders m, n, p respectively, we shall have the 
following: 


A a- e e 


(R) 
1 


PERT) 
+ o 4 


= (—1)“ 2 Gina p), pyar 
t 


2 ( "= i Ta pati, y} utat 


represented schematically by 

(f, $, y) (m, Nn, P; Æi; Gas Gs ) 
where G+ a, = m, G+ a,=n, G+ Ge = D, 
and either a =0 or a+a,—=m." 


The simultaneous system of two forms should contain ordinarily the 
complete system of each form alone together with the minimum number of 
such forms as are secured by transvection of a form in one system with a 
form in the other. But here the complete system of combinants can contain 


“Grace and Young, p. 56. 
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only sixty-nine independent forms, and there are that many in the system of 
the Jacobian octavic alone. This Jacobian is a general octavic form and none 
of its forms will be reducible in the domain of its own coefficients. However 
certain covariants of this octavic are connected with the forms of the quartic 
b and invariant y by the three syzygies of Berzolari. Since the forms of the 
quartic are much simpler than those of the octavic, it appears expedient to 
attempt to express as many of the forms of the Jacobian octavie in terms of 
the covariants of the quartic as is possible. Normally one would expect to 
consider the invariants of the octavic first, for they are simpler to handle and 
of more immediate geometric interest. 

Fundamentally then our object is to find a set of covariants involving 
forms of the quartic @ and the invariant y and simpler cross-transvectants 
of f and ¢ and their lower degree forms with which to replace as many as 
possible of the forms in the system of the octavic f. Certain of the cross- 
transvectants appear in this procedure, and since we know the maximum 
number of possible forms, and as it will appear later in the case of the inva- 
riants that we get at least this number, we need not concern ourselves for 
the present with the problem of direct cross-transvection from the system of 
the octavic to that of the quartic, which would be somewhat of an endless 
task. Briefly, if we can show that we get all necessary forms from the system 
of the octavic alone, we need not go further. This then we shall consider 
first. 

The complete system of the quartic œ contains five forms: 


$ = &s*; Hy = Het (ph); = (¢H¢); io = (ph)*; jo = (oHo)*. 


The complete system of the Jacobian octavic contains sixty-nine forms. It is 
given by von Gall in three articles in Vol. 17 of the Mathematische Annalen. 
The following table is taken from one of these articles (p. 149). 


k = (ff), tm (PS, H= (ff), fu (fk) fe (fk)... 
p= (ft)®, O=(ft), T= (Af), A= (kk), S= (Hi), 
fu (file) . . ., fas (fd)*, f= (fA), . . ., 

= (kA), a eS es faa ~= (AANS a a g TR RE 
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In undertaking the reduction we shall confine ourselves to the invariants, 

but it will be necessary to reduce some intermediate covariant forms as well. 

°The reduction process for the invariants of higher degree becomes very in- 
volved and for these the method of attack and the results will be sketched very 
briefly. An attempt will be made to outline the methods as clearly as pos- 
sible for the lower degree forms. 

We begin with the inyariant A = (ff)®. From Syzygy (III) we notice 
at once that it can be written in terms of y? and 14. Then we may say that 
A is reducible in our sense; that y and tẹ are fundamental. 

The next invariant is B= (fv)*, where += (ff)*=—71,°. From Syzygy 
(I) 4 is expressed in terms of (f¢)*, yf, $°. Then in the transvectant form 
(fi)$ we replace + by each one of these and attempt a further reduction by 
Gordan’s series. We shall frequently use the following notation for this: 


i= yf, 67, (fo)? or also == (1), (2), (3); 


that is, each of the constituent parts will be numbered serially and if there 
are several component parts of either member of the original transvectant, 
the transvectant of any two members will be indicated by compounding the 
numbers. The system of indexing will become fairly self-explanatory as we 
proceed. 

Then we turn to the reduction of the invariant B. 


Bl: y) = yA = yip, y; B2: (fé) = (fẹ); 
B3: {(f)*F}*(8, 4, 83 2, 6,2) = { (ff) °o}* = (ko) *; 

° k= Hg, y: 6, (fé) = (1), (2), (3); 
B31: (¢He)*= jo; B32: y(bb)* = y; 

B33: {$f)*d}* (4, 8,4; 4, 0, 4) = (g7f)*. 
So that if we take the forms y, is, Jẹ, (¢?/)* as fundamental, we have B—(fi}s 
reduced in terms of y-ig, y’, (¢?f)*, jo. 

The next invariant is of fourth degree, C = (kk)*. From Syzygy (IT), 

k is given in terms of y: ¢, Ho, (f¢)* [(1), (2), (3)]. So we take the fourth 
transvectant of k with each of its three members. 


Cl: y(¢h)*=yij¢, vie, (¢°f)*. 

C2: (kiT¢)*; k == Ho, Y° 9 (f$) = (1), (2), (3). 
C21: (HeHe)* = Wip; C22: y(¢Hs)* = yje; 

C23: {(pf)*Ho}f(4 8, 4; 4, 0,4) = (Hs, f). 

C3: {(fb)*k}*; k= He, y'o, (f) = (1), (2), (3). 
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O81: (HF) He} = (pHs, f)"; C382: y{b(of)*}° = y(¢°f)*; 
C33: {(fp) (fp) I (B, 4, 43 0, 4, 4) = ((F(fb)*)*b}*; 

{ENTI (8, 4, 85 0, 4, 4) = (ip) * + (18/7) (hp)? + (1/5) A> à. 

= (1), (2), (3). 

0331: {(gi)‘6}!— (#05; ime gt, vf, (F8)*= (a), (b), (6). 
Casa: (478°) (6-6, $°)? —= {(o$") 4G}! — (18/35) ig’ * 
C331b: (4°, yf)* = (9%, f)*s E 
Cale: { (f4)*6*}* = { (80°) P} = (5/1) (Ha, f)°. 
0332: {(ék)6}— (Hek) æ ist, vis, ($H f)*s (Cf. C2]. 
C333: A(ddh)* = Aip = yie, 16°. 


So the invariant C = (kk)* is reducible as y*-4%, yje, 19°, y(#°f)°, 
(pil, f)*. 


The next following invariant is the one of fifth degree 
fis = (fale) * = {EURE 


In order to accomplish the reduction here we must first secure the expression 
for the covariant form fp: 


re (fk)*; k=y: $, Ho, (f$) = (1), (2), (3). 

fl: (y) = yfe); f: (He) = (fHe)*; 

f3: {GAP = (ib)* + (12/7) (ep?) + (1/5)4 -p = (1), (2), (3). 
31: (ip)*; t= (fo)’, yf, = (1), (2), (3). 

311: {(f6)°b}* = {(of)*b}*(4, 8, 4; 2, 2, 2) ; 


S acl (gf) 6}! = E byl (09) IS 
where the actual numerical values of the literal coefficients ai, b; in these sum- 


mations can be written down from the general form for Gordan’s series given 
above. 


CODEX = — rA — (2/7) (of) A) + (Hop); 
(PAFL 89421,3); D alo) et = À dsl (oo) 70 
APAE = — (1/2) {(af)*6}? + (1/2) (Hef)! 

((4f)*9)°(4, 8,45 20,4) 3 (NP = E bil ($6) NY 


* Grace and Young, p. 92. 
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(Cf) = (PF) + (2/7) (Hef) 
-. {( bf) ?p}* = (8/14) (4f) + (55/98) (Hef)* 
e312: (db, yf)*=y(fe)*; 313: (bb) = (18/85) 19° ¢. 
82: (kb); k= (jp), Ho, y'= (1), (2), (8). 
B21: {(pf)*b}° = (PF) + (2/7) (Hef)*; 3822: (Hed)? == (1/6) t9¢; 
323: y(¢¢)*=yHe; 33: A p= yo, t'e. 


Hence fy is expressed in terms of 
v(fe)*, (Hef)*, CT)", 1969, Hs, y’¢- 


In the work to follow there is no reason why we should retain the nu- 
merical coefficients which occur in the expansion by Gordan’s series, and in 
fact our work will be very much easier if we do not. Then we can make use 
of a short cut which will be of very great advantage in saving time and labor. 
For instance, in reducing the form {(f¢)*¢}*, we notice that it is expressed 
in terms of {(f¢)*¢}* and {(f¢)‘¢}*. Furthermore when we have reduced 
these and substituted back, we notice that all the different types of terms 
which occur in {(f¢)*¢}* also occur in {(f¢)*¢}*. We are interested only in 
the different types of terms which can arise, and so it is much easier to use 
{(fo)*h}? than {(f¢)?6}* and so avoid the troublesome reduction on the left 
side of the series and the substitution. For a given form it is always possible 
to tell by inspection the form by which it can be replaced, but the method 
must be used with caution not to violate the conditions under which Gordan’s 
series may be used. This device $ used continuously in the work to follcw. 

We are now prepared to reduce the invariant fx of the fifth degree. 


fu=y(fe)*, (Hs), Vp’ p, ye, Y” à, Ce "= (1), (2), (3), (4), (5), (6). 
k = (f)*, Ag, y` o= (1), (2), (3). 
fall: y) Fo) = vie, vo, y te?, YET) (oH, f); 
12: yif) Ho} = y(¢He, f)®; 18: yif vo} = y (e7f)* 
21: {(fH¢)*(fo)*}* = (Fp) Hs)"; 

(FH) = (p°f)°, (Hof)*; yfe), ip "oO; yg, yg 

== (1), (2), (8), (4), (5), (6). 

211: {( F) Hey = {P He) F] = (Hef), ilef); 
212: {(Hof) He) = (He f)"; 218: y{ (4f) Hey = y(¢Ho f)"; 
LA: 16(DH6) = ipjo; 215: y(HoHy)* = Yyip’. 


Moore: On the Invariant Combinants of Two Binary Quintics. 425 


81: ip{b(fh)*}* = iel f); 32: 26 (pe) = toje; 33: (io, y} = yig". 
41: y{Ho(fo)*}*= y(oH¢,f)*; 42: yeHe)* = yio; 

43: {yHo, y$) = yje o 
51: y{p(pf)} y (#7); 52: y?(6Hs)* = yje; 

53: {y y$] = yio. 
61: {PPSF = {FV VE. | 

{ (FO) FF (8, 4, 8; 0, 2,4) = (Ho), (i$) t= (1), (2), (2). 
611: {(pH)*o?}* = (°, H)”; 
612: {(pi)°h?}* = { (6G?) ai} = (pH6,i)$; 
i= (fo), yf, # = (a), (0), (£). 

612a: {(of)*, pH} = {(¢, He) TYF = (Ae’f)®, ielo); 
612b: {yf, pUe} = y(f Hs); 6120. (p°, pHo)? = tofu. 
613: (pk, p) = { (bh) k) = te (pk) * = tee, vis”, tol)"; 
62: {(¢*f)°Ho}* = {(¢?Ho) TF = (Hef), ielo): 
63: {($°f),° yo}* = y) TT = y( oH, f)®. 


Conclusion: fi is reduced rationally and integrally in terms of: 
vie”, ve, ve, y(PHs,f)*®, PT (8T) (He), iojo, (pH). 


So far we have as basic invariants y, tẹ, Jo, (PP), (bHs,f)5, (Hef); 
(Hb#H)%, The last two have occurred first in frr. 
We are interested next in the invariant of sixth degree, 


qu (irk) t = { (ik) t b} 


To reduce it we must first get the forms appearing in the quartic covariant 7x. 
From the first two syzygies (I) and (II) we have 


t= (jp), yf, P; k= (f¢)*, Hs, yte. 
We find that îi» is reduced in terms of (tef)®, t6(¢f)*, y(Hof)*, isHe, 
jo, ($f): $, (He, 1} Yi, ys, (H¢7)%, y(¢7F)°, y (Fo), ye- 


îy is a covariant form of order four, degree four. 


Then taking the fourth transvectant of each term of iy with each one of 
the three forms of k, it can be shown that i, can be expressed in terms of the 
following : 
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jolh T), 16(¢H¢,f)*, y(He7f)*, yield f), 10°, Jo, viejo, Vios Y ($H p F5, 
Y° 16; Jelp f) i (pf) i (pf) j (Ho, H) + y( H) “5 y? (pf) ss y le. 
* ‘The fundamental invariants are: 
Ys Ts 16: (°F) 3 (pHo, f) z (Hf), (+H) oe, (Ho, H)”. 


The invariant fra == (frA)* comes next in order. To reduce it we need 
first the covariant A == (kk)?. We find that A may be replaced by: 


(Hp), (HF) p, w(Of)*, (tof), y(Hof)*, He, jop, vob, (bo, f)°, 
y(¢7f)°, yHEe. 
At the same time we have 
fe = y( fẹ)‘, (fH#)”, tod, yH¢, yo; (p*f)°. 


We take the fourth transvectant of fy with A. The result is that fra is reduced 
in terms of the following transvectants: 


YPF (DT), vie, yt (He, f) Je, yil f) y(¢* He, H)”, 
ve lef), yigie, Y(He°f}°, P(E)”, yije yip, y (¢He f)" 
Ye, (PT) (Ho,f)°, (Hef); (PH), io (pf) 19799, Je(dHo,f) 
(pHs°, H)”. | 


Then we have found as fundamental invariants thus far: 
Yo ps Jos (DT), (Ho: f)", (Hof), (85H), (PH, H)” (Hs, H)™. 


The invariant next to be considered is %a == (%A)* of eighth degree. 
x is expressed by means of: 


tolf), Y (F) (He), job, (PF): 6, yie, yo 
Hg, YHo, YCF) (tof), (pHo f), (H¢?)® 


A is reduced in terms of: 


(Hp°}°, (pf) Sp, 16(fh)#, (tof)°, y(Hef)*; oll ¢, jop 
yod, (¢Ho,f)*®, yC F), yHe. 


Now if we take the fourth transvectant of all members in one set with 
all those in the other we can show that ta is expressed in terms of the following 
invariants. 
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yis($°H) r yig (H* of) 7 yie je, yip (¢"f) 8, yjọ (Ho, f) s, y( of)? Chile. 


y(o¢’, H)”, y, Y'o(pHo,f)°, vip)", Yio VST CIDR 
y (pHo, H)”, Pigios vo (PF), PPE)”, P(T, vito", o 
y (eHe f)*, yje dé“, 16 (pile, f)" 169”, isje(p°f}5, 


(BP), iol Ho D), jal), jo(Hof)*, (PPH), (Gf) (Heth)? 
(Ho, (6H, f)", (HeH)? 


The basic invariants are 


Y» 19, Je; (p°f)°, (pi9,f)*, (Hef)’, (#H)”, 
($° Hg, H)”, (He, H)”, (He H)”. 


We consider in sequence the invariant of ninth degree, f,, == (faA)*. 
Hence we must first reduce the quartic covariant fa. 


A is reduced in terms of the following covariant forms: 


(HA), (PF) d, io(of)*, (tof), y(Hof)*, eH, Jop, vied, 
(pHo, f)", y(¢°f)°, YHo. 


From these we have fa given by 


19°, Yio?  Yt6p, y(¢*f)*6, (Ho, f) $ 
yoo, yHe, joes, (HF) Ho, (PFY (hf), 
vis(df)*, jo(ef)*, (Hf) PDS PDS, 
telp f), y(¢?H)®, (Ho, H)°, yHs)*,  (ie)’, 
y(i)", (pHo,1)°, y (kH6)*, telke)”,  (kis)*, 
($?p)®, (f) (p°f2)°, (¢7fs)°, (Hofx)*, 
oti. 


Then using this set and the set for A just preceding, we start to re- 
duce faa- This is a very long and involved process, and due to the style 
employed, no record has been kept of all the possible combinations of factors 
which occur. It can be shown definitely however that f,, is composed of 
invariant terms, every one of which is a product of invariants taken from 
the group of fundamental forms following: 


Yə 16, Jé» (#*f)°, ($H, I); (HT), ($H), (H He, HY”, (¢H¢’, a, 
(TSH), (to, T)". 


The last form is new and occurs for the first time in this ninth degree in- 
variant. 
8 
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The last invariant is 4, of tenth degree. As above, we need the reduced 
form of the intermediate covariant form ta, of degree six and order four. We 
e remember that + is given by (f¢)*, yf, 6? and that 


A= (Hp), (HF) p, to(Of)*, Gof)", yof), tHo, 
joo, vlog, (Hs, f}°, yT), yHo. 


By taking the cross-trahsvectants we find that set of forms which we may 
use for ta. In the reduction followed out there are ninety-one of these forms, 
and a list of them will not be given here. This does not represent the mini- 
mum number of such forms however, for it is often hard to tell which of 
several covariant forms is the simplest. It is sufficient to say that part of 
the forms in this list of ninety-one are reducible in terms of the others. But 
it appears easier to reduce them in a transvectant which is an invariant than 
before this point. From this point of view we use methods in reducing 
invariants which would be quite long and involved in the reduction of co- 
variants. 

From the list of forms comprising ta and the constituent forms of A 
itself given previously we are ready to undertake the task of reducing the 
tenth degree invariant. The procedure is so long and tedious that we shall 
merely state the results. Most of the reductions are accomplished in terms 
of intermediate forms which have already been treated. 

We find that z,, is composed of members which are compounded of the 
list of basic invariants following: 


Ys Ud; Is ($f) 5 (oH¢, f) a (Hef) A ($H), (+ HEp, H)”, ($H, H)”, 
(HH) K (pto, T) de (Hoto, TI 


Now it has been shown that the nine invariants of the Jacobian octavie f, 
of degree two to ten inclusive, can be replaced by the twelve fundamental 
invariants given above. In the higher degree invariants the reduction has 
not actually been carried so far, but has been accomplished in terms of inter- 
mediate forms which have already been shown to be equivalent to these twelve 
forms. 

The twelve fundamental forms found are characterized, aside from the 
first three, by the fact that the transvectant symbol representing them has 
only forms of the quartic on one side of the symbol, forms of the octavic on 
the other. In this sense they might be called pure. The invariant y is a 
joint invariant of Q and Q’ and does not occur in the simultaneous system 
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of fand. The two invariants ig and jg are basic invariants of the quartic ¢. 
The others are joint transvectants of the simpler forms of f and ¢. 

It remains for us to reconcile our results with the general theory on 
which the investigation is based and in this respect the work is incomplete. 
Let us refer again to the three relations of Stroh, connecting f, $ and y with 
the covariants of the apolar octavie F == F5 We note that f, ¢, y, each 
multiplied by the power of the resultant R, are equated to expressions involv- 
ing covariant forms of F, and that each one of these three expressions is 
of degree sixteen in the p’s. All our twelve fundamental forms are trans- 
vectants of the three forms f, ¢, y and hence if we perform the trans- 
vection on the right as indicated we can ultimately reduce these to poly- 
nomials in the invariants I, + + + Lo of F, ranging in degree from eight to 
forty, for Is - + + Iio comprise the complete system of invariants of F. 

Theoretically we should get nine invariants for the complete system and 
we have twelve. From the form of Stroh’s three relations we may infer that 
the resultant R might be added to the list and that three forms of the list 
are superfluous. But Æ itself can finally be expressed in terms of these twelve 
forms, from the form for À given by Gordan on p. 389 of Vol. 3 of the Mathe- 
matische Annalen. While we are able to get all our twelve forms expressed 
as polynomials in Z, «+ - Jy, of the apolar octavic, we have no obvious way 
of getting the J, +--+ Iio in terms of y, 4, jo, ° °°, etc., and this prevents 
us from drawing conclusions as to the number of independent forms in this 
system. 

If we examine our list of twelve fundamental forms more closely we are 
led to several additional conclusions. In the first place, the invariant y which 
is certainly a combinant form of Q and Q’ is not found in the joint system 
of covariants of f and ¢, for it is of the first degree while a transvectant from 
this system must be at least of the second degree. Next, while we find the 
transvectant forms (do, T), (¢?Hots, TY in our set, we do not meet the 
remaining two forms of similar composition, (dH tg, T), (He*ts, T)*8, as 
we might expect from symmetry. This might be advanced as an intuitional 
argument for believing that the first two mentioned are superfluous. Fur- 
thermore no additional forms of this type can occur, for T is the highest 
ordered. covariant in the system of f which can be used, and if we had on the 
right side of our transvectant symbol the product of two forms of f for a 
transvectant of higher index, the form would be reducible by a criterion due 
to Gordan. 

So we are still faced with the problem of determining how many of these 
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forms furnish a complete system of invariant combinants for our two quinties. ° 
This question even for the lower ordered forms has not been treated exhaust- 

ively in the literature. For instance the treatment of the case of two quartics 

by Rowe * is not complete. It is hoped that some means of treating this 

problem in general can be secured. And of course we are still faced with 

the problem, much larger in scope, of the complete system of covariant com- 

binants of the two quintics, of which the matter of invariants is only a small 

part. ° 


* J. E. Rowe, Transactions of the American Mathematical Sociely, Vol, 12, p. 305. 
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A Boundary Value Problem of Ordinary 
Self-Adjoint Differential Equations 
with Singularities. 

By MARION CAMERON Gray.’ 


Introduction. The problem of solving the ordinary homogeneous seli- 
adjoint differential equation of the second order with singularities, subject to 
given boundary conditions, has been discussed by Hilb.* Ile considers the 
non-singular equation 


(d/dx) (adu/dx) + [—g(v) +Ah(2)/z] u= 0 (eS 5 1) 


with the boundary conditions u(e) == u(1) == 0, and introduces a singularity 

hy allowing e to become zero. The functions g and k are continuous, and h is 

positive in (e, 1). Hilb finds a Green’s function for the equation, and the 

corresponding integral equation; then, in passing to the limiting case e= 0, 

he applies the Hilbert ł theory of quadratic forms in infinitely many variables. 
Weyl f has discussed the more general equation 


(d/dz) (p(x)du/dx) — q (x)u + Au = 0 (OS=t< ©) 


with homogeneous boundary conditions at zero and infinity. The function y 
is continuous, and p is continuous and positive in the interval (0, 0), so that 
the only singularity is at infinity. Weyl also introduces a Green’s function, 
and applies to the resulting integral equation his theory of smgular integral 
equations § which is based on Hilbert’s work. He distinguishes two types of 


* E. Hilb, “ Uber Integraldarstellungen willkiirlicher Funktionen,” Mathematische 
Annalen, Vol. G6, pp. 1-66. The work of Wirtinger, Mathematische Annalen, Vol. 
48, pp. 387-389, may also be cited. 

+ D. Hilbert, Grundzüge einer allgemeimen Theorie der linearen Integralgleichungen, 
Leipzig (1912). 

+H. Weyl, “Uber gewöhnliche lineare Differentialgleichungen mit singuliiren 
Stellen und ihre Higenfunktionen,” Göttinger Nachrichten, Mathematische-Physische 
Klasse, 1909, pp. 37-63, also “Uber gewöhnliche Differentialgleichungen mit Singul- 
aritiiten und die zugehörigen Entwicklungen willkürlicher Funktionen,” Mathematische 
Annalen, Vol. 68, pp. 220-269. 

§ H. Weyl, “Singulire Integralgleichungen,” Mathematische Annalen, Vol. 66, pp. 
273-324, 
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singularity, the limit circle type, which leads to solutions for complex values ` 
of A, and the limit point type, which leads to solutions only for real values of À. 
e In a later paper * Weyl extends his method to the equation 


(d/dz) (p(x) du/dx) — q(r)u + Ak(z)u = 0 
(— © <z< 0) 


where the function k is çontinuous, and there are singularities at both ends of 
the interval (— œ, œ), first for the case in which k is positive, and then for 
the polar case in which k may change sign. 

In the present paper we consider the equation 


; (d/dz)(p(x)du/dx) + qg(x)u + àu = 0 (0=T= r) 


with boundary conditions u(0) = u(r) —0. We assume that the function q 
is continuous, and that the function p is continuous with a continuous first 
derivative, and vanishes a finite number of times in the interval. We intro- 
duce a complete normed orthogonal system of functions, (x), satisfying the 
boundary conditions, and use it to pass from the differential equation to a 
system of infinitely many equations in an infinite number of unknowns.f We 
consider the case in which this system of equations has solutions only for real 
values of A, Weyl’s limit point type, and we apply the results of the Carleman į 
theory of integral equations of Class I, for the special case of quadratic forms. 
From the solutions of the system of infinitely many equations we derive solu- 
tions of the given differential equation and discuss their properties, referring 
in this connexion also to the Hellinger § theory of limited quadratic forms 
(§§ 1 and 2). ° 

In $ 3 we introduce a theory of limited differential systems, by means of 
which we derive ($ 4) an expansion theorem for an arbitrary function f(x), 
subject to the conditions that f be continuous, satisfy the boundary conditions, 
and have a first derivative which is integrable and of integrable square in 
(0,7). The corresponding expansion theorems of Weyl and Hilb require 
further the existence of the function 


* H. Weyl, “Über gewöhnliche lineare Differentialgleichungen mit singulären 
Stellen und ihre Eigenfunktionen,” Göttinger Nachrichten, Mathematische-Physische 
Klasse, 1910, pp. 442-467. For further references to the literature of the subject 
we may refer to those given by Weyl in the introduction to this paper. 

f Anna Pell Wheeler, “ Linear Ordinary Self-Adjoint Differential Equations of the 
Second Order,” American Journal of Mathematics, Vol. 49 (1927), p. 310. 

t T. Carleman, Sur les équations intégrales singulières à noyau reél et symétrique. 

SE. Hellinger, “Neue Begründung der Theorie quadratischer Formen von 
unendlichvielen Veränderlichen,” Journal für Mathematik, Vol. 136, pp. 211-271. 
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| (d/dx) (p(z)df/dzx), 


though we may note that Plancherel * has obtained an expansion theorem 
for the Hilb problem in which he requires only that f be continuous and of 
bounded variation in (0,1), vanish at each end of the interval, and be such 
that the integral 


free 


converges. 


1. Properties of the Solutions of the System of Infinitely Many Equa- 
tions Arising from the Differential Equation. We consider solutions of the 
linear homogeneous self-adjoint differential equation of the second order 


(1) (d/dz) (p(«)du/de) + g(2)u + Au = 0 


which are of integrable square in the interval (0,7). The function g is con- 
tinuous in (0,7), the function p is continuous with a continuous first deriva- 
tive, and vanishes a finite number of times in the interval. The boundary 
conditions are assumed to be 


(2) u(0) = (x) =0, 
if p(0) 40 and p(r) ~0, but if for example p(0) — 0 the conditions are 
(2’) lim p(z)u(z) —0 and u(r) —0. 

a~>0 


An auxiliary system of normed orthogonal functions satisfying the 
boundary conditions (2) is 


(3) dm(Z) == (2/r)* sin ma, 


and this system is also complete. 

To obtain from the system (1) and (2) [or (2’)] a system of infinitely 
many equations in an infinite number of unknowns we multiply equation (1) 
by m(x), and integrate between 0 and v,} 


f (PW )'pm + f qudm + À jf. Udm = 0. 


*M. Plancherel, “ Integraldarstellungen willkiirlicher Funktionen,” Mathematische 
Annalen, Vol. 67, pp. 519-534. 

f When there is no ambiguity we shall omit the variable of integration; for 
definite integrals in (0, m) this variable is always æ. We use primes throughout to 
denote derivatives with respect to x. 
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Now . 


f (pw) pm = f (Phm ) Us 


since dm satisfies the boundary conditions (2), while u satisfies the conditions 


(2) or (2°). Also 
SE u= fT vine flux 


by the known properties of the complete system (3). A solution u of the 
system (1) and (2) [or (2’)] therefore satisfies the system of equations 


Sf Oone f whe +E S onpa f ude tr fun = 0, 


which may be written 


& ao 
(4) 2 Pmnln -+ 2 Jmnn -+ ATm == 0, 
nz n= 


where 
T 
Tm — f Udm, 
Q 


Pmn = f i (Pon) pns 


and 


Gmn = f Qhmbne 
9 


The matrix P = (Pma) is symmetric, the rows are of finite norm, that is 
“Pmn* converges for every value of m, but P is not limited. The matrix 
Q = (mn) is symmetric and limited. 

The matrix P + Q is of the type for which Carleman has given an exist- 
ence theorem.* In this paper we consider only the case in which P + Q is 
of Class I,f that is, the system of equations (4) has no solution of finite norm, 
not identically zero, for complex values of À. 

The system of equations (4) may, however, have solutions of finite norm, 
not identically zero, for real values of A, the characteristic values. Let these 
values be Ag, and the corresponding characteristic solutions lam. These char- 
acteristic values of À form the point spectrum. 

Let Af (A) = f (2) —f(A1) denote the increment of the continuous func- 


* Carleman, L. e, ch. 1. 
f Carleman, J. c., p. 187. 
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* tion f(A) for the interval A= (M, àz) of the real A axis, and consider the 
system of equations 


(5) D Pa Apr (À) HE gmn Apa (A) + Í Adpn(A) = 0, o 


which may have solutions of finite norm, and not constant, for certain intervals 
A of the real À axis. These intervals A form the continuous spectrum, and the 
corresponding characteristic differential solutions pm(A) are continuous and of 
bounded variation in À. They are determined up to an additive constant, which 
we fix by the condition p»,(0) — 0 for every value of m. The sequence 
{om(A)} defines a continuous monotonic non-decreasing function of bounded 
variation in À 


p(X) =E [mA] A> 0 


(6) = 0 Lax 0 
=a [en(A)]®> A<O 


The function p(A) is called the basis function of the solutions pm(A). 

The term spectrum is used to denote the values of À which belong to the 
point spectrum, the limiting points of the point spectrum, and the continuous 
spectrum, and we know by the theory of forms of Class I that such a spectrum 
exists, that is, there are solutions of finite norm either of the linear system 
of equations (4), or of the differential system (5) or of both. Further, since 
the matrix P is not limited, the spectrum may extend over any part of the 
real À axis. . 

We may note that there may be more than one sequence of characteristic 
differential solutions satisfying all the conditions imposed, but for the present 
we shall assume that the continuous spectrum is simple, and return later ($ 5) 
to the more general case. 

The sequences {lam} and {pm(A)} form an orthogonal system, satisfying 
the relations 


(7) 2 lam lam = Cap == 0 a == B 
= Í a== B, 
(8) 2 Aipm(A) Aspm(A) = Arp (À); 


where A, and A. are any two intervals of the real A axis in which there is a 
continuous spectrum, and A,» the interval common to the two intervals A, 
and A: Finally the two types of solutions are orthogonal 
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(9) 2 lam Apm(A) = Í 


for every «, and every value of A.“ 
° If the system of equations 


(10) 2 (Prn + Gmn) En == Í) 


has no solution of finite norm other than zero, the solutions fam and pm(A) 
form a complete system, Satisfying the relation 


(11) 2 lamlan + [Len === Emn» 


The proof is easily obtained from the following result which is a special ease 
of a theorem given by Carleman.f 

Let the matrix of the system of equations (4) be of Class I, with char- 
acteristic numbers A, and corresponding characteristic solutions lame Let the 
continuous spectrum be simple with characteristic differential forms pm(A) 
and basis function p(A). Write 


Ye + > lanYny Xa == > lanta 
Ay (A) =È Apn(à)Yn  AT(A) = 2 Apn(À) Tn, 
n n 


where {2n} and {yn} are sequences of finite norm, and {z,} is such that 
Dtm[ D (Pmn + mn)” ]” converges. Then 


(12) — 2 (Pan + Qun) Yn = 2 aY alam + i De > 


(18) 3 (Pun + dn) Pmt => en ae In AURA 
p(à) 
The series and integrals involved are absolutely convergent. 
These expansions show at once that there is no sequence of finite norm, 
not identically zero, orthogonal to all the sequences {lam} and {pm(A)}. For 
any two sequences {tm} and {yn} of finite norm we obtain expansions 


(14) Yn = 2 lam > 


ib 


yank S dpm (A) dÈ Yapa (A) 
nan am 


* For proofs of these statements about the spectrum we may refer to Hellinger, 
l. c, pp. 240 et seg., and Carleman, l. c., ch. 3. 

+ Hellinger, L. c., p. 237, defines this integral in a finite interval, and the definition 
is extended to an infinite interval by Weyl, l. c., Mathematische Annalen, Vol. 66, 
p. 288. 

+ Carleman, l. c., pp. 101-102. 


ny 
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& d > tmpm (A)d > Ynpn (A) # 


(15) = Emym = D 2 lamin 2 lanYn + f = dp (A) 


and the relation (11) follows immediately. 


2. The Solutions of the Differential Equation. From the solutions lam 
and pm(A) of the last section we can now derive solutions of the differential 
equation (1). Consider the sequence {pm(A)} which is a solution of finite 
norm for the system of equations (5). By the Riesz-Fischer theorem 


(16) pr) = È u(@d)dn(x)de 


for a function u(z, A) which is of integrable square in in (0,7). Further 
the sequence {$ Pinnpa(A)} is of finite norm. Now 


mw 7 
S Panpn(A) =f (nn )'én (l'un 
T 
5 f (Phm J'u 
0 
= — (2/r) 2m? Í, pu sin mt + (2/r)® m f, p'u cos ME 
0 0 
T T 
== (2/7) m lf p'u cos mx — m f pu sin ma | 
8 0 


The function u is such that this is of finite norm, and therefore the factor in 


the bracket is of finite norm. But the sequence (f pu cos mg} is itself of 
0 


F 
finite norm, therefore the sequence (m f pu sin mz} is likewise. It follows 
Q 


that the function pu has a derivative almost everywhere which is integrable 
and of integrable square in the interval (0,7), and, since p has a derivative, 
u has a derivative almost everywhere except perhaps for the zeros of the func- 
tion p. We have also u(0, À) = u(x, À) == 0, unless p(0) = 0 or p(r) = 0, 
and in all cases. lim p(z}u(z, A) = lim p(r)u(z, À) = 0. 

g> GT 


Further, the expression 
T T . 
m f pu cos mz — m? f pu sin Mz 
J 0 o 


* Carleman, 2. c., p. 103. 


438 Gray: A Boundary Value Problem of Ordinary 


is of finite norm, and 


T T 
— m? f pusin MT = — m f (pu) cos mx. 
0 


0 
Hence 


w 
m f [pu — (pu)’| cos mx 
0 


is of finite norm, and therefore the function p’u— (pu)’ has a derivative 
almost everywhere which is integrable and of integrable square in the interval 
(0,7). Except at the zeros of the function p this function may be written pw’, 
so that at all points for which p(z) 540 the functions wu’ and (pw’)’ exist 
almost everywhere. Further we have 


S tue 7 de = ST S upal = 00), 


and therefore f [u(x, À) ]? dz converges to a continuous function of À. 
0 


Now Weyl * has defined a differential solution u(x, À) of equation (1) as 
a real continuous function of x and of À, for which the integral 


T 
f [u(æ, A) |* dx exists as a continuous function of A, and which satisfies the 
0 


boundary conditions (2) or (2’) and the equation 
À 
(17) (wy +qu+ f rdut =o. 


By the properties we have already found of the function w(x,A) defined by 
equation (16), we need only show that it satisfies equation (17) in order to 
prove that it is a differential solution of equation (1). Return to the system 
of equations (5) satisfied by p»(A), and write it in the form 


2 f, (Pem) Pnåpr(à) + 2 fe Q Pmbn Apa(A) + J, Adpn (A) = 0, 


Substitute for Apm(A) from equation (16) 


f, (ppm) Aule, A) + f aémau(s, à) + f bm S. à du(z, À) =0. 


* Weyl. l. c., Mathematische Annalen, Vol. 68, p. 239. 
+ In the Stieltjes and Hellinger integrals used throughout the variable of integra- 
tion is always À. 
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Take A to be the interval (0,A), then Au(z,A) =u(z, à). Further 
T T 
f, (Pbn’y’u(r) = f [pu (pu) Von 


by the boundary properties of the functions w(x, à) and #,(zx), and therefore 
finally 


(18) fon Ep'u— (ou)7 + qu + f° rdu(a,a)} — 0. 


At all points for which p(x) s40 this may be written 


À 
(pw) +qu+ J Adufe, à) —0, 


so that the function u(x, À) is a differential solution of equation (1), except 
perhaps at the zeros of the function p. 

If we consider the solutions lem of the system of equations (4) we can 
show in a similar manner that the functions ug(x) defined by 


(19) — f ” tta(2) dom (22) de 


are solutions of equation (1) except perhaps at the zeros of the function p.* 
T 

The functions a(s) are such that the sequence { m f Plüahm} is of finite 
0 


norm, so that the function pu, has a derivative almost everywhere which is 
integrable and of integrable square in the interval (0,7). 

The solutions u(x, À) and ua(z) have orthogonal properties similar to 
those of the systems pm(A) and lam. They Are derived immediately from the 
corresponding relations (7), (8) and (9), and have the form 


(20) f "kO dis Cade me Gap, 


(21) f. T AlE À) Aale Ade == Aup là) 


for any two intervals A, and A, of the real À axis, and 


(22) f ta(£) Au(z, À)dr = 0 
0 
for every value of a, and every interval A. 
* These solutions have been obtained for the non-singular differential equation 


u” + qu +u = 0 by Anna Pell Wheeler, l. c., American Journal of Mathematics, Vol. 
49 (1927), p. 312. 


© 
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8. Limited Differential Systems. We now introduce the conception of 
limited differential systems, and prove some properties of these systems analo- 
gous to the known properties of limited matrices. These are used later in 
obtaining an expansion theorem for an arbitrary function f(x), subject to 
suitably imposed conditions, in terms of the solutions ug(z) and u(x, À) of 
§ 2. The functions pr(A) and p{A) used throughout this section are the char- 
acteristic differential solutions and corresponding basis function of § 1. 


Definition I. Let f(X) be a continuous function of A in the infinite inter- 
val (— œ, œ), and let w(A) be continuous and of bounded variation in that 
interval. Then the function f f(A)du(A) is integrable H(p) in (— &, œ) 

A 


if the Hellinger integral 
= [du(a)]? 
CAR estat ed J D 
jf, For ASS 
converges.* If J f(à)du(à) is integrable H(p), and if, further, Ag (A) is 


any function integrable H (p), then the integral 


du( du (A) dg(à) 
f. 10) ET 


is absolutely convergent. 
Definition II. The system f f(A)dum(A) is a differential system in 
A . 
(— 0, œ) if J f(A)dumn(A) is integrable H(p) in (— œ, œ) for every 


value of m, and if further, the series D [Um(A) ]? converges to a continuous 
function u (à). 
Definition II. The differential system À f(A)dun(À) is limited in 


(— œ, co) if the sequence 


9 dum (A) dg (A) 
{fire * dp (A) 


; La So a [dg(A) F° ; 

is of finite norm and norm < M [FC] TOA’? for every function 
“OO 

Ag{A) integrable H (p). 

A similar definition holds for a finite interval. 


THEOREM I. The system Apm(A) is a limited differential system. 
* This definition is similar to that given by A. J. Pell, “Linear Equations with 


unsymmetric Systems of Coefficients,” Transactions of the American Mathematical 
Society, Vol. 20, p. 26. 
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By the statements of § 1 we see immediately that Ap,(ÀA) is a differential 
system, and it remains to prove that it is limited. The orthogonal relation 
(8) is equivalent to the relation 


© du(A)du(À) © du(r)dpm(A) (© dv(r)dpm(X) 
O Ja ao M2). ae a 


for any two functions w(A) and v(A) integrable H(p} in (— œ, o).* Then, 
for the differential system in question, 


5 { f7 dade) fe [gor 

m -00 dp(À) -o dp(àÀ) 
for every Ag(à) integrable H(p), therefore the condition of Definition II 
is satisfied, and the differential system is limited. 





Definition IV. The matrix B whose coefficients are 
j a A AA 
24 ban = S 
is the matrix corresponding to the differential system f f(A)dum(A). 
à 


From equation (14) of $ 1 we obtain the result that for every sequence 
{ym} of finite norm there exists a sequence {ca} of finite norm, and a function 
Ag(A) integrable H(p) in (— ©, œ) such that 


(25) Ym == 2 lamCa + Ta eae) 
For functions Ag(A) integrable H(p) in (— œ, ©) we have a similar 


result which we prove as the theorem 


THEOREM II. For every function Ag(A) integrable H (p) in (— ©, œ) 
there exists a sequence {yn} of finite norm such that 


Ag({A) = 2 Apn (À) Yn 


The proof follows immediately from an expansion given by Hellinger,f 


10) 3m0) f COO) 


* Weyl, l. c, Mathematische Annalen, Vol. 66, p. 289. 
+ Hellinger, l. c., p. 248. The proof here given is for a finite interval, but it may 
be extended to include the present case. 
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which holds for any function Ag(A) integrable JI (p) in (— œ, œ). The 
sequence 


| o f dg (A) dpa (À) 
Fn a E se. tip (À) 


is of finite norm by equation (23), and therefore the theorem is established. 
We now show that the properties of the differential system may be derived 
from those of its corresponding matrix by means of the following theorem 


Turorom IIT. If the differential system f f(A) dum(A) ts limited the 
A 
corresponding matrix is limited, and conversely. 


We consider the sequence {>} bmnÿn} and prove that it is of finite norm 
|| Da 


for every sequence {Yn} of finite norm. Expand the sequence {yn} in the 
form (25), then 


— ği dum(A) dpn (A) © dg(A)dpr(à) 
2 Prandin = 2 im F(A) ~ fx) — | E lance + S dA) | 


and therefore, by equations (9) and (23) 


2 OmnYn = i f(A) Fa 


The function Ag(A) is integrable H (p), therefore by the definition of a lim- 
ited differential system the sequence { >) Danijn} is of finite norm for every 
sequence {yn} of finite norm, which proves that the matrix B is limited.” 

We now assume that the matrix B is limited and prove that the differential 
system is also limited. Let Ag(A) be any function integrable H(p} in 
(— œ, œ). By equation (23) we have 


co dp (à) 
= dim) dpn (À) © dg(A)dpn (À) 
oes a 


and this integral exists for every function Ag(A). Hence 


äi dum (A) dg (À) 
J FO) PE = Ebm 


* Hellinger and Toeplitz, “ Grundlagen für eine Theorie der unendlichen Matrizen,” 
Mathematische Annalen, Vol. 69, pp. 321-324, 
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where the sequence {yn} is of finite norm. The sequence { $, dmnyn} is of 
finite norm = W, since B is limited, and it follows that the differential system, 


is also limited. 


Tueorem IV. If the differential system f f(A) dun (À) is limited, the 
A 





function f f(A)d D tntim(A) is integrable H(p). iw (— ©, ©) for every 
A 


sequence {an} of finite norm. 


The differential system is limited and therefore the corresponding matrix 
B is limited. Also, for any sequence {zm} of finite norm, the function 


S FOES auun (2) is integrable H(p) in (— œ, œ), where N has any 


EEE 


finite value. By Theorem IT there exists a sequence {c,*} of finite norm 
such that 


N 
f POA E ann (à) =A E o po(d) 
m= p 


where 


m= PEL o 


"=| FA) d S Tmlm (À) bpp (À) 
OS 


By the definition of the matrix B this gives 


> (Cp)? ig 2 ( 5i TD mp)? 


p rs, 


= M > a 


mel 


Xx 
= Wl 3 tn? 


m=] 


since B is limited, and hence the series $, cp” pp(A) converges uniformly for 
p 
every finite value of V. Further 
i (ee) 
lim Cp” = Cp == > TmÜ mp 
V0 m:i 
and this sequence is of finite norm since B is limited. It follows that 


N 
lim f F(A) d > TmUm (À) == lim > Cp” pp(A) 
N-300 A m=] 


NO 


a = Cppp (À) 
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+ 


and this is sufficient to show that the function f f(A) d > LmUm(rA) is integ- 


“rable H(p) in (— œ, œ). 
By the aid of this theorem we now prove the following important theorem 


THEOREM V. If Se f(A) dum(A) is a limited differential system in 


(— ©, œ) 


(26) Sam [” FQ) EUR @ 
d > EmUm (À) D EN A CURE (A) 


for every sequence {tm} of finite norm, and every function Ag n integrable 
H (p) in (— Q, co ). 
Write | 
U (2, À) = 2 Drm (À) 


and consider a finite interval (—J/,1) of the real A axis. Divide this interval 
into N parts, A, © - < Ay, and let A; be any point of the interval A;. Then for 
any sequence {£m} of finite norm, and any function Ag(A) integrable H (p) 


AiU (a, A) Aig (à) x Arum à)Aig (À) 
2y ii) OS m i) ———— 
( ) È f ): Aip (A) = 2? 2 À i) Aip(A) 
and this is a limited linear form by Theorem IV. The coefficients 
Ry py Aitém(A) Aig (A) 
Se ee 
form a sequence of finite norm, and 
. N Aium (À) Aitém(A) Aig (A) dum (A) dm (A) dg(À)_ 
i i — À 
Jim $ foo a ef 10) ea 


exists for every value of m. Then for any fixed system of values of the 
sequence {Zm} we may take the limit of the right hand member of equation 
(27) term by term, and thus obtain the equation 


for any finite interval (— 7,7). Further, by Theorem IV, the integral 


dU (x, À) dg (A) 


F4 
li À 
a Jen a) 
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converges, and by Definition III the sequence 
dum (A) dg (À) 
(SE ro ee 


is of finite norm and norm < M S [T(A) ]? LEG ohn 


The right hand member of equation (28) is therefore uniformly convergent, 
and again we may take the limit term by term to obtain equation (26). 

We now apply the preceding theory to prove the following theorem which 
is required in the next section: 


THEOREM VI. If the matrix K is limited, the differential system 
AS kemapn(A) is limited in (— œ, œ), and. the differential system 


ri (1/A) dS Emnpn (à) ts limited in (— œ, œ) when we exclude an interval 
A n 
(— 6,8) containing the origin. 
By Theorem I the differential system Apm(A) is limited. Further the 


series Mitmn® converges for every value of m since the matrix K is limited, 
and therefore, by Theorem V, 


co d È, kmnpn(A)dg(a) © dpr(À)dg(A) 
(29) fs -E tm Je de) 


00 dp(À) 
for every value of m, and every function Ag(A) integrable H(p). Write 


À dg (A) dpn (À) 
" -v  dp(A) ” 


then, by Theorem II such a sequence {yn} exists and is of finite norm for 
every function Ag(A) integrable H(p). Further, the sequence {Skmayn} on 
the right hand side of equation (29) is of finite norm, and it follows that the 
integral on the left hand side of equation (29) is also of finite norm for every 
function Ag(A) integrable H(p), and therefore finally the differential system 
is limited. 

We now consider the differential system f (1/A) d 2 Kmnpn (à) and 


prove that it is limited in the intervals (— oo,— ô) and (ô, œ), that is, that 
the sequence 


~{j 
(30) { f= (A/a) dE bmp (2) 49 (a) dC) 


+f A/a) dB tmpat) } 
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La 


is of finite norm for every function Ag(A) integrable H(p). Now if Ag(A) 
is integrable H(p) in (— œ, ©) the function f à (1/A) dg(A) is also integ- 


rable H(p) in (— 0,—58) and (8,0). Hence if we write 


Ah(A) = f, (1/A) dg (A) 


the expression (30) becomes 


n 7 
-00 dp (A) +f, dp(X) 
which is of finite norm, since we have just proved that the differential system 


A © Ennpn(A) is limited, and the theorem is proved. 
A similar method may be used to show that the differential system 


f (1/| A |2) dE kmapa(à) is limited in the intervals (— œ,— ê) and 
et 
(8, co). 
4. Expansion Theorems. We first derive an expansion theorem for 
f f{æ)g(z)dx in terms of the solutions u,(z) and w(x, À) of $ 2, where f 
0 


and g are any two functions of integrable square in (0,7). We start from 
the known expansion in terms of the complete normed orthogonal system, 
n(x), of equation (3), 


S f@ ale) de = Tf fom f° 78m 


æ e 

Now the sequences { f fom \ and { f, " ghn \ are of finite norm, there- 
0 8 

fore by equation (15) 


S 19 ZZ lam J" fom Z lon NT 


w T 
© AZo) fo fón dE) f° gén 
+ f m 0 n 0 
-00 dp(X) 
We now substitute for lam and pm(A) from equations (19) and (16) respec- 
tively. This last expansion then becomes 


j(2)g(2)de = Z f fla)ua(n)de f° 9(0)ua(2) dz 


w 


(31) 
a f à fra, Ajde d i g(z)u(x, À) dx 


co dp(À) ? 
and this is the desired form. 
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To find a similar expansion for an arbitrary function f(a), subject to 
suitably imposed conditions we prove some properties of the differential systems 
that occur in the expansion. 


LemMa I. The differential system 


S ama NC 


is limited in (— œ, œ) if we exclude an intervat (— 86,8) containing the 
origin. 

We return to the system of equations (5), and let A == (8, À) be an 
interval of the positive real À axis. [A > 8 > 0]. Then, by equation (18) 


(32) Fu) an +f” qupa + f adon) =o. 


ta 


We invert the last integral by means of a theorem of Hellinger,” namely, that if 
À 
PO) = Í u(a)df(A) where u(A) is positive and f(A) is of bounded varia- 
& 
tion in (a,A), then 
À d(x) 


f(A) — f(a) ani u(À) 





If we write 


FO) = fr) om + S udm 


or ® 


(38) f ONASI (Yent f CAA f gdm + Apa) = 0. 


we have 


This theorem of Hellinger is also applicable if the function w(A) is con- 
stantly negative in the interval of integration, hence equation (33) holds for 
any interval A of the real À axis, outside the interval (— 8, 8). 

The differential system Apm(A) is limited, by Theorem I. Also 


T 
Í, (1/A) af QUE = f, (1/A) az Gmupn (À) 
where Q is the limited matrix defined in § 1, and therefore, by Theorem VI, 


m 
the differential system f (1/A) d f Qum is limited in the intervals 
A o 


* Hellinger, l. c, p. 236. 


448 Gray: A Boundary Value Problem of Ordinary 


(— 0,—8) and (8,0). It follows immediately from equation (33) that. 
T 
the differential system f (1/À) d f (pu/)'bn is limited in the intervals 
À 0 
{— œo, — ê) and (ò, œ). 
For the characteristic solutions ua(x) belonging to the characteristic 
numbers À, we have the corresponding result that the matrix 


T 
" + (1/4) f, (Pua) pm 
is limited.” 
From this result we wish to show that the differential system 
T 
f (m/|r|*) df pudm is limited in the intervals (— œ, — ê) and (8, œ), 
A 0 


but we first require the following Lemma: 


Lexma IT. The differential system 


&\ J ý Em 
(34) f Gym ial) af (rw ye 
is limited in the intervals (— œ, —8) and (ò, œ). 


We prove this by introducing corresponding matrices [Definition IV, § 3]. 
Write 


(à) = f (78) Em 
then the matrix À, | 
5 _°g® 1 dvm(A)dpr(à) 
mm = S oN dp(X) 


is the limited matrix corresponding to the limited differential system 
S, (1/A) dum{A) of Lemma I (Theorem III). The matrix B defined by the 


relation 
= -œ mA dp{X) 


exists and is of finite norm for every value of m, and we wish to prove that it 
is limited. Consider the iterated matrix C 


* The results for the characteristic solutions which we state in this section have 
all been proved for the non-singular equation u” + qu + Au = 0, by Anna Pell Wheeler, 
l. c, American Journal of Mathematics, Vol. 49 (1927), pp. 317-318. 
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Cnn = 2 OmpOnp 


i dtm (À) dpp (À) 
= À In m |a|” a a : 


(~ 1 _ dvn(A) dap (A) 
-œ 2|A|# dp(À) 





By applying equation (23) we find 


00 NET 
“mp =J" mn | mn |A| dp(h) j 


and by a rearrangement of terms this becomes 


“es ) dun{A) n 





mn = f ne m . 
dp(à) 


Now consider the matrix D, 
© Aml AÀA) dUr(À) 
ds = f | À | n° 
pi dp(à) 
= À i dUm{A)dpp(A) ©  dux(A) dpp(A) 
JATA) Jo 1? dp(a) 
By Lemma I the differential system J. (1/| à|) dum(A) is limited, and 





Vn(A) /n? = (1/n°) (f (pu’)’bm 


T T 
=í pu sin ng — (1/n) f P'U COS NL 
de 0 


> Tappr (À); 
D 
where À is the limited matrix 


w 
Tip = f? (x) sin nz sin pr — (1/n) f, p(x) cos ng sin pt. 


Hence by Theorem VI Av, (A) /n? is a limited differential system. It follows 
that D is the product of two limited matrices and is therefore limited. Further 
the matrix C is symmetric, and has been expressed in the form 


Cmn = Amn ` (n/m) 
where D is a limited matrix. Hence C is a limited matrix,” and therefore 
finally B is a limited matrix, which proves the Lemma. 


# Cf. A. J. Pell, L c, Transactions of the American Mathematical Society, Vol. 
20, p. 35. 
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We now deduce the required result, namely, 


Lemma TIT. The differential system 


(m/|X]*) d f° pugn 


is limited in the intervals (— 0,—8) and (8, 0). 


By the preceding Lemma the differential system (34) is limited. Also 
f (1/m | à |#) d f (pw’)’bm = f, (m/| a |) d f pusin ma 
A 0 o 
T 
-f (1/|à|*) 4 f p'u cos Mx 
A 0 
where J, (1/[vA|*) d S "p'u cos mg is a limited differential system since it 
A 0 
may be written in the form f (1/1 A |) d'I tmnpa(à) where T is a limited 
matrix (Theorem VI). We conclude immediately that the differential system 
w 
f (1/|A|#) md f PU dm is limited in the intervals (— œ, —8) and 
A 0 
(ô, œ). 


The corresponding result for the point spectrum is that the matriz 


F 
(m/} da |*) f Puapm 
is limited. 
We now determine the conditions which must be imposed on an arbitrary 
T 
function f(z) in order that the function ff [A | d Í. f(x) u(x, À) be integ- 
i 0 


rable H(p) in (— o,—-8) and (8,0). Return to the equation (33) and 
apply the theorem given by Carleman *, that if f(A) and w(A) are continuous 
functions in the interval (8,4) and «{A) a function of bounded variation in 
that interval, then 


IN d f odala) = fra) 


For the positive interval (8, À) this gives 


* Carleman, I. c, p. 11. 
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À j À : À T 
-f ()# dona) = f yea f amwa f (pu’)’bm 


A A T 
+ fase f amaf” qupa 
À T À it 
= (A/NA df" Ynt f° 00%) à [aug 
For the negative interval (— $, — À) we obtain similarly 
À À T 
— FAL dom) = f OAD GP) à (Cowon 
À T 
+f OaD O/a TE) à f quén, 
so that for any interval A outside ( — 68,8) we have 
f. Emapa f (Yent f [t/m(IAD4I af" qug 
+f G/mI A) |à% dom(a) =0. 
Now let f(x) be a function of x such that the sequence {m f, fon) is of 


T 
finite norm, multiply this last equation by m f fom and sum for m 
G 


Sm (fon f H/m(AD#Td f? (VAn 


ne 


+ 3m f fom f (/melal)*]d f° quén 
+ Sim f tom f OAD (A [#/m) dom(a) = 0. 


In each of the first two terms of this equation we have the product of a limited 
differential system and a sequence of finite norm, and they therefore represent 
functions which are integrable H(p) in the intervals (— c,—8) and 
(8, ©) (Theorem IV). It follows that the function 


T 
A/IAJ) |Al# af F(œ)u(e, de 
is integrable H(p) in (— œ, — $) and (8, ©) for every function f(x) such 
that the sequence m f fom} is of finite norm. 
0 


> & 
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For the point spectrum we have the similar result that the sequence 


{|A |% ff, Foula) is of finite norm for every function f(x) such that 


w 
the sequence {m f fom} is of finite norm. 
0 


An expansion theorem for the function p(z)f(z), where f is any function 
satisfying the above condition, may now be obtained, starting from the known 
expansion 


p(2)f(2) = Zonl2) {"p(a)f(@)4m(a) de 


9 


We divide the real À axis into three intervals (— co,— 5), (— 8,8) and 
(ô, ©), and denote the characteristic values of À belonging to these intervals 
by Aa, Aa, and àa, respectively. Then by the expansion (31) 


p(a)f(2) = Zdm(2) Ef pont f7 fua 
+ © pm(t) i. : LA Phm af i 
+ Zdn(e) Ef" Ponta S fta 


+380 f, Sarraf, h 


HE gn(2) ES Poma f fuas 
F Z gn(a) [= d f ponud f fu 


dp(A) 
= A; + A, + 43. 


Consider first the positive interval (8, oo), the terms in the expansion belong- 
ing to this interval being denoted by A, Then 





m Dash 
o md pudm 
+2 = 5 N af ie 
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if T 
and, by the properties of the differential system f, (1/rA*) md S PU 
0 


w 
and of the matrix (1/ (àa) =} f Puashm (Lemma III and Theorem V) we 
g 


see that this may be written 


25) AZ rte fiat [7 PORAD LOEN 
j | dpt) 


For the negative interval ( — ,—&) we find the corresponding expan- 
sion 


(36) 4, = ¥ p(a)ua (a) f. “fla 


Ha p(z)du(z,a) à f° F(œ)u(z, de 


dp (A) 
by the same method. 


We now consider the interval ( — ô, 8) in which the method of proof has 


to be modified since the differential system f (1/| A |) md f i pdm is not 
À 0 


limited in this interval. The proof is obtained from the following Lemmas. 


T 
Lemma IV. The differential system m Í pudm is limited in the 
0 
interval (— ò, è). 


We return to equation (18) satisfied by w(z, À), and write it in the form 


A INC À) + A f abn (c, À) + [bm f Adu(z, A) == 0. 


In this we substitute the value of b,(x), and obtain the equation 
T pig T 
—ma È pusin ma +A f p'u cos maz + (1/m) af qu sin MX 
G 8 o 


-+ (1/m) in sin MT f: à du(z, A) = 0. 
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F T 

The differential systems A | pu cos ma and (1/m) A f qu sin mg are* 
0 0 

limited in (—6,8). Also 


+ 
(1/m) f "sin me f à du(2, À) = (1/m) f à den (A) 
0 A 
and this differential system is limited in (— 8,8). It follows immediately 


- 
that the differential system, m A f, pusin ma is limited in (— 8,8). 
0 


Lemma V. The function A f f{æ)u(z, À) dx is integrable H(p) in the 
0 


interval (— 8,8) for every function f(x) which is of integrable square in 
(0,7). For 


A f Teul, À) =A 2 Zmpm (À), 


where {%m} is a sequence of finite norm, and Apm(A) is a limited differential 
system. The truth of the Lemma follows immediately by Theorem IV. 


For the characteristic values Az, we have similarly that the matrix 
T T 

m J. Uasbm 18 limited, and that the sequence lf fus | is of finite norm 
0 0 

for every function f(x) which is of integrable square in (0,7). 


In this interval we have then 


__ vy _¢n(2) = f 
da= 2 a am f PUasPm 5 fuas 


wea Pub d i fu 


from which, by the properties we have just proved, 
(37) As = Sp(#)tas(2) S Juas 
Ga 0 
5 ple)du(z,a) d f Fula, À) dz 
0 


+ Í, dp(À) 


By adding the results (35), (36) and (37) we see that the complete expansion 
may be expressed as the theorem. 
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THeorpm VII. Let f(x) be a function of x such that the sequence 


|m S Fo) sin ma | is of finite norm, and let uals) and u(x,À) be the 
0 


functions defined by equations (19) and (17), respectively. Then the func- 
tion p(x)f(x) may be expanded in the interval 0S x Sa as the uniformly 
convergent series and integral : 


(38) pz) f(e) =E playu) f fua 


~ p(x) du(2, À) af” f(x)u(x, À) dx 
= i» dp (A) 


where the summation and integration extend over every part of the real À azis 
in which there is a spectrum. 


5. Extension of the preceding theory to a continuous spectrum which is 
not simple. We now state briefly the generalizations of the preceding theory 
which are required when we assume the existence of a number (at most denu- 
merable) of continuous spectra. Let pm™(A) be the characteristic differ- 
ential forms with corresponding basis functions p™(A) : (2 =1,2, = * -). 
The orthogonality relations now are 

> lamlgm Gi Cabs 


M x 


S Apn ® (A) Aapa ® (à) = 0 128 
m 
= Arp (A) a == f, 


> lampm P (A) == Q. 
m 


For the matrix expansions (12) and (13) we find the more general forms 


Co dy (1) d mo À 
SE > (Pmn + Qmn)Yn == > AaY alam + > f À cs daa MAO 
7 & a& -00 dp (A) 
(ee dx ® A) d (a) À 
a >, (Dm + Amn) Emt n == > Aadat a + > f À Se O 
HR a & -00 dp (A) 


where X and Y have the same values as before, while 


YO CX) =D pn CA as CO (A) =D pm (A) om. 
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From these expansions it follows that the systems lam and Pm® (à) are com- 


plete, and therefore 
co "dent (A) dpn® (A) B 


We now have a sequence of differential solutions u® (æ, À), defined by 


(39) pn® (x) = fu (0,0) bm (a) da 


satisfying equation (18) and the other conditions imposed on the solutions 
u(x, À) of § 2. The orthogonality relations in this case are 


f Ua(T)Ug(T) dr = lap, 
0 
f Au (x, À) Au P (x, A) dz = 0 a =& B 
6 
= Arp ™ (À) «= B, 
f Ua(T) Au? (x, À) = 0. 
0 
The definitions of $ 8 are modified as follows. We say that the sequence 
{f f(A) du® (A) \ is integrable H(p™) if the integral 


Où r [du (A) F 
fa LF) ] dp® (A) 
exists for every value of a, and if further the series 
oo [du (AD? 
2 
=f Lor Sak 
converges. 
The system of functions f f(A)dum (A) is a limited differential sys- 
A 
tem if the functions f f(A)du»(® (À) are integrable H(p™) for every value 
A 


of m, and if further the sequence 
dum (A) dg (À) 
{Joo aa 


is of finite norm and norm 


co ‘ [dg (A) }? 
sas f rar faa 


for every value of «, and every Ag™(X) integrable H(p™). 
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The corresponding matris B is defined by 
E co dum ® (X) den ® (A) 
ban = Sf FQ) GS N o 


With these definitions the theorems of § 3 are still true, and the expansions 
of $ 4 may be summed up as the theorem. 


THEOREM VIII. Let u,(x) and u®(x, À) bé the functions defined by 
equations (19) and (89) respectively. Then for any two functions f(z) and 
g(x) of integrable square in the interval (0, x) 


S? Hosoda = 5 fe fau (a)ds f° g(x) uaa) dz 


o d i f(æ})u® (x, À) dx d . g(x)u™ (x, A) da 
+ zJ” J a8 | 


Further, if f(x) is a continuous function of x satisfying the boundary condi- 
tions (2) or (2) and having a first derivative which is integrable and of 
integrable square in the interval (0, m), then 


p(x) f(z) = 2 p(x) a(x) f f(@)ue(o) de 
PET oe... 
De dp (à) 


where the series and integrals involved are uniformly and absolutely con- 
vergent. 


4 


Note. Instead of equation (1) we might consider the more general equa- 
tion 


(1) (d/dz) [p(a) du/de] + q(a)u + rk(x)u— 0, 


where k is continuous and positive in the interval (0,7), the boundary condi- 
tions being given by equation (2) or (2’). If we assume that the function 


Dis) 
(GE de (PT d (k)* 
exists and is continuous, equation (1’) may be reduced to the form of the 


original equation (1)*. The solutions of equation (1’) are therefore found 
from the solutions of the corresponding equation (1). 


* Of. Hilbert, L.c., p. 51. 
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In this case we find the general expansion 
T 
ia) [y (a) 
*p(2)f(2) =Z p(oua(e) [7 bua + ES” PONY | S rfu 
a 0 a dp (x) 


where the series and integrals converge uniformly and absolutely for every 
function f(x) satisfying the conditions previously imposed, namely, that f be 
continuous, satisfy the boundary conditions, and have a first derivative which 
is Integrable and of integrable square in the interval (0,7). 


Nets of Conics in the Real Domain. 
By ALAN D. CAMPBELL. 


The nets of conics in the complex domain were reduced to canonical types 
by C. Jordan,* and for the Galois Fields GF(p") p > 2 by A. H. Wilson.t 
The purpose of this paper is to solve the corresponding problem for the real 
domain. The nets are reduced to twenty-six independent types. 

Denoting the net by 
(a) MC, + aC + vOs = 0 


where 
Oi = aie? + big? + ei? + Rfiyz + gize + 2hizy 


(i = 1, 2, 3) we apply linear transformations to x, y, z and À, x, v to reduce 
the net to a typical form. The reduction to types is aided by considering 
the cubic curve A == 0 in the plane (A, p, v) whose equation is obtained by 
setting the discriminant of (a) equal to zero. To a line in the (À, p, v) plane 
corresponds a pencil of the net (a) whose intersections with A = 0 give values 
of À, p, v for which the corresponding conic in (a) is composite. Nets of 
conics may therefore be divided into two main categories according as they 
do or do not possess a pencil of composite conics. In the former case A= 0 
is also composite. In the latter case the net may be reduced to a standard 
form by taking for À — 0 the tangent at a real inflection on A = 0, for u = 0 
the harmonic polar of the point of contact of A= 0, and for v= 0 a line 
through the inflection and tangent to the cubic (at a point on u == 0) or 
through a node or cusp (on a = 0) if the cubic have a node or cusp. 

The types of pencils of conics in the real domain are known.{ The types 
or pencils with A == 0 are 


(b) AT? + py? = 0 (e) AT? + 2ury = 0 
(d) RATY + Zur = 0 (e) RAZYy + ule — y) = 0. 


* “Réduction d’un Réseau de Formes Quadratiques,” Journal de Mathématiques, 
Vol. 6, Series 2 (1906), pp. 403-438. 

+“ The Canonical Types of Nets of Modular Conics,” American Journal of Mathe- 
matics, Vol. 36 (1914), pp. 187-210. 

iL. E. Dickson, “ On Families of Quadratic Forms in a General Field,” Quarterly 
Journal of Mathematics, Vol. 39, pp. 316-333. 
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For a net containing the pencil (b) we have the general form 
AL? + wy? + v (02? + Rfyz + 2ger + 2hay) = 0. 
If c £0 we can put 


T: g=, yy’, 2——{(g/c)x — (f/ey +2; 
A= N+ (gc), p= + (P/r v=, 


and get (after dropping the primes on the variables) the form 
dz? + py? + v(e + 2h’xy) = 0 


from which we derive the typical nets 


(1) Az? + py? + v2? = 0 
(2) AT? + ny? + rey = 0 
(3) AT? + py? + v(2? + Ray) = 0. 


If c — 0 and f and g are not both zero, we can choose a new z and v so as to 
get the form 


Aa? -+ py” + 2v(fy2 + gzs) = 0 
from which we derive the types 
(4) Az? + py? + vyz = 0 
(5) Av? + py? -+ 2v(y2 + 2x) = 0. 
For a net containing the pencil (c) we have the general form 
Av? + Quay + v(by? + ce? + 2fyz + 2gzr) = 0. 


If cÆ 0 we can subject this net to a transformation similar to the above trans- 
formation T and get the form 


AT? + pay + v(b’y? + ce) = 0 


and derive the new types 


(6) AL? + Buey + v(2?— y?) = 0 
(7) AT? + pey + v(2? + y?) = 0. 


If c = 0 and f= 0 in the above general form of net we can put 


=, y=—(g/fle’+y, 2=2; 
= À + R(g/fju HOG /P)Y, e= +b(g/Pr, vv’, 


and we get the form 


Aa? + Spay + v(by? + 2fyz) = 0 
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and then a new z gives the type 


(8) A? — Bury --Qvyz = 0. 


If c = f = 0 we have the form 


AT? + Buey + v (by? + 2gzx) == 0 


and derive the new types 


(9) AL? + Quay + Rvec = 0 
(10) AT? + Qury + v(y? + Rxz) = 0. 


For à net containing the pencil (d) we have the general form 
RATY + Qua + v(ac® + by? + ez? + Bfyz) = 0. 


A. binary transformation on y and z and an obvious transformation on À, p, y 
gives if a=£0 the new types 


(11) azy + Que + v(a? + y +22) — 0 
(12) ALY + Buez + (a — y — 2?) = 0 
(13) RATY + Buez + v(r° + 2y2) = 0 
(14) RATY + Buez + v(a? — y?) = 0 

and if a=0 

(15) Zey + Que + v(y? + À) = 0 

(16) RATY + Pure + 2vyz == 0. 


For à net containing the pencil (e) we have the general form 
BATY + (3? — y?) + (ax? + c2? + 2fyz + 2gen) — 0. 
If ¢ 40 a new z and y give the form | 
eray + p(T? — y?) + v(a’a? + c) = 0. 
Hence we have the new types 
(17) Say + p(a?—y*) + v(2? + at) = 0 


(18) ray + pa — y’) + v(2?— 2°) = 0 
(19) Ary + par — y) + yet = 0. 


462 CAMPBELL: Nets of Conics in the Real Domain. 


If c == 0 we have the form 
e Racy + nr — y?) + (ar + fyz + ager) = 0. 
We can put (if g 54 0)* 


== g — (f/9) Y yoy, z=; 
i ea ASN, p= (BFP — PN E, v=, 
and we get the form 


A (azy + ax?) + p(z”? + b'y"° + 2h’a’y’) ate v(a” g”? + bry’? 
+ Rgz'z + 2h” zy) = 0. 


If we now put g = g”, y =— (a /a)x” +y”, 2’ =z”, follow this by a 
transformation in À, u, v that will rid the new C, and Cs of xy” and rid 
C3 of y”?, we arrive (after an obvious transformation of the variables) at the 
form 

RATY + pr — y?) + v(a’’a* + zx) = 0 
which reduces to (14) by choosing a new z. 

When the cubic A = 0 is non-composite it has at‘ least one real inflec- 
tional tangent say A=0. The harmonic polar of the point of contact of 
à= 0 may be taken to be »—0. If one of the tangents from the point of 
contact, or the line joining the point of contact to a singular point, is y = 0 
the equation of the cubic is now of the form 


A = wr — var? + bàr + cv”) = 0. 


There is no ÀAuv term in A since every line À = av cuts the cubic and p = 0 
in a harmonic set. If » — 0, then A == Ap’, hence the pencil AC, + pC. = 0 
must have àg? as discriminant. From Dickson (loc. cit., p. 318) we see that 
all such pencils belong to classes with typical forms reducible to 


AL? + Quyz== 0, AT + p(y? + 2) = 0, or A(z? +27) + Bury = 0. 


On the other hand À = 0 in A gives A ==-— cy* and there are just two classes 
of pencils with such a discriminant, namely those with typical forms redu- 
cible to 


pE? + v(y? + 227) =0 or pey + v(y° + rer) — 0. 


* If g= 0, f 0, we change A, x, » so as to replace a by y? in Cs put æ =y’, 
y=, 22, and we get the above result. If g=—f—0, a0 we have a pencil 
2rey + va == 0, contrary to hypothesis. 
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From these considerations we see that a net of conics with the above A can 
be put in one of the three following forms: 
AL? + Ruyz + vC = 0 o 
A(z? — 2°) + Bury + vO = 0 
A(x? + 27) + eey + vO = 0. 


In the first case we have the general form 


AL? + Ruyz +y(ax? + by? + cz? + fyz + oger- hry) — 0. 
Here 


A= | a, b, c |v? + 2(gh —af) pv? — apr + (be — f?) dv? — Ap? — Rfaur = 0, 
so that a = f == 0 and either g or h is zero and we have the form 
AT? + Ruyz + v( by? + cz? + Rhry) = 0. 


We therefore have the new types 


(20) AT? + Ruyz + v(y? + 2? + dry) = 0 
(21) AT? + Ruyz + vy? — 2° + 2ay) = 0 
(22) AT? + Rye + v(2° + Ray) = 0. 


In the second case we have the general form 
A(a® — 27) + Quay + var? + by? + ce? + 2fyz + gez + Way) = 0 
whose discriminant is 


A=] a,b, c | v + 2(fg — ch) pv? — cuèv 
a ms ae bef a hë) dv? — bd*v + Ap? + Php = 0. 


Hence A= c== 0 and either f or g is zero. If f—0 we have the form 
A(x? — 2°) + Bury + v(ax? + by’ + 2g2r) = 0 

and therefore the new type 

(23) (a? — 27) + Quay + v(Rar? + y? + 227) = 0, a 540, 


where 2a is used instead of « to avoid fractions when solving »=0 with 
A = 0. 
If g — 0 we have similarly the new types 


(24) A(a? — 27) + uzy + v( Bx? + y + 2yz) = 0, BAD, 
and 
(25) A(x? — 2?) + Quay + v(t? + 2yz) = 0, 


according as b is not or is zero. 
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In the third case above we have the general form for the net : 
Aa? + 2?) + Quay + (ar? + by? + ce? + 2fyz + 2gze + hey) = 0 
‘whose discriminant is 


A= ]| a,b,c | + 2(fg — ch) p? — cp’y 
+ (ab + be — h? — f?) Av? + by — Ap? — ZhApy = 0. 


Hence h — c == 0 and either f or g is zero. If f= 0 we have the form 


A(a? + 2) + aey + v(Razy + y? + 22x) == 0 


with discriminant A = wA — v(A? + 2adv—v*). The pencil AC: + vC; = 0 
has three distinct degenerate conics. From Dickson we see that every such 
pencil belongs to one of three classes whose typical pencils are readily redu- 
cible to: 


A(a? — y?) + p(a®— 2?) = 0, or A( +9) + u(2? — 2") = 0, 


or 2Acy + p(z? — y? + 27) = 0, respectively. Each one of these pencils con- 
tains at least one conic that is a pair of real lines. If we take this conic for 
Cı —0 we can transform the net into (23) or (24). If g—0 and b £0 
we have the form 


dM(a® + 2) + Quay + v (Be? + y? + 2yz) = 0 


with discriminant A==— Ap? + y(A—v) (A+ Br). Here again the pencil 
AC, + vC; = 0 has one pair of real lines, and so the net can be transformed 
into (23) or (24). Finally if g = b = 0 we have the new type 


(26) d(a® + 22) + aay + v(a? + 2y2) = 0. 


We shall now discuss the equivalence or non-equivalence of these twenty- 
six typical nets. Nets with non-equivalent cubics are not equivalent, but some 
non-equivalent nets have the same (or equivalent) cubics. The nets (1) to 
(19) inclusive all have composite cubics and so are not equivalent to the nets 
(20) through (26). These nets with composite cubics fall into four distinct 
classes as follows: Class A of nets (1) to (5) inclusive where each net has a 
pencil (b) in it; Class B of nets (6) to (10) inclusive where each net has no 
pencil (b) but has a pencil (e); Class C of nets (11) to (16) inclusive where 
each net has no pencil (b) or (c) but has a pencil (d); Class D of nets (17), 
(18), (19) where each net has no pencil (b) or (c) or (d) but has a pen- 
cil (e). The cubics A — 0 of the nets in Class A serve to prove the non- 
equivalence of these nets to one another, except the two nets (4) and (5); 
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but the pencil À = 0 in (4) cannot be transformed into the pencil À + »—0 
in (5), so these two nets are non-equivalent. In Class B the nets (6) and 
(7%) have equivalent cubics but there is no real transformation that will send 
(7) into (6) for any such transformation must send the pencil Ax?+-2pry = û 
of (7) into the same pencil of (6) and so must be of the form: 


T: =r, yr t + doy’, 2—= age’ + bay + car”, 


+ 


where a,b.c,;540. But T cannot send the conie 2-+ y? — 0 of (7) into a 
conic whose y” and 2° terms have opposite signs, such a conic as occurs in (6). 
The other nets of Class B are distinguished by their cubics. In Class C the 
nets all have non-equivalent cubics. In Class D the only nets with equivalent 
cubics are (17) and (18); but in (18) the sum of the coefficients of x*, y’, 2° 
is identically zero in À, u, v (hence we must have this sum of coefficients in 
any equivalent net identically zero in A, m, v) also any transformation must 
send the pencil 2Ary + p(z? — y4?) = 0 of (17) into the same pencil of (18). 
There is no real non-singular transformation that will satisfy all these condi- 
tions, hence these nets are non-equivalent. 

The nets (20), (21), and (22) have each a double line and so are not 
equivalent to the nets (23) to (26) inclusive; the cubics of these three nets 
with double lines have respectively a crunode, an acnode, and a cusp and so 
distinguish these nets. The cubic of (25) has an acnode and the cubic of 
(26) a crunode, so these two nets are not equivalent to each other or to the 
nets (23) and (24). The cubic of (23) for « =— + 1 has a node. Ifa— +1 
we can reduce (23) to (26) by the transformation 


à= — N+ y, pp, y= N—Yy; z= — yy, yew, gy —2’ 


By a similar transformation we can reduce (23) for « ==— 1 to (25). If 
| «| <1 in (23) the harmonic polar p — 0 of (0, 1, 0) cuts the cubic in one 
real and two conjugate imaginary points, hence for these values of « the net 


is not equivalent to (24). If B—1 in (24) this net has a double line and 
is transformable to (21) by K 


\=— N, pp’, =—\'—v; t=, yY =y, z == — p — y". 
If 8 < 1 in (24) we put 


Ad, a= [(—B8)#/8lu, r= (—1/8)N + [0 — 8*8]; 
s= [1/(1—8)#]y, y= [B/Q —B)*]r, 2=—[1/(1—8)#] +2 


and we get (23) for 2a = (B—2)/(1— B)*. 
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To show that for 8 > 1 the net (24) is not equivalent to (23) we use @ 
projectively invariant relation connecting a line conic Aw? + Bv? + Cw’ 
+ 2Fow + 2Gwu + 2Huv = 0 and a point conie e'g? + by? + ez + 2f’yz 
ia Rg'ax + 2h’xy — 0 and given by the equation 


R: AHB +E + 2/7/F +Rg G + 2h’ = 0.* 
To a net of line conics dual to (24) for 8 > 1, namely 
(24) Alu — w?) 4 2put + v( Bur + v? + uw) = 0, 
there corresponds by À a net of point conics 


N: A(—y? + yz) + pee + o[ (1/8)? + (1/8) 2? — y] = 0. 


We can reduce N to (23) for | «| <1 namely a = (2 —B)/B by the trans- 
formation 
t= Y, yor t’ +2, z= 22’. 


But the cubic A= 0 of (23) for | «| < 1 cuts the harmonic polar p == 0 in 
one real and two conjugate imaginary points and therefore A= 0 shows the 
non-equivalence of (23) for |a| <1 to (23) fora<--1lora>1. On 
the other hand it is easy to show that a net of line conics (23’) dual to (23) 
fora<-~lor > 1 is apolar to a net of point conics (23) with « > 1 and 
a < — 1 respectively. Hence (24) for 8 > 1 cannot be reduced to (23) for 
a > 1 or g <— 1, and its cubic A= 0 shows it is not equivalent to (23) 
ele eee ae 


* H. J. 5. Smith, Collected Works, Vol. II, pp. 524-540. 
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Rational Tacnodal and Oscnodal Quartic Curves 
Considered as Plane Sections of o 
Quartic Surfaces.” 
By L. T. Moore and J. H. NEELLEY. 


Introduction. It is well known that the plane sections of the Steiner 
Quartic Surface include all types to within projection of the rational plane 
quartic curve with simple singularities and that the invariants of any curve 
cut from this surface may be expressed as symmetric functions of the coeffi- 
cients of the cutting plane.f If we vary this surface so that two of its double 
lines become coincident the plane sections are rational quartic curves with 
tacnodes; ł if the three double lines are made coincident the resulting surface 
has as plane sections rational quartic curves with oscnodes.§ 

It is the purpose of this paper to express the invariants of the plane 
sections of these two surfaces in terms of the coefficients of the cutting plane. 


1. Invariants of the Rational Tacnodal Quartic. The equation of the 
tacnodal surface may be taken as 


(1) Lot + 2 T -- Lo Zit = 0 


where 2,2, — 0 is the tacnodal line and apr. == 0 is the distinct double line. 
Two tropes of the surface are 2x, + x = 0 and the other is z, == 0 which is 
tangent to the surface along the tacnodale line. 

The plane 
(2) (ax) = ofo + O12, + Met. + MTs = 0 


cuts the surface in a quartic with a tacnode which projected upon the plane 
La == 0 is 
(3) tty — Zoto Tı = A1To” 1? = XLo Tif -+ a n a = Q0. 


* Presented to the American Mathematical Society, May 7, 1927. 

td. E. Rowe, Transactions of the American Mathematical Society, Vol. 12, pp. 
295-310. 

+ Salmon-Rodgers, Analytic Geometry of Three Dimensions, Vol. 2, p. 214; models 
and sections of these surfaces are given by J. H. Neelley, “Compound Singularities of 
the Rational Plane Quartic Curve,” American Journal of Mathematics, Vol. 49, pp. 
389-400. 

§ Salmon-Rogers, I. c. 
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This quartic can also be derived from the conic 
(4) AL? — UT” — go? + GoToli A- ALt = 0 
e 
by means of the quadratic transformation * 
(5) Lo = LoT, Tı = Lo’, Ta Lio 
which has the inverse transformation 

Lo = Loli, Li = Los To = Lio. 


The transformation (5) sends (4) into a quartic with a tacnode at (0,0,1) 
and the distinct node at (0,1, 0). 

Thé invariants of (3) may be obtained from observation of the surface 
and the position of the cutting plane or from the conic (4) by consideration of 
its intersections with the reference lines. Both methods are employed in this 
paper. 

A plane on the intersection of the nodal lines (0,0,0,1) cuts out a curve 
with a triple point and the condition is a = 0. 

The three tropes meet in the point (1,0,0,0) and a plane on this point 
gives a curve which has three double lines on a point. This condition is 


Go = Q. 


But a plane on either of the pinch points at the ends of the tacnodal line cuts 
out a ramphoid cusp and the curve with this singularity has three double lines 
on a point.f So the ramphoid cusp condition a,” 4a," 0 and &o—0 
form the condition for three double lines to meet in a point. 
The section has an undulation when (2) touches a trope conic, that is, 
when 
(ig? + Aid + Bart) (Go? — 4ra + Bite) (Q7 — 40,7) = 0. 


The condition that the quartie (3) breaks up into two conies is the van- 
ishing of the discriminant of conie (4), or 


4( 41057 — 40,057 — Qo Zz) == 0. 
The conic in lines on the six flex lines of (3) is t 
* Salmon-Fiedler, Analytische Geometrie der hôheren ebenen Kurven, p. 343. 


7 J. H. Neelley, ¥. e. 
+ Hilton, Plane Algebraic Curves, p. 275. 
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(4ao?as + 12018 as — 480,04") E + (4a? — a”)? &,? 
+. (4a aa? -i 1200" 1e + 48a,7a57) £? 
+ 2 (Bartas? — RG + 6% Aaaa ) É1Ée 
— BG 9% AAEE + 2 (16%0%2° — 4ga Gg) Eo&s = 0, 
which has the discriminant 


144a” A? (4010203 — 160103 — Qo aa) 


where A is the discriminant of (4). If degenerate’curves are excluded neither 
@ nor A can vanish and so the condition that three flex lines meet in a point is 


AG, Za Z3 prg 160,0, == Ao he” == 0. 
The conic on the points of inflection is * 


(600242? + 120970,” — 4a% A -H 16a?) By? + (8810 — Bao Ra) 21" 
+ (Rart — 160203 + 32a5*) a2” 
+ 2 (Vdo + 4o? — 3A da ) Lots 
++ 2 (409%? — 16402037) Zoe 
H- 2 (5a, G23 — 200,420" — Ao Aks) Tite = 0. 


which has the discriminant 


3605 A(a17a2° ns 84174 3° — 16.017 aa agt = 84° %1%2° 43° 
++ 8240103" — Agt as" — Bao gst). 


The condition that four flexes lie on a line is therefore 


X1 AE — 80702847 — 1601 Aat — 8401457 AgS 
+. By 1480 — Pal Paie Pa + 840843 = (), 


The curve has a cusp if the plane is on one of the four pinch points which 
gives as the cusp condition | 
Xis ( G5? LEE Aus?) = (. 


The curve has two cusps if 
% —=0 and a,?— 4g = 0. 


These invariants are sufficient to set up a correspondence between them and the 
invariants of the fundamental involution of the rational plane quartic curve. 
Since A does not vanish for a proper quartic it is used to raise the invariants 
derived from the surface to the proper degree. 


* Richmond and Stuart, Proceedings of the London Mathematical Society, Vol. 2, 
pp. 131-133; Hilton, l. c., pp. 275-276. 
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This correspondence is given in the table below: i 
Singularity Invts. of Fund. Involution Invts. from Surface 
Triple Point I, Og (XXa Aaa — ao a). 
Disc. of q rf 3A Og” + a1 Mog —4%103°—%0°%2° 
Disc. of N == 0 I,’—4l, 4.0697 37-007? 
Disc. of ga == 0 L/ +181 A: Qa— 1641020079? 
Undulation Ja (ao? + Said) (a0 —4t At 8a s) (4224 a, 


Disc. of F == 0 I,—(1,/—36I,) 3 (47 a — 8a ata 1601 aa Agt — 8a AA Ag? 
-320o A1 A3 — Og?" GQ” +-8a94a3*) 


Cusp I, Aras (4 7— ta)? (210° —40103°—d0°@s ) 5 





The two sets of invariants are connected by the relations 


AT, == M (0102703 — Ai — das). . 
(6) I? = M (830a? + 405203 — 41a? — Ao aa). 
La = M? (0 + Aide + 8813) (097 — 40102 + Sais) (%2? — as)? 
16178 = — Ma a5 (ay? — 4a)” (a0, — 40,03" — Qo aa)? 


where M is a positive constant and the other constant factors are such that 
the tacnode condition I,’ — 0 is satisfied. 


2. An Invariant Classification of Tacnodal Quartics. There are two 
types of tacnodes, the embrassement and the opposition. At an embrassement 
both branches of the curve lie on the same side of the tangent at the tacnode; 
at an opposition the branches lie on opposite sides of the tangent. Hach 
proper quartic cut from surface (1) has an embrassement. 

However, every section of the surface 


(7) Tot + Lo LiT — T1 T? = 0 


by the plane (Sx) — 0 is a quartic with an opposition.” This surface may 
be derived from (1) by the transformation 


Lo = 120! Tı == Vy’, Lo == Lo", Tg = 123° 
which gives 


(8) Go == Bo, C1 == 181, Gr Br, Q3 = ifs 


* R. Gentry, A Dissertation on the Forms of Plane Quartic Curves, (Bryn Mawr, 
1896), pp. 31-35. 
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From equations (6) it can be shown that 


oe (Ie +127,) (Te’ 412) 12 —I (14h) 
ee neg T a ere ae a oe gah ee ete Rae Ge ee ee ee 3 


2m 2 
M Gy? he le QA)? ® 
and 
Go Ag = 4{I— (1—4) 127} 3 
Hence 


- (HR) ITS * 
~ TE i 


+“ 


Za? Jas 


This invariant by virtue of the relations (8) is greater than zero for the 
quartic with an embrassement and less than zero for the quartic with an 
opposition. 


3. Invariants of the Rational Oscnodal Quartic. The oscnodal quartic 
surface has the equation * 


(9) To Zs — (£17 — Totz)? = Q. 


The projection upon the plane v = 0 of its section by the plane (ax) — 0 
gives 
(10) Bolo? +- To Wy + XLo La + XLo Te” — RasToT1 Te + Qtt = Q. 


This quartic may also be derived from the conic 
(11) AL + Loti” + ste” + A, Hoy + Lotto = 0 
by the transformation + 


eo 
(12) To = LX", Ly = ty", Lo = Lo’ Lo! — n°? 
whence 
Lo == Li, By! = Loli, Lo = Lilo + Lo”. 


The surface (9) has three coincident double lines which form the oscnodal 
line 
Tot, == Q 
and one trope 
Ta = Ù. 


The quartic (10) accordingly has an oscnode at (0,0,1). 
The methods of the first section of this paper give the correspondence 
of the two sets of invariants as tabulated below. 


* Salmon-Rogers, l. c. 
+ Salmon-Fiedler, l. œ. 
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Invariants of Fund. Involution Invariants from Surface (9) 
I, di? + as — Septet” 
` 1 O17 a7 — 150443 — 40 9%o%9" 
I,’ — 4I, Os" Oe 
I; + 181, 01707 — AQU 3? — JA Ga 
I, "œ Aa Aa? (4al — 41°) 


AOA ag — 10017 a ag m a, 443% — 90,503? 
I, <= (Ix = 861;)° = 162o d agt + Sato Lol a+ 


la Mas (Aa Gods — A1 Ag — a2$ )?, 
The relations connecting the invariants are 


167: = M (07047 + aus — 4a aa") 
(13) AT, == M (04703? — 150° — daotits?) 
Tg = 16M? aa? (4ao%2 — a?) 
64.0, == — M'a? (Aepee%3 — Q1 E3 — a)? 


where the constants have been chosen so that the invariants satisfy the osc- 
nodal conditions * 


Lola — I (I7 — 412)? — 64], = 0. 
(I7 — 41) (I7 + 6012) — l, m 0. 


M is a negative constant here. 


VALE UNIVERSITY. is 
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* J. H. Neelley, L. c, 


Affinely Connected Function Space Manifolds. 
By ARISTOTLE D. MICHAL 


Introduction. ois 

The year 1887 marked the beginning of systematic reseerch by Volterra 
along the line of functions of curves or functionals.” At approximately ihe 
same time Ricci ¢ began his systematic investigations on the absolute calculus 
by tainz as a starting point the researches of Gauss, Riemann and Christoffel. 
The advent of Einstein’s General Relativity Theory gave impetus to the study 
of differential invariants and differential geometry. The researches of L vi- 
Civita, Weyl, Veblen, Eisenhart, Cartan, Schouten and of numerous other 
authores are well known in this relativistic age.f 

The object of this paper is to develop a theory of affinely connected mant- 
folds in the function space of real continuous functions of a single indi p ndem 
variable. In $1 some fundamental notions on functional transformation: 


‘Volterra: “Sopra le funzioni che dipendono da altre funzioni; Sopra le funzioni 
dipendenti da linee,” Rendiconti della Reale Accademia dei Linceci, Vol. 3 (1887), 
five papers, For additional references on the subject of functionals, see the footnotes 
of our paper. ; 

f Ricci, Bulletin des Sciences Mathématiques, Vol. 16 (1892). See also Ricci 
and Levi-Civita, Mathematische Annalen, Vol. 54 (1901); Wright, Invariants of Quod- 
ratic Differential Forms (Cambridge University Press, 1908); and the Cambridge 
Tract by O. Veblen. 

t The literature on these recent researches in differential geometry and differ- 
ential invariants is extensive. The following books and papers, in addition to the 
unes already cited, form a fairly complete n-dimensional background for the gen- 
cralizations of this memoir: 

Weyl, Space—Timc—Matter (English translation of fourth edition), London 
(1922) ; 

Levi-Civita, The Absolute Differential Calculus (English translation), London 
(19277; 

Eisenhart, Riemmannian Geometry, Princeton (1926); 

Cartan, La Géométrie des espaces de Riemann, Paris (1925); 

Schouten, Der Ricci-Kalkiil, Berlin (1924) ; 

Veblen and T. Y. Thomas, “The Geometry of Paths,” Transactions of the Amcri- 
can Mathematical Society, Vol. 25 (1923), pp. 551-608; 

T. Y. Thomas and A. D. Michal, “ Differential Invariants of Affinely Connected 
Manifolds,” Annals of Mathematics, Vol. 28 (1927), pp. 196-236; ‘ Differential Invari- 
ants of Relative Quadratic Differential Forms,” Annals of Mathematics, Vol. 28 
(1927), pp. 631-688. 
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and functionals are summarized. The connection between differential invari- 
ants and algebraic invariants is well known in n-dimensional theories. In the 

egeneral algebraic invariant theory in n variables, the underlying group of 
transformations is the linear homogeneous group with non-vanishing deter- 
minant. The analogue of this group in function space is the Fredholm group 
of functional transformations with non-vanishing Fredholm determinants. 
The theory of the Fredholm integral equation is therefore used in §2 to 
develop a functional invariant theory of functional forms. The discussion is 
for the most part limited to the quadratic functional form (2.13). The infi- 
nite group of transformations (2.15) induced in the coefficients of this form 
by the Fredholm group has a non-homogeneous linear character. ‘The theory 
of functional vectors and functional tensors in function space is given in § 8. 
It is to be observed that the inversion of the functional tensor law of trans- 
formation is effected by solving mixed linear integral equations. Next § 4 
is devoted to the generalization of the theory of affine connection and infini- 
tesimal parallelism. The generalized theory of infinitesimal parallelism leads 
naturally to functional equations with functional derivalives and to integro- 
differential equations of static type. The functional curvature tensor and its 
successive covariant functional derivatives are deduced in § 5 as integrability 
conditions of functional equations with functional derwatives. In connection 
with this subject the theory of functional operations such as covariant func- 
tional differentiation, is developed in such a manner as to make clear the réle 
of the functionals that possess differentials of the Volterra form. 

The following four paragraphs of this paper are devoted to the develop- 
ment of the function space analegues of various methods and results given 
by Veblen, Eisenhart, T. Y. Thomas and the author in the cited books and 
papers. The center of attention is, in the main, the functional invariant 
theory of the integro-differential equation (6.9). Theorem (7.1) shows the 
connection between Fredholm integral equations and normal functional co- 
ordinates. The reader’s attention is called to the important remarks made 
at the end of § 9 in connection with replacement theorems for affine functional 
invariants that are not functional tensors. 

A functional invariant theory of quadratic differential functional forms 
(10. 3) is developed to an extent sufficient for the purposes of an introductory 
theory of Riemannian function space manifolds. The fundamental functional 
coefficients gasly*] of the form (10.3) are not functional tensors. Minima of 
functionals, of course, enter into the discussion of § 11. 

Because of the extension of tensor notation to integration [see statement 
immediately following expression (2.2)] the formulae of this paper attain a 
form which, it is hoped, is at once both compact and intelligible. . 
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1. Fundamental notions on function space and functionals. Let y? be 
, real continuous function of a real variable x defined over the interval 


a =z= pb. 


Che numerical values that y7 assumes while z ranges continuously from a to b 
nay be thought of as the codrdinates of a point P in an ideal space which we 
hall call funciion space. There is of course a certain amount of redundancy 
n the codrdinate system y since the values of yf at tfe rational points on the 
nterval (a, b) completely determine the function y?. This redundancy, how- 
ver, is of a useful sort as it permits the employment of the remarkable theories 
f functions of curves initiated by Vito Volterra.” 
A functional transformation 


1.1) p=ylÿ]  a<e<i, 


vhere y*[ÿt] is a functional of y* that depends in particular on the variable 
: and is continuous as a function of x, may be interpreted in two ways. If 
and ÿ° are the codrdinates of two points P and P of function space in the 
ame codrdinate system, then (1,1) is a point transformation of function 
pace that takes the point P into the point P. However, if we interpret y? 
ind #” to mean the coôrdinates of the same point P in two different codrdinate 
ystems, then (1.1) is a transformation of codrdinates that gives the coördi- 
ates y? of a point P in terms of the coôrdinates 4” of P in another codrdinate 
ystem. 

We shall have occasion to use only functional transformations (1.1) in 
vhich y*[y*] is a continuous functional of.ÿt in a region of function space. 
Ve shall say that y*[9*] is a continuous functional of 7 in a region R of 
unction space if for every € > 0 and every function ¢* of R, there exists a 
ositive number à such that 


1.2) | yg] — sg] |<e 


‘or all x in (a,b) whenever 
[F — p| <8 


‘or all ¢ in (a,b), Jt being a function that is in À. 
Functionals of gt that depend in particular on several continuous vari- 
bles will occur frequently throughout this paper. In n-dimensional tensor 


* “Sopra le funzioni che dipendono da altre funzioni; Sopra le funzioni dipen- 
lenti da linee,” Rendiconti della Reale Accademia dei Lincei, Vol. 3 (1887). See also 
lis Leçons sur les équations intégrales (1913), Chapter I and his Leçons sur les 
‘onctions de lignes (1913), Chapters I, IT, HI, IV. 
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analysis the convention of letting a subseript stand for a covariant index arid 
a superscript for a contravariant index is widely used. We shall make an 
analogous distinction between the continuous variables that are written as 
subscripts and those that appear as superscripts (see 83). A functional 
fS8-::¥[y*] of y* that depends in particular on the continuous real variables 
a8- ey, Apt tey will be said to be a continuous functional of y* in a region R 
of our function space if for every e > 0 and every function œt of À, there 
exists a positive number such that 


i a, les 
for all «8 °°°, Au°-°-v in (a,b) whenever 
yt — ee 


for all ¢ in (a,b), y* being in À. 

Throughout our paper we shall consider functionals which have differen- 
tials in the Fréchét sense.* These Fréchét differentials will be assumed in 
general to be of the Volterra form. 


2. Algebraic functional forms and the Fredholm group. À special 
transformation of the form (1.1) is the Fredholm transformation 


(2.1) yi = ji + Katy 


where the quantity Kat is a continuous real function of the continuous real 
variables + and a, and the expression K,*#* stands for 


b 
(2. 2) fe Katie da. 
@ a 


The above convention of letting the repetition of an index in a term, once as a 
subscript and once as a superscript, stand for a Riemann integration over the 
interval (a,b) with respect to this index will be used throughout our paper. 


Let us assume now that the Fredholm determinant of the kernel Kat is 
not equal to zero. Under this assumption we have 


(2.3) yi = yt + ka'y’ 


where kat is the resolvent kernel of K%* which satisfies the well known rela- 
tions 
(2. 4) kat + Kat + kgiK =0; kat + Kat + Koika = 0. 


* Cf. Fréchét’s paper in the Transactions of the American Mathematical Society, 
Vol. 15 (1914), p. 189. See also Evans, The Cambridge Colloquium, p. 69 and 
P. Lévy, Leçons D’Analyse Fonctionnelle, pp. 48-105. 
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The explicit expression for the resolvent kernel kąt is 
at = — Dai [KA]/D[K:°]. 


In this formula, the functionals D[K,\] and D,*[K,*] denote the Fredholm 
determinant of K,* and its first minor respectively. We have the well-known 
expansions 


DEA] = 1 + Bat + (1/21) KOR + + (Prises a Le 
Dji{ Ky] = Kjt + Kim + (1/21) Bo + + (1/p!) Risa. ie 


Jaya + Ap 
in which 
Bae, dé Ve" Kp,” 
Boor sp _. + ry + + ò 
BiBa + +. Bp ~ 
Kp 3 Ea, 27°" "» Kg,” 


With these facts in mind one can readily verify that the class of Fredholm 
transformations (2.1) with non-vanishing Fredholm determinants possesses 
the group property.” 

The differential invariant theories that arise in connection with n-dimen- 
sional geometries have a close relation to the classical theory of algebraic forms 
and algebraic invariants. An analogous situation exists in the functional 
invariant theories of function space. With this remark in mind we turn now 
to some fundamental ideas in a theory of functional algebraic forms and func- 
tional algebraic invariants. 

By a linear functional form we shall understand a linear functional 


(2. 5) layt 
which has the law of transformation 
(2. 6) lay? == lai? 


under the group of Fredholm transformations (2.1) with non-vanishing deter- 
minants. In (2.5), la is assumed to be a continuous function of œ in the 
fundamental interval (a,b). As a consequence of (2.1) and (2.6) we obtain 


(2. 7) l = l + IaK iP. 


Thus the group of Fredholm transformations (2.1) with non-vanishing Fred- 
holm determinants induces in the coefficients la an associated group of Fred- 
holm transformations (2.7) with non-vanishing Fredholm determinants. 


* I. Fredholm, Sur une classe @équations fonctionnelles, pp. 372-373. 
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The coefficients gag of a quadratic functional form 


(2. 8) qapy"y?; Gap = Yea 
e 
transform in accordance with the law Š 
(2. 9) Gap == Jap + Gay Kg” + Qy8Kat + grka Ke. 
This can be proved quite simply by observing that the condition 
(2. 10) i qapy"y? = apy? 
leads to a functional identity in Yi 
(2.11) papt Y = 0; Pas — ppa 


when we substitute in (2.10) the expression for yt as given by (2.1). A 
necessary and sufficient condition that (2.11) be true is that 


(2.12) dag = 9, 
which is condition (2.9). 

The functional form (2.8), however, is not the type of quadratic func- 
tional that we wish to consider in detail. Further developments in this paper 
(particularly with reference to the generalization of n-dimensional Riemann- 
jan manifolds) suggest that we consider quadratic functional forms 


(2. 13) gapy*y” + f, (y) da; gap = Jea 

With reference to (2.13) we have the following theorem: 
THEOREM 2. I. <A necessaryeand sufficient condition that 

(2. 14) Japy yË + f KA da = ĝaj g? + f (ge)? da 


under the group of Fredholm transformations (2.1) with non-vanishing Fred- 
holm determinants is ihat 


(2.15) = Jap = Jap + Jyp Kal F Jay Kp! + Jy Ka Ke? + Ka + Kp* 
b 
+f KaK gdy. 


In order to obtain gag as a functional of gag we have to solve the seem- 
ingly complicated integral equation (2.15). The existence, however, of a 
resolvent kernel ig* to K,* insures the unicity of the continuous solution 


(2.16) Jap == Jap + Fypka” + Gaykeg? + Gyska ke + ka + legt 
b 
ae f, baYkgdy. 
a 
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of (2.15). To establish this, one need only follow a method of proof similar 
_ to that used by Volterra * in his treatment of equation (2.1). 


DEFINITION OF A RELATIVE SCALAR FUNCTIONAL INVARIANT. A con-° 
linuous functional f[gap] of gag will be called a relative scalar functional 
invariant of weight w of the quadratic functional form (2.18) if its law of 
transformation is 


(2.17) flag] == (DIR #41) flgas] (Ù a constant number) 


under the group of transformations (2.1). 

In (2.17) the quantity D[ Kw] stands for the Fredholm determinant of 
the function K,# which occurs in (2.15). 

We shall establish the following theorem. 


THEOREM 2.1]. The Fredholm determinant D[ gag] is a relative scalar 
functional invariant of weight 2; i.e, 


(2. 18) DT gap] = (D[K+*])? Di gag]. 
To prove this theorem we define the quantity Mag by 
(2. 19) Mag = gop + Kp* + gasK e? 
In terms of the quantities Mag and KP, the relation (2.15) takes the form 
(2. 20) Jap == Kab + Mag + Ka Myg 


By the theorem on the multiplication of Fredholm determinants + we obtain 
the relations p 
(2.21) D [Gag] = DL Ky] D[ Map]. 


But by (2.19) and the same theorem on Fredholm determinants we obtain 
(2. 22) D| Mag] = Di gag] DK]. 

Our theorem follows immediately on observing that 

(2. 23) D[K,p*] = D[ KF}. 


A quadratic functional form (2.13) has an infinite number of functional 
invariants when we extend the notion of a functional invariant in the follow- 
ing manner. 


* Cf. AL Bôcher, An Introduction to the Study of Integral Equations, Cambridge 
Tract No. 10, pp. 21-22. 

f I. Fredholm, Sur une classe d'équations fonctionnelles, pp. 381-383. See also 
G. C. Evans, Cambridge Colloquium, “ Functionals and Their Applications,” pp. 122-125. 
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DEFINITION OF A FUNCTIONAL INVARIANT. A continuous functional 
fye--:§ [gap] of the coefficients gag of the quadratic functional form (2.13) - 
dhat depends in particular on the variables yd:-:«, Aw +: ao will be called a 
relative functional invariant of weight w if under the group of Fredholm” 
transformations (2.1) with non-vanishing Fredholm determinants we have 


(2.24) fée [Gap] = 678-028 [fee [gels Gin Ke, bo] (DIK) 


where  % Ys € isa fixed functional of tts four ee eee eee 
giz, KP ane kyt that eliminates the variables cd--+e, lm---s, ij, p, A u, 4, 
and k is the resolvent kernel of Kë. 

Clearly the Fredholm determinant D[gag| is a relative functional invari- 
ant of weight two. A relative functional invariant of weight zero will be 
spoken of as an absolute functional invariant. An important absolute func- 
tional invariant of (2.13) is the resolvent kernel 9% of the coefficients gag 
of (2.13). In fact we have the theorem. 


THEOREM 2. III. If the Fredholm determinant D[gag| of a quadratic 
functional form 


ò 
(2. 25) Japy "y? + f (y*)? da 
is not zero, then the resolvent kernel g*®[gav] of gap 


(2. 26) 9°? (gav| = — DT gav|/D [ger] 


is an absolute functional invariant of the quadratic form (2.25) while the 
first Fredholm minor DE| ga] of the Fredholm determinant D[gav| is a rela- 
tive functional invariant of weight two. In fact we have 


(a) -g*[ Gav] = gL geo] + 9 [gov lley® + 97 [gar] ke + 9” [Gav] kya? 
(2. 27) + kg’ + ka? + f, “Tego? dy 
(b)  DÆ[Gor] = (D[-K.])? {D* [gav] + DY [gar] ky* 
+ DE ga] + DV [gan] kytka 
ph sd f ” ‘ey len dy)}. 
‘To prove this theorem we first observe that 


D[ Gap) 7 0. 
This is a direct consequence of (2.18) and of our hypothesis about D[ gag]. 


Micxar: Affinely Connected Function Space Manifolds. 481 


` Thus gP[ Gav| exists. Let mag be the resolvent kernel of Mag and kg® that 
of Kg°, then it follows that the resolvent kernel * of 


KF + Mag + KM yp e 

is 
b 
kaf +- Map +f Mayka? dy. 
6 
Hence it is a consequence of (2.20) that | 
b 

(2. 28) JT Gav] = ka? + map[ gar] + Í, Mayl av]k,F dy. 
By a similar argument we obtain from (2.19) the relation 
(2. 29) map| guo] = gP [gao] + ke” + kot g% [ga]. 


Finally on eliminating the functional mag[gav] in (2.28) by means of (2.29) 
we obtain equation (a) of (2.27). The relation (b) of (2.27) is readily 
deduced by multiplying each member of equation (a) of (2.27) by the cor- 
responding member of equation (2.18). This completes the proof of our 
theorem. 

One can proceed now with a study of the invariant nature of the Fred- 
holm minors of any order of the Fredholm determinant D[ gap]. Let us, how- 
ever, turn to certain other questions. First let us inquire into the meaning 
of the condition 


b 
(2. 30) KP + Kg + f KYKp* dy = 0. 
& 


One can readily verify the fact that (2.30) is the necessary and sufficient 
condition that the functional 


f (y®)° da 


be invariant under a Fredholm transformation (2.1). Furthermore it is evi- 
dent from (2.30) that Ka£ is the resolvent kernel of K4% and that the Fred- 
holm determinant 

(2.31) D[ Kp] = + 1. 


The family of Fredholm transformations (2.1) with non-vanishing Fredholm 
determinants that satisfy condition (2.30) form a sub-group of the group of 
all Fredholm transformations with non-vanishing Fredholm determinants. 


* Cf. G. C. Evans, loc. cit., pp. 121-122. 
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We shall call this sub-group the orthogonal Fredholm group of transforma- ' 
tions. As consequences of (2. 30) we have the following formulae 


b 
s Ee +EH f KK. dy = 0 
& 
b 
(2. 32) FERRE f kahf dy = 0 
a 


b 
legt + kab + J bakat dy = 0. 


With the aid of these formulae and of (2.30) itself a multitude of interesting 
results flow forth. For example, under the orthogonal Fredholm group and 
under that alone do we have 


D| Gag] = Pl gag] 
Jap = Jap + Jv8K a + gayK gp’ + gysK a’ Kp 

(2.33)  g*[ Gav] = 9 [gav] + 9 [gan] by* + 9° [gar] k + JV god] tyka? 
DA Gav] = DEL gan] + DPI gar] kyt + DA, gan] ky? + DY [gan] kytket. 


3. Tensor algebra in function space. In order to develop a theory of 
tensors in function space, we must first specify the underlying group of func- 
tional transformations. Consider a functional transformation 


(3.1) yt = [9°] 

which takes the functional region 

(3. Ja) | 9% — Hor | < M 

of a fixed continuous function ÿ,% intd the functional region 
(3. 1b) | yt — yt | <N 


of the fixed continuous function gt that corresponds to Fot. We shall assume 
that (3. 1) satisfies the following conditions. 


(a) The functional y*[ y*] is single-valued, continuous as a function of i 
for a SiS b, and continuous as a functional of ÿ* in the functional region 
(3. 1a) 


(b) the functional yt has a Fréchét differential of the form 


(3. 2) by! = 89 + ya! [9] 89 
where 
| Sy? — Ay? | < e max | 89? |, 


e being a quantity that approaches zero with max | di | 
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(c) in (3.2) the functional "Yat [GY] is assumed to be continuous in t, 
a, Je for @Si,aSb and | 7*— Ye | <M, and to have a non-vanishing 
Fredholm determinant D[’yq*] for | 9e — Je | < M. A 
The totality of functional transformations (3.1) which satisfy the above 
conditions form a group. In fact if 


Th = yt [ġe] 
is a functional transformation that takes the region ` 
pp] <L 
into the region (3. 1a) then 
y? = [3] (Vl) = va) 
is a functional transformation that takes the region 
|J — ÿot | <L 


into the region (3. 1b). Such a transformation obviously satisfies condition 
(a). Clearly 
by? = 89? + Yat [I] 89° 
where 
ba [J] = “ya TY] + BaF] + ye LG] Go" [9]. 

Hence 

| 8y¢ — Apt [F] | < e max | 39 | + | A9*[G] + ‘Ya LG] 89° 

te “ys [IN GaP LG] 89% — Ay [9] |. 

Since 

| A9*[9] + Yat [9] AG*[9] — Ayt [7] | < es max | 8 | 
we obtain the inequality 


| Syt— Ayt [7] | < (a + e + es) max | 8ÿ | 


in which e, € and ez are quantities that approach zero with max | 8? |. 
Thus the transformation yt = y*[g] satisfies condition (b). By Fredholm’s 
theorem on the multiplication of Fredholm determinants we have 


Dpat] = D[’ya*] DiI) 
and hence D[’yat] <0 in the region | ĝt — ĝt | < L. The group property 


of the totality of transformations (3.1) follows readily with the aid of the 
above observations. 
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In order to have a group of transformations with single-valued inverses 
throughout a functional region, we shall restrict ourselves to transformations 
(8.1) that satisfy the following additional condition : 


(d) the functional transformation (3.1) possesses a unique single-valued 
inverse 


(3.3) yi = UY [y°] 


that takes the region (8.1b) into the region (3.1a) and that satisfies condi- 
tions (a), (b) and (c) in the region (3. 1b). 

The class of all admitted transformations (8.1) with their inverses forms 
a group of functional transformations. 


The symbol G will be used to denote an arbitrary transformation of this 
group of functional transformations. 


Clearly we have 
(3. 4) by? = 8y* + Yat Ly] dy* 


where ‘Yat is the resolvent kernel of Yat. 


The functionals ’y,*[ 981 and ’#.*[y®] will be by definition the functional 
derwatives of the functionals y?[y%] and 7 *[y*] respectively. 
If we eliminate 5y* in (3.2) by means of (3.4) we obtain the identity 


ya [Y J8y* + "Ha Ty |8y* + ye LY] "Ga" Ly]8y* = 0. 


From the arbitrariness of dy* we have the fundamental relation 


(3.5) ‘ya [I] + Ge! Ly) + yet (GY DPY] = 0. 
By a similar argument we obtain the second fundamental relation 
(3. 6) Gat LY] HY LI] + De [y] YPL] = 0. 


on first eliminating Sy‘ in (3.4) by means of (3.2). Clearly the identities 
(3.5) and (3.6) are the well known relations that hold between a kernel of 
an integral equation and its resolvent kernel. 

Let f[y*] be a continuous functional of y* that is a scalar, Le. 


(3. 7) fly] = [97] 
under a transformation @. Furthermore let it possess a differential of the 
Volterra form 


(3. 8) Sly] = fally] 8y* 
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where ’ fa is continuous both as a functional of y* and as a function of a. By 

definition, ’f.[y] shall also be called the functional derivative of the functional 

fly] with respect to the argument y. 
From (3.7) we obtain 


‘i al D] dY = fely] "ya [H] 89° + Faly] 89°. 
Hence the functional derivative ’f,[9] in the variable gY is given in terms 
of the functional derivative ’f,[y] in the variable y? by the formula 


(3. 9) fal] = ‘faly] + fely y Yaf ly]. 


The functional derivative ’f,[y]| of a scalar functional f[y] is therefore a 
covariant functional vector. This result is in accordance with the following 
definition. 


Q 


at. 


DEFINITION OF A COVARIANT Funotionat Vector: * A functional 
éi[y°] will be said to be a covariant functional vector if its law of transforma- 
tion under the group of transformations @ is given by 
(3. 10) Eal 9] = éa [y] + Ely] ’yo°L9]- 

The formula (3.10) has the three important properties : 
(a) & is a linear homogeneous functional of & 
(b) If & vanishes in one coördinate system y* it vanishes in every coör- 


dinate system 
(c) the group property. 


To prove property (c), and incidentally derive an interesting formula, let us 
consider the transformations 


éa [I] = éa[G] + 8519] 50°19) 
(3. 11) Éa [9] = éaly] + éyLy] "yar [5]. 
From (3.11) we obviously obtain the relation 
(3.12) [9] —=éely] + ésly] ("YP lI] + GCI) +l] elg). 
But | 


(8.13) 20/09] = "yo? LG] + "GaP LG] + YP 19] Go" [9], 2°19 = WPL 1941] 


* If we use the geometrical terminology we may think of (3.10) as a formula 
which gives the infinitely many components of the functional vector £ at a point P 
in the codrdinate system ği in terms of its components at the same point P but in 
a different codrdinate system yi. 
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as is shown most easily by observing that ’z,8[q] as given by (3.13) is the 
kernel of the product of two Fredholm transformations of the type (3. 2). 
.Furthermore, the unique continuous solution of the Fredholm integral equa- 
tion (3.10) is 

(8. 14) faly] = al 9] + EaL9] Faf Ly] 
since ‘ÿ.P[y] is the resolvent kernel of ’y,8[y]. Finally the identical trans- 
formation > 

yi = Ji 
implies 


But these conditions reduce (8.10) and (3.14) to the forms 
f[9]=ély], gly] = &[9] 


respectively. The proof of (e) is therefore complete. 

Formula (3.18) shows that the functional derivative of a transformation 
@ does not transform like a covariant functional vector. In fact let us con- 
sider any scalar functional s;[y*] that depends in particular on a variable 4 
and has a differential of the form 


(3. 15) si == dy? + ’sialy] Sye 
where ’s;.[y] denotes the functional derivative of sı. Throughout our paper 
we shall understand that subscripts following a comma denote variables that 


arise by the process of functional differentiation. By a reasoning similar to 
the one used in obtaining (3.9) we find that 


(3. 16) Sial9] = ‘Sal y] + "Sip Ya® [9] + Ya [9]. 


The law of transformation (3.16) possesses the group property. However, 
if the scalar functional has a differential of the Volterra form 


Si = Sial Y] dy® 
’Siq Will be a covariant functional vector for each value of 1. 


DEFINITION OF A CONTRAVARIANT FUNCTIONAL VECTOR: A functional 
éf yt] will be said to be a contravariant functional vector if tts law of trans- 
formation under the group of transformations © is given by 


(3. 17) [9] = Ty] + Ply] Hery]. 
The unique continuous solution of the Fredholm integral equation (3.17) is 


(3. 18) E*Fy]| = [9] + [9] vs [5]. 
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It is evident from (3.2) and (3.4) that the differential Syt of a trans- 
formation @ transforms according to the contravariant vector law. 
If [y] and y*[y] are covariant and contravariant functional vectors then 


Éi n° 


is a scalar functional, 1. e., 
(3. 19) él vg] = éy] lal | 


This can be shown by a direct calculation by means of the defining relations 
(3.10) and (3.17), and the functional identity (3.5). Conversely if (3.19) 
holds for an arbitrary contravariant functional vector n° then, é; is of necessity 
a covariant functional vector. Also if (3.19) holds for an arbitrary covariant 
functional vector é; then n° is necessarily a contravariant functional vector. 

The above methods suggest a way of obtaining the law of transformation 
of more complicated functional quantities. Suppose that 


(3. 20) Terg] éL] [9] = Tel] Sal y] PL] 


under the group of transformations @ for arbitrary covariant functional vec- 
tors & and for arbitrary contravariant functional vectors 7% If in (3.20) we 
substitute for &[y] and „f[y] their expressions in terms of é.[y] and 7[ÿ] 
respectively we obtain a functional identity of the form 


(3. 21) $e” Gal 9] WLI] = 0 


where œg? is independent of & and 7. Hence by a double use of the funda- 
mental lemma of the calculus of variations we obtain the condition 


(3. 22) dat = 0. 
The explicit form of this condition is 
(3.23)  Tée[ÿ] = Tyly] yeg] + Tel] + gE] 

(TS Ty] "ge C9] + Telly]. 
On multiplying both sides of (8.23) by ’y[ÿ] and integrating with respect 
to «, we obtain an equivalent but more compact form of (3. 23) 
(3. 24) Telg] Yat = — Got (TL Ly] ye? + Telly). 


This result was obtained by making use of the fundamental functional iden- 
tity (3.5). 

A functional 7'g“[y] whose law of transformation under the group of 
transformations @ is (3.24) will be called a functional tensor (or merely 
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tensor) of order two. This particular tensor T's" is covariant of order one and 
contravariant of order one. 


GENERAL DEFINITION OF A FUNCTIONAL Tensor: À functional 
T ao. -a [y7] that depends in particular on the variables i, j, *'', q; a, b, 
Heng will be by definition a functional tensor if its law of transformation 


under the group of transformations G is gwen by 


TiN. -pa [9] ETC MO ES AUIÉ PO ER AE UE) 

B) + (A) BP (BE) BD OE 
Lee be GaP paras ae as 

+ lijat jai i ee pl AG ) 


ore: a CS Hone 


A 
Too Py T.a 
PEL se TE E a E e T 
(3.26) 
Se SP Yar ye dog yet ee 


The functional tensor T will be referred to as one of order « -+ y, covari- 
ant of order « and contravariant of order v when « is the number of variables 
abe-::fg and yv the number of variables 1jk-++ pq. Thus there are 27 terms 
on the right side of (3.25). 

The law of transformation of a functional tensor enjoys the properties 
(a), (b) and (c) of page 485. Furthermore, symmetry or skew-symmetry 
relations in the continuous variables 1j-:-g, ab---g are not altered by a 
change of the variable yf. 

Let Ha[y] be a covariant functional vector that possesses a functional 
derivative “Ha gly]. Then as Volterra * has shown, the integrability condi- 
tions of the functional equation 


(3. 27) ôf [y] = Holy] dy", 
with the functional f[y] as the unknown, are 


(3.28) Hap—"'Hpa == 0. 


* Cf. his Leçons sur les fonctions de lignes, Paris (1913), pp. 27-28. 
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“It is a consequence of the law of transformation of the vector Ha that 
’‘Hap— Hg is a covariant functional tensor of order two. Hence (3. 28) 
is a tensor functional equation; i. e., if it holds in a variable y*, it continugs 
to hold in any other variable Yi. 

From the functional tensor ¢ag[y] where 


Pas = "Hap — "Ha 
we can form the covariant functional tensor ¢agy|y] of order three where 


bapy Ly] == pagr LY] — pve aly] — "bare Ly]. 
Obviously 


dapyly] = 0. 


More generally, let y [y] be an alternating covariant functional tensor, 
| apy... KA 
l. Gy 

Woh... mn === Woy... KN or —Wapy... md 


according as fgh::- mn is an even or an odd permutation of aBy-::-«A. The 
functional y [y] defined by 
apy... KN 


(8.29) y [y] =% [y] —¥ [y] —"# . [gl ——"% [y 
apy... KA Qas. Àk BBY . > - KG ARY «+ 


. KAB aBy... HLA 


+ 


is an alternating covariant functional tensor of one higher order than 
y [y] . If now we form the functional tensor y [y] from y [y] 
aßy.., KA ; apy... KAY apy e.. KA 


according to the rule (3.29) we shall find that * 
y [y] 0. 


H 


4. Affinely connected function space manifolds. Levi-Civitè’s + notion 
of infinitesimal parallelism in n-dimensional Riemannian geometry and its 
subsequent extension by Weyl ł to more general affinely connected n-dimen- 
sional manifolds has played a significant part in the recent developments of 


* These results suggest the development of a theory of invariant functions of 
r-dimensional manifolds in function space under continuous groups of functional trans- 
formations. I have already developed a theory of invariant functions of +-dimensional 
manifolds in n-dimensional space under continuous groups of n-dimensional point 
transformations. See my paper in The Transactions of the American Mathematical 
Society, July (1927), pp. 612-646. 

f Nozione di parallelismo in una varietà qualunque, Rendiconti Circolo Mathe- 
matico Palermo, Vol. 42 (1927), pp. 173-205. 

À Raum, Zeit, Materie (4th edition, p. 100). 
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new differential geometries. In this section of our paper we shall develop 4 
theory of affine connection and infinitesimal parallelism in our function space. 

Let y*(s) stand for a function of the two variables + and s where s is to 
be considered as a parameter that plays a different rôle from the variable +. 
The function y*(s) is assumed to be a continuous function of i and an ana- 
lytic function of the parameter s for aS i= b and s Ss Ss, We may 
think then of such a function y*(s) as giving rise to a one dimensional variety 
or curve in our function*space. For a fixed value of s we have a continuous 
function of + which gives the codrdinates of a point Ps on our curve. Ass 
ranges over the interval (so, sı) the point Ps traces the curve in question, 
where, of course, y°(s,) and y?(s,) are the coérdinates of the initial and final 
points respectively of our curve. An equation 


(4.1) y = y (s) 


is then the equation of an analytic parameterized curve in function space. The 
same curve will be represented by 


(4.2) yt =y (s(¢)) 
when s= s(t) is the analytic inverse of an arbitrary analytic substitution 
t == t(s). 


More generally a parameterized r-dimensional variety in our function 
space will be determined by the equation 


(4. 3) yt = y (th, Ua, °°"; Ur) 


where y*(u, Us °'*, Ur) is continuous as a function of à and analytic as 
a function of the parameters Wr, Us, *'', Ure The r-dimensional variety (the 
real geometrical object) may have any one of the infinitude of equations 


(4, 4) Yt = yi (Ua (V4, Vas °° s Vr)’, Ur(V1, °° +5 Ur) ) 


as its defining equations. In (4.4), the functions U(t t, vr), **+, 
Ur(V:, °°", Vr) are r arbitrary analytic functions of v,,---, vr that are func- 
tionally independent. 

Consider a functional H*ag[y*] of y* that depends in particular on the 
variables 1, «, 8 and has differentials 


(4. 5) à” H’ap[y"] (r = ee ) 
of the Volterra form 
(4. 6) (r) Ht [y*] òy Y: syva ru x by, 


ab YY eas Yr 
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‘In (4.6), the functional “Ht [y] is assumed to be continuous as a 
Yr 


QB:"y1Ya eos 
functional of y* and as a function of taßyıyz*'' yr, and, without loss of gen- 
erality, symmetric in the variables yiy2°** yr. We shall speak of “ Hi o 


aB YrYa s- e Yr 
as the rth functional derivative of Hi,s. 


We shall say that a contravariant functional vector é‘[y] undergoes a 
general linear displacement from the point with coördinates y* to a point 
with codrdinates yt + êy? if the vector é at the point yt becomes the vector 
& + AËt at the point y? -+ dy* where 


(4.7) Agt = GE [y] + H'ag & dy? 


as far as terms of the first order in ôy”. In (4.7), 8& is the differential of 
the functional ét 


(4.8) SE [y] = ét] By". 


À functional H*,g[y] will be called an affine connection. We have thus en- 
dowed our amorphous function space with certain geometrical properties by 
the introduction of an affine connection H*,,[y]. A function space possessing 


an affine connection will be called an affinely connected function space manmi- 
fold. 


We shall see presently that the vector law of transformation of Aé*[y] 
determines the law of transformation of an affine connection H*,g[y]. In 
order to derive this law of transformation, it is necessary to employ a more 
restricted underlying group of functional transformations. We shall deal 
with a group of functional transformations in which each transformation satis- 
fies conditions (a), (b), (c) and (d) of page — as well as the following 
additional requirement: 


(e) in the functional neighborhood | ÿ— Got | <M, the functional 
derivative "Yat [ÿ] possesses Fréchet differentials 


(4. 9) & Ya [U] (D=, 2,°"*, 8) 
of the Volterra form 
(4. 10) (atl yf wa Sih: « s syte, 

aBy... p 


where the functional Dyt [J] , the (p-+1)st functional derivative of 
8 


ab; ove p 
y'[¥], is a symmetric function of the variables aB,-+- Bp, and is continuous 


as a functional of YY and as a function of iaß -> Bp 
If s is the highest order of the differentials in (4. 9), the symbol @, will 
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be used to denote an arbitrary functional transformation that belongs to such’ 
a group. 
Under the group of transformations @, we obviously have for a contra- 
variant vector é*/y] 
(4. 11) Ely] =E [9] + ‘ya’ [9] 19] 
ò Ét[y] = 8 éi + yat dE + y nlg] EF 8". 
Hence from (4.7) we have 
(4.12)  Agt == BEF yat BE + (ati + Ai ix + Hoax yt f 
+ Hja tht + H'ag "ys? yh) E dy". 
A necessary and sufficient condition that (4.12) be equivalent to 
AE? PN AŽ +- Yat Aé*, 
where 
Agt = ét [y] + Hasi[ÿ] € 39°, 
for arbitrary vectors é and differentials 8y* is that 
(4.138) = Htp [9] + On Yat = "Yim + Ht nly] + Bran ys" 
+ Aja yt + Heap y; ye. 
Multiplying both sides of (4.13) by ’ÿ:[y] and integrating with respect to 
the variable + we obtain the relation 


(4.14) Hg — "Gy? ("Yin + Bie + Hasty + Aja yt 

+ Dap ‘ys? yf). 
Another important equivalent form of (4. 13) can be obtained by solving the 
Fredholm integral equation (4.13) with kernel yat. The unique continuous — 
solution (since the Fredholm determinant D[’y,*] 0) is 


(4.15) Byct = ya + Hn + Hany + Hj + Has "ys? UP 

HE CY ie + HV pe Han yt + Hja y + Hag’ yt yf). 
The'law of transformation of an affine connection H*;,[y] can thus be given 
in any one of the three equivalent forms (4.13), (4. 14), (4.15). It is clear 
from (4.15) that an affine connection H+, transforms like a functional 
tensor when and only when 


(4. 16) "Y ne[G] = 0. 
For example, a linear functional transformation 


yt = Yt + a? + Buy® 
satisfies condition (4.16). 
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Any affine connection H+; can be written as 


(4. 17) H’ ir = Ify] + Qtxfy] 9 
where 

(4. 18) fui = riy] 

and 

(4. 19) [ly] = — tr [y]. 


The functional tensor Qt; will be called the torsion of our affinely connected 
manifold. From now on in this paper, we shall deal with affinely connected 
function space manifolds whose torsion tensor Qt;x is identically zero. This 
then means that our affine connection I*;,[y] is a symmetric function of the 
variables j and k. 

We shall say that a functional contravariant vector é[y] undergoes a 
parallel displacement from the point with codrdinates y+ to a neighboring 
point with codrdinates y* + dy? if AËî— 0, i. e., if 


(4. 20) SET y] = — Maply]é8y?, 


where I*,[y] is the symmetric affine connection of our affinely connected 
function space manifold. 

The functional total differential equation (4.20) is equivalent to the 
functional equation with functional derivatives 


(4. 21) "és Ly] = — Tag y ]é*Ly]. 


The integrability conditions * of equatiore (4.21) are deduced by imposing 
the condition that the differential § ’é,[y] be a self-adjoint linear functional * 
of ôyt. A necessary and sufficient condition that S’é,*{y] be a self-adjoint 
functional of dy* is that 


(4.22) &*('Thapy [Y] — Taype + I apl oy — ayr tog) e wf = 0 
for all continuous functions z* and w% of sufficiently small moduli. Hence 


a necessary and sufficient condition that (4.22) hold is that 


(4.23) é*[y| B*asy[y] = 0 
where 
(4. 24) Biapyly] = Tagyly] — Taye + E"apl ey — Pal tog. 


* Tor the theory of the integrability conditions of functional equations and for 
the concept of a self-adjoint functional see P. Lévy, toe, cit., pp. 91-94, 151-170 and 
and G. C. Evans, loc. cit, pp. 17-25. 
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The functional B*,g, plays an important rôle in the theory of affinely con- 
nected function space manifolds. We shall see in the next paragraph that 
Béagy is a functional tensor. We may use the terminology of n-dimensional 
geometry and call the functional B*,gy[y] the curvature tensor of the affinely 
connected manifold determined by the affine connection T'g[y]. 
Let 
yi = y* (8) 

be the equation of an arbitrarily given parameterized curve with s= sọ and 
s = s,, as the values of the parameters corresponding to the initial and final 
points of the curve. It is clear from (4.20) that for a parallel displacement 
of the vector [y] along the given curve we must have * 


ces) MON rpyr(s)] p(s] SO 


Since the curve is fixed we see that (4.25) is a linear integro-differential 
equation of static type 


(4. 26) SR put #5) 





with $*(s) as the unknown function of the two variables i and s, and w*,(s) 
as the known function of the three variables 7, & and s. Let 

é*Ly*(s)] = $ (s) 
for the given curve. Under sufficiently restrictive conditions, the unique 
solution t(s), continuous in 4 and analytic in s, of the integro-differential 
equation (4.25) which takes on the initial value 


(4. 27) de 

will be 

(4. 28) ps) = 7 + 9° [ (s — So) eÀ? (So) + © Fi sod (2 Abe (80) 
R e—a ee La ‘a (So) hs JE 

where 

(4.29) Atals) =—Tjo oe 


: yi dy" dyi dy O24 

and in general 

A ¢m-1yA*w(S) 
Os 





; ĝyi (: 
(4. 30) cmMo(s) = — im- A a (8) T'ju, vs) 


* Cf. §6 with particular reference to statements about formula (6,3). 
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The solution (4. 28) will depend in general on the choice of the function y‘(s) 
although it will be independent of the parameterization s. This then means 
that the parallely displaced vector [y] will be a functional of function spac 
curves. If the affinely connected manifold is such that 


(4. 31) B'agy[y] = 0 
then the integrability conditions (4.23) will be satisfied identically and the 
solution (4.28) of the functional equation (4.20) or (4.21) will be 
independent of the choice of the curve. 

5. The functional curvature tensor and other affine functional invar- 
wants. The law of transformation of an affine connection can obviously be 
written in the form 


(5.1)  ytosl9] =TtaplG] + Tap yat —T'aply] — Tog Ya 

— Tas “yp? — Tor Ya? "yp" 
as is evident by a reference to formula (4.13). Since “yag? is Indeed a 
functional of #77 we must have 


(5. 2) yh aay |G | —"'y*apy 9] = 0. 

To obtain this condition (which is obviously the condition for the self- 
adjointness of the differential 8”ysst) in terms of the first functional deriva- 
tives “y,*/ 4], we first calculate the third functional derivatives ’’y‘,g, from 
(5.1) by taking the differential of both sides of (5.1) and equating the 
coefficients of 847%. We thus shall have the condition (5.2) expressed in terms 
of Yap? and Yat. If then we eliminate ‘gt from this final expression by 
means of (5.1) itself, we shall obtain the equations 


Be gpy [9] + B'agy'yot lG] = Brapyly] + B'opy ya 
+ Braoy yp? + Brags “Ya” 
+ B'ory ya? "Yg + Brope Ya? Yy + Brace yp? "Ya" 
+ Brory “ya? "yp? “Yn” 
where Btygy[y] is the functional that was defined by (4.24). The unqiue 
sontinuous solution Btagy[9] of the Fredholm integral equation (5.3) is 
(5.4 Elo = (ip, ) HIE (Ep) 
(5.5) T == Btapyly] + Bropy "Ya TT] + Bracy “yp? + Bragg "Yy" 
Btory Yar "Ye? + B'opr Yat Yy + Bar "yp? Yy + Beary Yat "yp? Yy. 


(5.3) 
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Another useful form of the law of transformation of Big, is obtained by 
multiplying both sides of (5.3) by J: [y] and integrating over the variable 4. 
If we simplify the resultant expression by means of (3.6) we obtain 


(5. 6) Bap 9] ys? Lg] =— Go" Ly] (cx }- 


Formula (5.3) shows that B,8,[y] is a functional tensor which is covariant 
of order three and contravariant of order one. 

By a process similar to the one by means of which we deduced (5.3) 
from (5.1), we can obtain the law of transformation of another functional 
tensor. In fact on taking the differential of both sides of (5.3), equating 
the coefficient of the differential 89°, and eliminating ”y‘,g[7] by means of 
(5.1) we obtain the law of transformation of the functional tensor B+ [y] 


apy 6 
defined by 


(5.7) B? [y] = "BY [y] + BY apy Los — Brupy Pas — Blawy Pps 
afiy 56 apy,d | 
oe B ape ITOs. 


We shall call Btagy: the covariant functional derivative of Bagy, To dis- 
tinguish this type of functional differentiation from the ordinary functional 
differentiation we shall use a semi-colon immediately preceding the index 
added on account of a covariant functional differentiation. 


It is clear now how one can proceed to deduce the infinite sequence of 

functional tensors 
Bi [y] „cee, Bi fy] yt 
aBy; 5; € a aBy; Ör Ez. A 

The general functional operation that yields a functional tensor of one higher 
covariant order than the functional tensor on which it operates will þe called 
covariant functional differentiation. It is always possible to obtain the result 
of covariant functional differentiation by the processes of ordinary functional 
differentiation and elimination by means of (5.1). We shall see in §8 that 
covariant functional differentiation is a special case of a more general func- 
tional operation that yields functional tensors of higher orders than the 
functional tensor on which it operates. 

For the sake of future reference, we shall write down the formula giving 


the covariant functional derivative of a functional tensor s A 


Paea eee ae a 
o è & A see e.o wos eee te 
(558) CR ce a 
+ cm PEF cee lb 
TT ee 
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‘In (5.8), the functional T',g[y] is the affine connection of our affinely con- 
nected function space manifold. Of course it is understood that the differential" 


a . j is of the Volterra form ° 


(5.9) ay The 
and the functional derivative ’7'4)--- i is continuous both as a functional 
of yt and as a function of 47- <- kab-: - cd. 

The functional operation of covariant differentifition yields a tensor when 
it operates on a tensor. The question arises as to the existence of functional 
operations which yield a tensor when the operation is applied on a functional 
which has a definite law of transformation that is not the tensor law. We 
shall see later that such functional operations are of great importance in the 
theory uf Riemannian function space manifolds (see $ 10). 

To make these statements more definite let us consider a covariant 
functional tensor é;/y] with a differential 


(5.10) [y] = ny] dy 
+ ’Exafy] ôy” (the variable 7 is not an 
integration variable). 


In (5.10), the functional (i) [y] is of necessity a scalar functional, i. e., 


(5.11) Ka LI] = na [y]. 

The law of transformation of ’é, gly] 

(5.12) “Ea pl9] = éa ply] + 8 Vel 0] + Ear ye + En Ya “ye + E aeft | 
+ na YE + 78) Yat no Van Ye 


(a and B are not integration variables). 
Hence by elimination of yag, we obtain the relation 


(5.13) Saol] = É:8 [y] + Éx8 Yad + Éa ye + Ex Ya” “yp 
+ nearly] ye + ney Ya + nay Ya “YB 


(a and 8 are not integration variables) 
where 


(5. 14) faisly] == Ea ply] — asly] euly] 
Éa:8[9] = £a slY] — Tae y] MEA ; 


The following theorem is immediate. 


THEOREM (5.1). A necessary and sufficient condition that the covariant 
functional derivative of a vector [y] with a differential (5.10) be a tensor 
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is that the scalar functional yi[y] be identically zero. Similar theorems can | 

be proved for functional tensors of any order. 
e in case 

(5. 15) na ly] =1 


we see from (5.13) and (2.30) that under the group of functional trans- 
formations, a sub-group of the transformations @,, that induce an orthogonal 


Fredholm group in the differentials dy*, and under that alone, does £,.8[7] 
transform like a tensor. 


Let us assume now that 


(5. 16) 8 Exaly] = Ér apy" 
and that (5.15) holds. It is then a consequence of (5.14) that 
(5.17) Séasly] = Eagly] yY 


The functional é.2,[y] defined by 


(5.18) Expy ly | = Eagly] — nel] Dayly] — éan py — Py — The, 
is a covariant functional tensor of order three. This result can be deduced 
from (5.13) by a method similar to the one used in arriving at (5.13) from 
the vector law of transformation of é;[y]. We have thus derived a functional 
tensor sgy y] by applying a more general functional operation than covariant 
functional differentiation to a functional which is not a tensor. The reader 
will see that a multitude of similar results can be obtained by starting with 
a general tensor instead of a covariant vector £i. 

The functional curvature tensor B*,g,[y] and its successive covariant 
derivatives are fixed functionals of the affine connection Tag and the func- 
tional derivatives of the affine connection. This sequence of tensors may be 
called affine functional tensor invariants. 


DEFINITION. A functional (not necessarily a tensor) 
Ph OS Ts OT] 
of the affine connection T'ap and tts functional derivatives up to and including 


the rth will be said to be an affine functional invariant of order r and weight 
w if under the group of transformations @, 


(1) there is a definite law connecting tis expression in the variable y* 
in terms of its expression in the variable yt 


(2) the form of the functional remains unchanged when the functional 
arguments are taken to be Tag, “Magy, © + +, PI abya... yy 
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(3) the wth power of the Fredholm determinant D[’ya‘] of the func- 
tional derivative ’yai[ÿ] of a transformation È; is a factor of 


pet [T, Tree, OT]. 


Clearly the affine connection T'g[y] is an absolute (weight w == 0) affine 
functional invariant of order zero and the curvature tensor B*,gy is an abso- 
lute affine functional invariant of order one. š 

The definition (4.24) shows that Btagyly] satisfies the functional 
identities 
(5.19) Btapy + Biyap + B'pya = 0, 

B tapy =— B tayp- 


6. The fundamental integro-differential equation of affinely connected 
function space manifolds. Consider a continuous functional Af,g[y\] that 
depends in particular on the variables 7, « and 8 and is a symmetric function 
of wand 8. Let Af*,[y*] stand for a continuous functional that depends in 
particular on the variables + and a Form now the non-linear integro-differ- 
ential equation 


ôt? | , yaly) ft) 
a À 
(6. 1) Pyi(t) H À aply (t)] at at 


+ Miro] CGY =o. 


In (6.1) we understand that the functional operations Atagl | and MAT ] 
are independent of the parameter ¢. We*wish to determine the conditions 
under which equation (6.1) is left invariant in form by the group of trans- 
formations G.. Let us make a change of variable 


yi = y [P| 
so that we have 


(6. 2) y*(t) = y [8 ()] 


in which #4(7) is continuous in À and analytic in #& We shall assume that 
the functional operation y*[ ] yields an analytic function of ¢ when it oper- 
ates on #(¢) and eliminates the variable A. Obviously 


g(t + e) — P(t) =e [(09/8t) + o%(2)] 


lim (t) = 0. 
£0 


where 
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Hence from the properties of the Fréchét differentials of y* it follows that ` 




















2 BOR FO. dyap ES 
(6.3) 
MO LEO Lun] BO FO pa BE. 


A substitution in (6.1) of the expressions for dy#(t)/dt and d°y?(t) /dt? as 
given by (6.3) gives 





dytt) E yat) 
(6.4) we Ya TY] ap = PE) 
where 
PE) =— (“yap lG] + Atag + Ag Yat Atan’yp® + Aip Yad "Yat 
agel) OÿÊ(t dy (t 
+ Mat "ygt + Mpt YE + MK Yad ye) pe) 1 e mat (O L): 


The solution of the Fredholm integral equation (6, 4) is 





(6.5) TED + Aten] GO EO + iaa (EE )—o 


where 
À T À a 4 oC 
(6. 6) Atal] = TE ] + FA] LE | > 
Lie] = y*ap LG] + Aag + Aie Yad + Aar ye + Atu Ya “ye 
+ Mat yet + Mg? Yab + My? “yas YA 
and E 
(6.7) Mat [H> (t) ] = Mat + Ye [y] Maf [a> (t) |. 


Tt is to be observed that in the expression for [ i, |: the terms Mat ’yg* and 
Mg? "Yaf are to be understood in the light of an ordinary product-—an exception 
to the integration convention for repeated indices. Thus the form of equation 
(6.1) persists under a transformation (6.2) if and only if the functionals 
Ag and Mat transform according to the rules (6.6) and (6.7) respectively. 

In this paper we shall direct our attention mainly to equations (6.1) 
for which 

M,* = 0, 


a condition which persists under a change of variable ył. The following 
important theorem is now immediate. 
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Tueorem (6.1). À necessary and sufficient condition that the form of 
the integro-differential equation 








(6.8) y(t) +. Ai Ro to yE (t) saci 
ot? OE 

persist under a transformation of the variable k is that the functional Atag 

have the law of transformation of an affine connection. 

The solution of equation (6.8), if it exists, defines a system of para- 
meterized curves with a parameterization ¢ in our general function space. 
Let us consider an affinely connected function space manifold determined by 
the affine connection I%,g]y]. For different functionals Atag, equations (6. 8) 
give rise to various systems of curves in this affinely connected function space 
manifold. The particular system of parameterized curves which satisfy the 
equation 








y(t) ne ant EC) GC) _ 
will be called the parameterized geodesics or the parameterized paths of our 
affinely connected function space manifold. 
To obtain a formal solution of the integro-differential equation (6. 9) 
we write down the Taylor development 


dyt(t 
(6.10) yt) = y(t) + (M) 4) + 2D 
Pa C Seale 
Ot? ae + 
For initial conditions let us take 
(6.11) q? = y (to) 
; … fey) 
j -( ôt t=to 


where q? and pt are arbitrary continuous functions of the real variable 4. 


2j 
One observes that (6.9) gives the derivative ( a ) as a homogene- 
tte 


_ 





ous quadratic functional of pt. Hence the mth derivative of y? taken for 
i = tọ will be a homogeneous functional polynomial of degree m in pi. 
Thus a formal solution of (6.9) that takes on the initial conditions (6.11) 
is given by the development 


(6.12) y(t) = gi + pi(t—ty) — (1/2!) Tal] pepe (E — to)? 
— (1/3!) Ttagylg*] ppp? (t — to)? — 
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where 


(6.18) Dogy[g*] = (1/8) P (Tapi ] — Pop ay — Tacky) 
and in general 
(6.14) Ti [P] = (1/N)P CE [gl — T [P] Teig] 
apy «ae BV apy... - uv OBY.. H 
aust ene Tê ; Inv). 
apy... O 
In (6.14), N denotes the number of variables « 8 y * + pv and the symbol 
P stands for the operation that adds to the terms already in the parenthesis 
all terms obtainable from them by a cyclic permutation of the variables 


“By "mr. 
The formal development in (6.12) is a power series in (¢ — to) 


(6. 15) aot + at (t— to) + at (t — fo)? + - 


in which the coefficients a’, a,*, -- +, are continuous functions of the real 
variable i (a =i = b). The development in (6.12) will then be uniformly 
and absolutely convergent in 4 and é for 


asix<b, ttt 


— b> by 


if | 4; — to | is sufficiently small and the affine connection with its functional 
derivatives obeys certain obvious inequalities. Under these restrictions then, 
the formal development on the right side of (6.12) will represent a function 
analytic in ¢ and continuous in 2 for ¢ and + ranging over the respective 
intervals (¢,%) and (a,b). This function yî(t) will then be the unique 
solution, analytic in ¢ and continuous in 7, of (6.9) under the initial 
conditions (6.11). j 


7. Geodesic and normal functional coördinates. The analysis in the 
theory of the affinely connected manifold can often be simplified by the intro- 
duction of suitable canonical variables. More definitely, the introduction of 
a functional coördinate system ÿ? such that 


(7.1) (T'as[9*]) = 0 
Gr=0 


is frequently useful. We shall call such a system of functional codrdinates 
Yt a geodesic system. The origin of this geodesic system of codrdinates is the 
point P whose coërdinates are J= 0. To show the existence of a geodesic 
system for each point P of our affinely connected manifold, let us consider 
the functional transformation 


(7.2) yi = q + Ut — dos glyco? 
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° in which qt is a given continuous function of + and represents the coôrdinates 
of a given point P in the y? codrdinate system. Clearly the set of values 


(7.3) yi = g, yD o 
satisfy the functional equation (7.2). Assuming that l'és{g\] is such that 


(7.2) is a transformation G;, we see that (7.2) is a transformation of 
coordinates such that 


(7. 4) (Yat [H] ) =0, ("Y [919 = [a]. 
YrA=0 Apr=0 


Hence (7.1) follows from (5.1) by means of the relations (7.3) and (7.4). 
Thus (7.2) defines a geodesic coordinate system ğt with J? ==0 as origin. 
Such a system ¥* is, however, merely one of an infinitude of geodesic systems; 
for, any transformation G, that satisfies conditions (7.4) is a geodesic system. 

An arbitrary transformation on the general codrdinates y* induces in 
general a complicated transformation in the geodesic variables 44. There is a 
particular type of geodesic codrdinates, however, which suffer merely a 
Fredholm transformation. 

If in equation (6.12), we put 


(7.5) zi = pt (t— t) 
we shall have the equation 
(7.6) y? = g? + zt — (1/2!) Ttagl gh] ate — (1/8 1) Toy LM] 292827 — ce — ‘ 


If the affine connection is suitably restricted, equation (7.6) will be a 
transformation G with an inverse 


(7.7) gigi + (1/2! )atap(y*— 9%) (y? — 9°) 
+ (1/3!) atopy (y*— 9°) (YE — 9) (y¥— 97) +. 
The codrdinates z? defined by (7.6) are a particular kind of geodesic coör- 
dinates. Such geodesic codrdinates will be called normal coürdinates. 
Equation (7.5) for a fixed function pt gives then the equation of a path 
(solution of (6.9)) through the origin y? = qt (i. e., 2? — 0) of the normal 
coordinate system z° defined by (7.6). 
A functional transformation 


(7.8) jt = 9'[y] 
transforms the equations of the paths 

(7.9) yf = y (t) 
into 


(7. 10) =F (i). 
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The transformed equations (7.10) of the paths satisfy the integro-differential 
equation 


(v.11) PEOD mepa] EO 240 — 0. 


The transformation (7.8) changes the initial conditions (6.11) for equation 
(6.9) into 








(7. 12) + = H(t) = FA 
agt (t) 
Pa 
i Ot Ja 
for the transformed equation (7.11). Since 
| yt (t ay*(t bye (4 
(7.13) 0) = WE +, ai [Ty (#)] re) 
t=te t=to 
it follows that 
(7.14) > pi = pt + Gat] p°. 
Multiplying both sides of (7.14) by (t— to) we obtain 
(7.15) Zi = gi Gil gh] 26, 


Since g* is a fixed function, it follows that (7.15) is a Fredholm trans- 
formation. Hence we have the important theorem. 


Turorsm (7.1). An arbitrary transformation Gœ in the coordinates 
yt induces a Fredholm transformation in the normal coérdinates z+ which are 
determined by the coordinates y? and a point P with codrdinates yt = qi. 


Let N,g[z] be the expressidh for the affine connection in a normal 
codrdinate system z¢, Then since (7.5) must satisfy 


Paz (t) dz RC? z(t) 


(7.16) pe NP] a ap 
we see that 
(7.17) Nipl2\(é) | ptp? = 0. 


Consequently we have the result 
(7.18) Nig[0] = 0. 


8. À generalization of covariant functional differentiation. In $ 5 we 
found by means of elimination processes a functional operation, covariant 
functional differentiation, which produced a functional tensor of one higher 
order than the tensor on which it operated. Furthermore we saw in the same 
paragraph that a slightly different functional operation from covariant func- 


ee 
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‘tional differentiation gave rise to a functional tensor when it operated on a 
functional with a law of transformation (5.13) in which ya) = 1. It is the 
purpose of this paragraph to show that functional tensors of any order can 
be built up by means of functional operations which include those of § 5 as 
a special case. We shall use the theory of normal codrdinates. It should be 
observed, however, that the final results do not depend for their validity on 
the actual existence or non-existence of normal codrdinates—even if the series 
(7.6) does not converge we can use the formal theory of normal codrdinates 
as a heuristic guide to obtain the final results, the validity of which can be 
established by the elimination processes of § 5. 

Let ftag[y*] be a continuous functional of y> that has a differential of 
the Volterra form 
(8. 1) 8 fiasly*| = Fap vY] By” 
and a definite law of transformation 


(8. 2) f tap[ 9] = f'ag [y] + fog Ya [Y] + fiac’ Ye + Por Yat "YB" + Pag 

+ Da (Pag + FoB’ Ya + Pas V8 + Por Ya” yg" + prap). 
The quantity pis in (8.2) is assumed to be independent of any normal 
coordinates 2? whenever it is referred to such a system of codrdinates. Let 
h‘ag[2*] be the expression for fag when it is referred to a system of normal 
codrdinates zê which is determined by the arbitrary codrdinates yt and a point 
P with coôrdinates qt. By calculation we obtain 


pt == (! PAPA 
(8. 3) P'ag,vlz] = Cs) -H Z ES ) 
in which ; 
toy) = Papl] F p oB Za + pao 26 + P apo 2y + bacs 28 "ay 

T top,’ ta" Zy" F plar, y ta" "zg7 T ptor, v Za? ‘pT fa”. 


From the arbitrariness of the point P with codrdinates y+ = qt, from (8.3) 
and from (7.15) we see that the functional ftag;yly] of y> defined by 


(8. 4) Papy = (tapy l2] ) À 


is a functional tensor covariant of order three and contravariant of order one. 

The explicit form of the functional ft.g,,[y] in terms of the affine con- 
nection I‘,g[y] and its functional derivatives of course depends on the 
quantity pts in (8.2). We shall treat presently a few important cases. For 
the case 


(8.5) pap = “yas |G] 


en — 
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we have 

(8.6)  ¢%aalz] + Hagl] "Yot le] = “ytap[z] + ftaply] + fog’ Yar [z] 

e + fac Ye + for Ya" yg 
Hence 


(8. 7) blag y le] = ""'ytapy le] + ag) + top” Y ay [2] 

+ fiac” Y gy — pag” Y oyl] + x 
where the * stands for terms which vanish with ’y.’[z]. Formula (7.6) 
shows that at the origin of normal codrdinates zê we have 


(8. 8) Ya = 0; "Yag = — Pap; “Y apy = — Lay 
With the aid of these formulae as well as (8.6) and (8.7) we finally obtain 


(8.9)  F'apixly] = 'F'apyly] — I apy — f'opl ay — fraol py 
+ F apl oy — Tapl oy. 
It is easy to show that the case 
pag = 0 


yields the covariant functional derivative ftag;y[y] of the functional tensor 
Fasly]. 

Suppose now that a functional f#---% [y] has differentials of the Vol- 
terra form 
(8. 10) De k [y] bys Sys +++ Bra (a= 1, 2, +, p) 

a eC Ap Ag. 

in which the functional derivatives ‘f are continuous functionals of yt and 
continuous functions of 4j:°-kab ca Let pif::-f[2] represent 
the expression for f#/---% in a normal codrdinate system z*. Let us assume 
that the law of transformation of the functional f#---* [y] is such that 


as om Te y] transforms like a functional tensor ‘under the Fredholm 
« Cy À: Ag « ` Àp 


group (r. 15) of the normal coördinates zê. The functional h ce : tg] , 
LAgers Ap 
of y? defined by 


(8. 11) pu tg) (gr 1) 


. €3 Ai Ags 


is a functional tensor with ij'': k as contravariant indices and a@-++ Ay +++ Ap 
as covariant indices—In (8.11) we understand that the functional Pe is 
evaluated at the origin P of the normal codrdinates z+. The de ru 
rx... ap Will be said to be the pth extension of the functional fil - 

When p= — 1 and fti- -E [y] is a functional tensor, then f#f:--5 is ie 
the covariant functional di of the functional tensor fi 5. We ob- 


A ten el 
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serve that the pth successive covariant functional derivative f #f - eee 
1 5 Ags ees Ap 


rs not in general the same as the a extension of the Fenetional fi oe. “ne 
proof that the functional is eae si defined by (8.11) is a bo 


tensor is obvious on the basis of our assumptions about the functional pr ie 


It is interesting to observe that if the differentials of the functional f*#---" 
are not of the Volterra form [see (8.10)], the functional defined by (8.11) 
will not be in general a functional tensor. This es be seen most easily from 


the fact that the functional derivatives ro on will not transform 


like functional tensors under the Pedion a (1. 15). As an example 
we may take the case of a covariant functional vector é,[y] with a differential 
(5.10). The functional é..g[y] defined by the process (8.11) will obey the 
non-tensor law (5.13). 

Any functional fti.. mee TE defined by (8.11) can be expressed as 
functional of jure oT and their functional derivatives. The procedure 
is similar to the ke case (8.9) already treated. 


9. Normal functional tensors and replacement theorems. The curvature 
tensor B,#, and its successive covariant functional derivatives are, as we have 
seen, a sequence of affine functional invariants. There is, however, another 
important sequence of tensors each of which is an affine functional invariant. 
These affine functional invariants A l gl) oo defined by 


(9. 1) At == i 
apy, ... Yp aß; Yı» Yp 

where : 

(9.2) At tal (en tle 
aß; Yı- » - Yp ABsY1.5. Yp 


In (9.2), we understand that N*,.g[z] is the affine connection T‘ag[y] referred 
to a system of normal coördinates z* with origin at the point P. It follows 


from the discussion of the last paragraph that the functionals A? [y] are 
aBy1... Y2 


functional tensors covariant of order p +? and contravariant of order one. 
We shall call the functional A* [y] the pth normal affine functional tensor. 
apyr... Yp 


Let us assume now that the affine connection N‘gg[z] possesses a uni- 
formly and absolutely convergent Volterra development about the functional 
neighborhood of the origin P of the normal codrdinates zê. Since N'ag 
vanishes at the origin of normal codrdinates, it follows that 


(9.3) Nasla] = Atamla] 27 + (1/21) Aiumelq] 2 
+ (1/381) At apysez%2°2® + + 


a a ee ee 
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Hence the sequence of normal functional tensors A constitutes a complete set ` 
of affine functional invariants in the sense that the affine connection N*,,[2] 
is completely determined by them, which in turn determines the affinely 
connected manifold. 

Equation (7.17) shows that 


(9.4) Nt. g[ 2] etz == 0. 
Consequently . 
(9.5) Atggyetabey 4. (1/2!) Atapyoztz zyz +. -+- == 0, 


The functional derivatives of (9.5) must vanish identically in the arbitrary 
function zê. In particular they must vanish at the origin z? = 0. Hence 


(9. 6) Atapyl y] + A*yap + Apya = 9 

and in general 

(9.7) S(Atapy...0) = 0 

in which S stands for the operation that adds to the functional Ag, ..w 

all functionals obtained from it by a permutation of the variables «By: * : œ 
* It is obvious from the definition (9.2) that 

(9. 8) Atopy... 0 = A guy... ws 

(9. 9) Atapy riori = Atapr ... P3 


where A--*p is any permutation of the variables y: : : o. 
As a special case of formula (8.9) we have 


(9. 10) Atgayly] = Tapy ly] — Lagy — D'el ya — Teal gy". 


To obtain the corresponding formula for the pth normal tensor one need only 
employ the same method that led to formula (8.9). 

It is possible to express every affine tensor functional invariant as a func- 
tional of the normal tensors À alone. In fact let us consider an affine tensor 
invariant T of order r and weight w. We have 


(9.11) TH: Neagle], "Nap o ON aan... v| 
= (Di’'y"})° (TTb l y). 
In (9.11), Ntag[z] stands for the affine connection Tt«g[y] referred to a 
system or normal codrdinates zt determined by the arbitrary codrdinates zt 
and an origin yt = qt. If we evaluate (9.11) at the origin y+ = qt, we 
obtain the relation | 
a al Aapan lal °° Aagr vr | 
E 1: ee K [ Tesla]; ‘Tap’ * ‘> PTa, y — ve | 
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since the Fredholm determinant D[’y.“] has the value one at the origin of 
normal codrdinates. The following theorem follows immediately. 


THEOREM (9.1). Any affine tensor functional invariant of order r 
(relative or absolute) can be put into the form 


(9. 12) Ta aes 10, Aagys ‘> A%abu... yr] 


i 

C 
by replacing the affine connection Tigg by zero and the functional derivatives 
of Tag by the corresponding affine normal functional tensors Atagy... è 


Corresponding theorems may be proved for affine invariants that are not 
tensors. For example, if an affine functional invariant fiag of order r and 
weight w has the law of transformation 


(9.13) fagl I i Dijet s OT apm... k] 
= Pay Be wW 4 faq, % À 
’ (D[’yr"]) [Cig ) +’ (X) h 
where 
ae) == yag + flag (Tj +) OT im... tel 
+ ftop’ya® + fao ye + fine’ Ya YBP, 


it can be put in the form 
(9. 14) Pas 0, Anse es Ais e] Fer 


Furthermore, theorem (9.1) holds also for the case of an affine invariant 
fap Lys Tes °° t Te... el Which transforms like the functional 
ia in (5. 18). j 

Before we turn our attention to the study of a particular type of affinely 
connected manifold, it is worth while to observe that the problem of the 
equivalence of two affinely connected function space manifolds is a difficult 
problem in the theory of functional algebraic forms (see $ 2) and in the 
theory of functional equations with functional derivatives. 


10. Quadratic differential functional forms and their functional in- 
variants. The theory of quadratic differential functional forms is of funda- 
mental importance in a theory of Riemannian function space manifolds. 


DEFINITION. A functional expression 


{10.1)  — gaply] Sy Syf + galy] (8y*)?5 gasly] = gealy] 


will be said to be an absolute quadratic differential functional form if 
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(10.2)  Jas[9] 80% 89F + Gal] (89%)? = gasly] Sye Sy? + galy] (8y%)’ 


holds under an arbitrary functional transformation Ès. 
° We shall restrict ourselves in this paper to quadratic forms 


b 
(10.3) gualy] dpt ay? + È. (89°)? da; gaply] — gealy] 


in which gag is a continuous functional of y* and a continuous function of the 
variables & and 8. A necessary and sufficient condition that 


(10.4) goal] BeA f° (80°)? da — goply] By* dy? + f (89°)? de 
under an arbitrary transformation @, is that 
(10.5)  JaslY] = gasly] + Jos Ya TU] + Jac’ YB" + Jor’Ya" "Ys 
Ed de f i ya "yp? do. 
On the basis of theorem (2. II) one can easily prove the following theorem. 


THEoREM (10.1). The Fredholm determinant D[gag| of the functional 
coefficients gaply| of the form (10.3) is a relative scalar invariant of weight 
two; 1. e, 

(10. 6) D{ Gap] = (Di’yn*])? D[ gag] 

We shall assume throughout our whole discussion that the Fredholm 

determinant 


(10. 7) | D{ gap] ~ 0. 


We observe that the Fredholm determinant DT gap] is a continuous functional 
of y*. Hence if it does not vanish at a point yt = gt, it will continue not 
to vanish in the functional neighborhood of the point qt. 


Tarorem (10.11). The resolvent kernel g%#[g\u] of the functional 
coefficients of the form (10.3) is an absolute functional invariant of the 
quadratic differential functional form (10.3) while the first minor D® [gnu] 
of the Fredholm determinant D[gyy] is a relative functional invariant of 
weight two. The law of transformation of g% and D is given respectively by 


aise { JET Ga] = 9 [gnu] + 97 Gerly] + 9% GE + g C Goh 
7 + Ge +P + fo GF do, 
Dei Gay] aa (D [y] r Ej [gap] +- Dee ot + Das tü 


b 
Ot”) { + Der gat BE — Digan) CI+ DA + S ges He? do) J. 
L a 
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In order to study the functional differential form (10.3) effectively, we 
shall assume that the functional gag[y] has differentials of all orders of the 
Volterra form. We shall make the further desirable restriction that all the 
functional derivatives involved in the differentials are continuous functionals 
of yt as well as continuous functions of the variables on which they depend 
in particular. 

The analogue of the Christoffel symbols of the first kind is the functional 
[aB, y] that is defined by À 


(10. 10) [aB, y] = Ye (Jya + “Gpy.a— ’Gap,y) 


in which ’gagy[y] is the functional derivative of the coefficients gag[y] of 
the form (10.3). It is a consequence of (10.5) that the law of trans- 
formation of the functional [ «8, y] is 


LaB, y] = Lab, y] + LAB, y] Yalp] + Lan, y] ya + Lx, A] y" 
(10. 11) + Lea, u] “ya “yp + [ABs ne] Ya “Yo + Lau y] Yad “yp 
+ [Ap v] Yad “yh Yo? + gay Vas + gan Yr “Yap 


b 
+ yap + Í, yo) yap ad. 
a 
In (10.11) we understand, of course, that 


Lap, y] = Yo Cva BlI] + Ger.0l9] — gagy] 
The functional Ttag[y] defined by 


(10. 12) Pog m Lag, i] + gs Lone] Lag, o] 

is an affine connection uniquely determined by the quadratic functional differ- 
ential form (10.3). The notation T's need not cause any confusion, since 
throughout this paragraph and the next we shall be concerned exclusively 
with affinely connected manifolds whose affine connection is uniquely deter- 
mined by a quadratic form (10.3). 


Since g*8 is the resolvent kernel of gag[y], it follows readily from the 
theory of the Fredholm integral equation that the tensor functional identity 


(10. 13) gap + 9° + goog? = 0 


holds for all continuous functions y+ which are in a functional neighborhood 
of a point for which the Fredholm determinant D[gag| does not vanish. By 
means of (10.8), (10.11), (10.12), (10.13), (3.5) and (3.6) we obtain 
by calculation the law of transformation 
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(10.14) Pog+ Pup’Go'L9] = ytap [9] + Pap + Tieg Ya 
+ Lao yp? + Tor Yat yp" 
in which 
Top = [ap i] + giela] [ab o]. 
This then shows the truth of our assertion about the functional Tiag as defined 
by (10. 12). 

The identity (10. 13) enables us to re-write the defining relation (10. 12) 
in the form ` 
(10. 15) Laß, i] = gin Das + Map. 

We have thus expressed the Christoffel symbol [«B,2] of the first kind in 
terms of the Christoffel symbol T8 of the second kind. 

It is perhaps worth while to mention explicitly a few properties of the 
functional g** considered as a functional of y. The differential of g%? is of 
the Volterra form 
(10. 16) sg Ly] =’ gy” dy”. 


This can be seen most easily as follows. By definition we have 


aP aa DBL In] 
(10.17) g Di] 
in which D#[gu] is the first minor of the Fredholm determinant D[gyp]. 
It is known * that the differentials of the functionals D% and D, considered 
as functionals of gyn, are linear homogeneous functionals of the differentials 
gaue But gaa has a differential of the Volterra form. Hence the differential 
of g% when we consider g*? as a functional of y? takes the form (10.16). 

To develop the functional invagiant theory of the quadratic form (10.3) 
effectively we must impose further restrictions on the functional gag[y]. Let 
us assume that gag has not only differentials of all orders but that it is given 
by an absolutely and uniformly convergent Volterra development 


(10.18) gaplg* + yt] = gaplg*] + ’gopvl9*] YY + (1/21) gap volg] y'a 
+ (1/8 !)’"gapraelq*] yyy + °° 
about an arbitrarily given point gq? in our function space. 

Since the functional I*,g[y] possesses functional derivatives and differ- 
entials of all orders, we can construct the curvature tensor Bî,s, and its suc- 
‘cessive covariant functional derivatives on the basis of the particular affine 
connection (10.12). The functional Bag,s[y] defined by 


(10. 19) Bapys = Jac Be pys + B%pys 





* Cf. G. C. Evans, American Mathematical Monthly, Vol. 34 (1927), p. 148. See 
also Fredholm, loc. cit. 
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“will be called the covariant form of the curvature tensor Boss. One can show 
by a direct calculation that Bagya is a covariant tensor of order four. 
By means of (10.13) we can re-write formula (10.19) in the form 


(10. 20) Bays = 9% Bopys + Baprs 

Relations (10.19) and (10.20) are special cases of a general result. In fact, 
if [’+---4---* is a functional tensor covariant of order J and contravariant 
of order m, then . 

eet Ve ee 

is a functional tensor covariant of order { + 1 and contravariant of order 
m— 1 while 

(10. 22) RE E 
is a functional tensor covariant of order !—-1 and contravariant of order 
m + 1. 

On the basis of the results of the preceding paragraphs we can obviously 
set up the machinery of covariant functional differentiation for functional 
tensors as well as for functionals with a law of transformation (10.5) or 
(10.8). Differentiating (10.5) functionally and eliminating the functional 
derivatives ‘’yfs by means of (10.14) we obtain the tensor law of trans- 
formation of the covariant derivative gag;y of gag. The explicit form of 
Jap;y İS 
(10. 23) Gaby 1Y] = "Japy — Pay — garlpy — Igy — Tay. 


In a similar manner we obtain the covariant functional derivative g,,% of g%4 
® 
(10. 24) J iy 9B = 9AP + GT + GT y + ay + Lg 


On employing the defining relation (10.12) and the identity (10.13) in 
(10. 23) we obtain the result 


(10. 25) Japy = 9. 
We also have 
(10. 26) G78 = 0. 


To prove this, let us differentiate (10.13) functionally. We evidently obtain 


gaby + Gy®? + gao, yg + Jac’ gy = 0, 


a Fredholm integral equation with gac as its kernel and ^g, as the unknown. 
The unique continuous solution of this equation is 


(10. 27) gy8 == —"Gapy —' Jao, yg — 908.79 — 9% gP "Gory: 
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Since 

(10. 28) Japy ly] = Lay, 8] + [By a], 

we find that 

(10. 29) "gy = g T8 yy os ge yy Te ay — Lg. 


Substituting in (10.24) this expression for ’g,% we finally obtain (10.26). 
It is a consequence of (10.25) that the covariant derivatives Bagys;e of 
Bapys is given by 


(10. 30) Bop-yôe = {ac Bpyôe + B'py5.e. 
More generally we have 
(10. 31) Bart. ; K = Jas Bays; c; Presepi PA aye; Spee GK 


Let yag[2] denote the coefficients gag[y] in a normal codrdinate system 
2 with origin at the point y? — gq? and based on the affine connection (10.12), 
On account of (10.25), the Volterra development for m8[2] takes the form 


(10.32) nagiz] = nagl] + (1/2!) gapivelg] 2%? + (1/8!) Japy? +: 


where the tensor g [y] is the pth extension of the functional gagly]. 
QB; Yi... Yp 

The importance of this sequence of functional tensors is made evident by the 

following theorem. 


THEoREM (10. III). Any tensor functional invariant of order r of the 
quadratic functional form (10.3) 


(10. 33) De. a [Jabs Jabir" ‘> “Gaby... rel 


can be put into the form 
(10. 34) LY on [Jap 9, JaByve © * ‘> Jaba... vr] 


by replacing gap by gap, ‘Gap.y, by zero, and the higher functional derivatives 
of Jap by the corresponding extensions of gag. The proof of this theorem is 
entirely similar to that of Theorem (9.1). An obvious modification of 
Theorem (10. III) enables us to give a replacement theorem for the analogues 
of the n-dimensional differential parameters. 

Let f[y] be a scalar functional of y* such that 


(10. 35) Of = "fa byt, 8 fa = “fap dy? 
The functional 


(10. 36) g% [y] ‘faig [y] F Í, faal] da (‘faig EE "fap a ol ap = fiag) 
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is a tensor and the functional equation with functional derivatives 


(10. 37) gefast f Fanly] da —0 


is an analogue of Laplace’s equation. 
The functional 


ge fa tot S (fa)? de 


and 
b 
gt fa ‘bp + J, fa "ba da 
g 
are analogues of the two n-dimensional differential parameters of the first order. 


11. Riemannian function space manifolds. A quadratic functional 
differential form evaluated at a fixed point yê is an algebraic quadratic func- 
tional form in the differentials Sy’. With this in mind let us make some 
further observations on algebraic quadratic functional forms 


ò 
(11.1) Gas y8 + Í, (4%)? da. 


Suppose that (11.1) is a positive definite functional form. Analytically this 
means that 


“à 
(11.2) Jasy°y° + f (y*)? da > 0 


for all functions y* which do not vanish identically on the interval (a,b). 
It is easily shown that the Fredholm determinant D[gag| of a positive definite 
form (11.1) does not vanish (i. e., unity is not a characteristic value of 
D[gag|). In fact suppose ° 


D| gag] = 0. 


Then the homogeneous Fredholm integral equation 
y* + gapy” = 0 
will possess a continuous solution y* which does not vanish identically. 
Obviously this contradicts (11.2). 
Clearly the group of Fredholm transformations leaves invariant the 
positive definite property of a form (11.1). 
Let us consider now a positive definite quadratic differential form 


5 
(11.3) gap[y] Sy 8y + f (y)? da. 
& 
We shall understand that 
b 
(11. 4) gap by By + f (y) da> 0 
G 
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for all continuous functions y* such that 
[gi — sil <N 
nd for all differentials Sy? which do not vanish identically on the interval 
(a, b). 
A function space manifold possessing a positive definite quadratic form 


(11.8) will be called a Riemannian function space manifold. We shall define 
the element of length & by 


(11. 5) ds! — geply] dy dy? + f° (By*)? da — Q lèy, By), 
Let | 
y= y’ (u) 
be the equation of a parameterized curve with a real parameterization u. The 


length s of this curve between the points y(w) and yf(w) will by 
definition be 


(11. 6) =f" | slyt (u)] EE (u) 2a) + {CE vy da T di 


The functional s so defined is a function of function space curves since its 
value depends only on the curve and not on any accidental parameterization 
u or codrdinate system y. 

The metrical ground-form (11.5) may be used to define the angle 6 
between two direction vectors 8,y* and 8,y% By definition 


(11.7) cos 0 = O[8iy, doy] / (O[S:y, diy])* (O[d2y, d2y])*. 
e 
Since the metrical ground-form Q[éy, y] is a positive definite functional 
form, it follows that 
(11. 8) (Qly, dy] )? < Olay, y] Qey, day] 


for all non-proportional functions 8,y* and 5:y!. 
If the parameter u is taken to be the arc length s, we evidently have 


(11.9) ga o MO + FOOT gam 


The problem of finding the geodesics of our Riemannian function space 
manifold is a problem in minima of functionals. The functional to be mini- 
mized is the distance functional (11.6). The generalized Euler-Lagrange 
equations for this variational problem are readily found to be 





ario EOL + geptyt(sy] HES + pa HO HO) Lo 
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h which 

[v8 a] = Ye ( gayaly (s)] + gay [9 (8) 1 — "gr aly"(s)1)- 
We may look upon (11.10) as a Fredholm integral equation to be solved fot 
*y*(s) /ds®. The unique solution, continuous as a function of a, is given by 


PE) ng cards) Pl) _ 
(11. 11) As? +T sly (s)] as As = l. 


[In (11.11) the functional T,s[y*(s)] is the affine connection (10. 12) 
valuated for the functional argument y‘(s). The solution (11.11) is, of 
zourse, valid for the functional neighborhood in which unity is not a char- 
acteristic value of the kernel gag|y*(s) |. 

The integro-differential equation (11.11) is a special case of the equation 
(6.9). It is to be observed that in choosing the initial conditions 


(11. 12) gi = y’ (so) 

pt = (by (8) /08) ss 
for the equation (11.11), the function pt must be taken so as to satisfy the 
condition 


a b i 
(11.13) gaplg*] p*p® + f (p°) da == 1. 


In case our Riemannian manifold is a Euclidean function space, for which 


(11. 14) ds = Ei [dy (u) /dul? da | a 


the equations of the geodesics, parameterized with the arc length s, take the 
simple form 
(11. 15) 3ye (s) /ds* = 0. 
The most general solution of (11.15) obviously is 
yt == As + BY, 

The methods of this paper can be extended to function spaces consisting 
of continuous functions in two or more independent variables. One might 
suspect that Volterra’s theory of permutable functions and functions of 


composition would be useful in a geometry of functions of two independent 
variables. 


THE Onto STATE UNIVERSITY. 


À Theorem Concerning the Affine Connection. 


By Tracy YERKES THOMAS. 


Consider the equations of the paths: 
(1) dat + Tt gdatdah = 
of an affinely connected space of affine connection Tiag and the equations 
(2) dat t- Tips... datdx® ++ - dif = 0 (m=3,4,°°°, ) 


which result from them by differentiation. 
The affine connection I,, transforms into the connection Cigg according 
to the equations 


0x Ori . bat O28 
Ca Fp T ap TUA a ye 


when the codrdinates zê undergo an arbitrary analytic transformation by which 
they are transformed into a set of codrdinates y’. In order to see how the 
generalized connections I'as... e transform under this same transformation of 
coordinates let us examine how the equations (3) themselves are obtained. 
Differentiating the equations of transformation of the differentials dz‘, namely 


gxi 


E N 
(4) dx ue dy 
we have ° 
(5) dat = dye dy? i, caa dye 


a PA 

Substituting (4) and (5) into the he on we find that the condition 
that (1) should remain invariant in form is that the Iag should transform 
by (8). Suppose now that it is possible to continue in this way and so get 
the equations of transformation of the first p—-1 successive connections 

tap... p as the result of the condition that the equations (1) and (2) for 
m = 38,°' +, p— 1 should be invariant in form. In the y’ codrdinates these 
equations then become 


(6) AY + C'as... p dy? dyf ++ dye =0 (m=2,--+,p—1). 


To find the equations of transformation of the connection Tég...e in (2) 
for m == p we differentiate (5) repeatedly so as to obtain 
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| it 4 
(7) degi — ig iat dyt E dyt -+ a dy? + 3k 
where the * indicates terms involving differentials d"xt for which m < Ps 
These differentials are to be eliminated by means of (6) after which (7) is 
to be substituted into (2) for m = p. The requirement of the invariance of 
form then gives 

f x Pat ; dat 
(8) Ca nt by? = Gye yt Te... a 





€ 

ag +* 
where the * denotes a polynominal composed of a sum of terms each of which 
involves a component of connection C*,..,,» with less than p subscripts. The 
equations of transformation of an arbitrary connection T‘gg...¢ are thus 
given by (8). 

Now consider a set of functions Z‘(z) defined by the power series 
expansion 


(9) B(x) =È (1/51) (Pa... ala gh) «+ > (es 9%) 


in which the constants qê are arbitrary and the coefficients are subject only to 
the condition that the series converges. The following theorem regarding the 
series (9) in its relation to the affine connection I,g(7) can be proved. 


THEOREM. Given an arbitrary affine connection and a set of arbitrary 
functions Z*(x) defined by (9). Then there exists a codrdinate system x such 
that the components of the affine connection T'g(x) and of the generalized 
connections Yigg... -(v) at ai = qi will take on the values of the coefficients 
of the power series expansion of the function Z?(x). 


To prove this theorem we transform the components of the given affine 
connection to a system of normal codrdinates y. In the normal codrdinates 
y? let the components of affine connection be represented by the set of functions 
Cts(y). Now construct the transformation 


CO 
(10) gi = gt + yi— X (1/s!) (Do... 0 ay" + g 
g= 


which is determined by the coefficients of the expansion of the functions Zi. 
All components Ci,g(y) vanish at y? == 0 since the codrdinates yê are normal 
coürdinates. Hence if we evaluate both members of (8) at the origin of the 
codrdinates y* we have 

geyi 


ia... e(41) = — Coe) 0 
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which means on account of (10) that at st = qt the components of the con- 
nection T'ég(æ) and of the generalized connections T's... (x) are equal to 
the coefficients of the power series (9). 

In particular the affine connection of the above theorem may be a 
Christoffel symbol : 


O9as gog IJag 
14 qis | -2% SITE a R 
fag"? ( 928 0x dx ) 
based on a fundamental metric tensor ggg. 
If we take the given connection in the above theorem to be that of a flat 
space (a remark by Professor Veblen) we have the 


SPECIAL THEOREM. For a flat space (affine or Riemann) there exists a 
coordinate system x such that the components of the affine connection T*ag(x) 
and of the generalized connections Tip... (x) at zt == qt will take on the 
values of the coefficients of the power series expansion of the functions Z*(x). 


In certain investigations it is of importance to consider invariantive 
systems of partial differential equations which involve the quantities gag or 
T*,g as unknown functions. À simple system of equations of this sort is the 
system of Hinstein’s gravitational equations for free space which expresses 
the vanishing of the contracted curvature tensor. The above functions Zi(x) 
belong to the set of arbitrary constants and functions which are determinative 
of the solutions of such differential equations. 


PRINCETON UNIVERSITY. 


Concerning Subsets of a Continuous Curve which 
can be Connected through the Complement 
of the Continuous Curve.” 

By W. L. AYRES. 


1. Introduction. One of the present tendencies in the theory of sets 
of points is the replacing of theorems concerning subsets of space by theorems 
concerning subsets of a continuous curve. This is evidently a more general 
point of view since the entire space is a particular case of a continuous curve.t 
But in making this change, it is found that certain theorems involving the 
notion of connectedness no longer hold true. In studying these difficulties 
we are led to the introduction of a new notion of a subset of a point set being 
connected through the complement of the point set.f In this paper we make 
a study of this new property and, among other results, show that a number of 
theorems remain true on replacing the entire space by a continuous curve if 
the property of connectedness is replaced by this new property. 

It is understood that all the point sets which are considered in this paper 
lie in a two-dimensional Euclidean space, which we denote by S. 


2. Definitions. If the point set N is a subset of the point set M and 
æ and y are points of N, we shall say that z and y can be connected through 
N and S — M if the set N +(S— M) contains a connected subset containing 
both z and y. If the set N 4+-(S — M) cofttains a continuum containing both 
z and y, we shall say that x and y can be connected through N and S — M in 
the strong sense. If every two points of N can be connected through X and 
S — J, we shall say that N is connected through N and S — M. 

A plane domain D will be said to be simply connected if, for every simple 


* Presented to the American Mathematical Society September 9 and October 29, 
1927. 

7 We are using the term continuous curve in the so-called “ generalized sense,” 
i. e. a set which is closed, connected and connected im kleinen is called a continuous 
curve. This was suggested independently by R. L. Moore’ and by S. Mazurkiewicz. 
See Moore, “Concerning Simple Continuous Curves,” Transactions of the American 
Mathematical Society, Vol. 21 (1920), footnote on page 347, and Mazurkiewicz, “ Sur 
les lignes de Jordan,” Fundamenta Mathematicae, Vol. I (1920), page 193. 

x Independently of the author and apparently almost simultaneously, R. L. Moore 
noticed this new property. See his paper, “Some Separation Theorems, Proceedings 
of the National Academy of Sciences, Vol. 13 (1927), pp. 711-716. 
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closed curve J lying wholly in D, either the interior or the exterior of J is a 
subset of D.* A connected subset D of a continuous curve M is said to be an 
M-domain if M — D is closed.f We shall say that an M-domain D is simply 
connected with respect to M if, for every simple closed curve J lying ‘wholly 
in D, either D contains every point of M which lies in the interior of J or P 
contains every point of M which lies in the exterior of J. 


Notations. We shall use the term arc as meaning simple continuous arc. 
If æ and y are points of an arc &, the subare xy of @ is understood to mean 
the arc whose end-points are x and y and which is a subset of œ. If sy denotes 
an arc with endpoints v and y, the symbols <xy,«y> and <gsy> denote the 
sets zy — x, ty —y and sy— gs— y respectively. If v and y are points, 
d(x,y) denotes the distance from x to y. If «isa point and K is a point set, 
d(z, K) denotes the lower bound of the numbers d(x, y) for all points y of K. 
The symbol |X] denotes a set each of whose elements may be represented 
by X. The elements X may be points or sets of points. If N(P) is a point 
set defined relative to the point P, the symbol 


à N(P) 
PEK 


denotes the set of all points Q such that Q belongs to some set N (P) for some 
point P of the point set K. 


3. THEOREM 1. If the point set K is a subset of the point set M and 
P is a point of K, then the set of all points of K which can be connected to P 
through K and S — M is closed with respect to K.{ 

Proof. Let K, denote the set of all points of K which can be connected 
to P through K and S — M, and let X be any limit point of Kp which belongs 
to K. For each point Q of K, there exists a connected subset Co of 
K+(S — M) containing P and Q. Let 


Z == >, Co. 


QCKp 


* This definition differs slightly from that given by R. L. Moore, “ Concerning 
Continuous Curves in the Plane,” Mathematische Zeitschrift, Vol. 15 (1922), p. 257. 
According to our definition the exterior of a circle is a simply connected domain, 
while by Moore’s definition it is not simply connected. For bounded domains the 
two definitions are equivalent. 

+R. L. Wilder, “Concerning Continuous Curves,” Fundamenta Mathematicae, 
Vol. 7 (1925), p. 341, 

tA point set Œ is said to be closed with respect to the point set H if every 
limit point of G which belongs to H belongs also to G. Cf. Knaster and Kuratowski, 
“Sur les ensembles connexes,” Fundamenta Mathematicae, Vol. 2 (1921), p. 207. 
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"The set Z is connected since every set Cg is connected and contains the point 
P. Also the set Z contains the set Kp. Since X is a limit point of the set 
Kp» it is a limit point of the set Z. Then X -4+ Z is a connected subget 
of K + (S—M) containing X and P. By definition of Kp, the point X 
belongs to the set Kp. Then every limit point of K, which belongs to K 
belongs also to Kp and thus Kp is closed with respect to K. 


THEOREM 2. In order that a bounded M-domain D of a continuous curve 
M be simply connected with respect to M it is necessary and sufficient that the 
M-boundary B of D be connected through B and 8 — M. 


Proof. The condition is necessary. If M is the entire plane then, by a 
theorem of R. L. Moore,” the M-boundary B is connected and thus is con- 
nected through B and S— M. If M is not the entire plane, let P be some 
point of S—-M and let T denote an inversion of the plane with respect to 
some circle with center at P. Let M’ denote T(M) or T(M) + P according 
as Jf is or is not bounded. Then M’ is a bounded continuous curve,t T(D) 
is an Af’-domain which is simply connected with respect to Af’ and has T(B) 
as its W-boundary. Now let us suppose that B is not connected through B 
and S— M. Since B is bounded and closed, T'(B) is bounded, closed, does 
not contain P and is not connected through 7(B) and S—M’. Then T(B) 
contains two points s and y which cannot be connected through T(B) and 
S— M’. By a theorem due to R. L. Moore, Ï there exists a simple closed 
curve J such that J belongs to M’, separates s and y in S and has no point in 
common with T(B). Since 7(B) contains points (x and y) in both the 
interior and exterior of J, the M’-domaine7’(D) contains points in both the 
interior and exterior of J. Then, as T(D} is connected, T(D) contains a 
point of J. If there is a point of J which does not belong to T'(D), then J 
must contain at least one point of T'(B) contrary to the condition that T(B) 
and J have no common points. Hence J lies wholly in T(D). But there is 
a point of M’—T(D) in both the interior and exterior of J and thus T(D) 
is not simply connected with respect to M’. But this is a contradiction and 
therefore B must be connected through B and § — M. 

The condition is sufficient. Suppose D is not simply connected with 
respect to M. Then there exists a simple closed curve J which les wholly in 
D and such that M — D contains a point x in the interior of J and a point 


* © Concerning Continuous Curves in the Plane,” loc. cit. 

+ Knaster and Kuratowski, “ Sur les continus non-bornés,” Fundamenta Matke- 
maticae, Vol. 5 (1924), pp. 23-58. 

+“ Some Separation Theorems,” loc. cit., Theorem 3. 
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y in the exterior of J. Let « be an arc of M whose endpoints are v and y. 
In the order x to y let x be the first point of J on & and ÿ be the last point. 
Qn the subset cz> of æ there is a point +’ of B and on the subset yÿ> of « 
there is a point y” of B. Since B is connected through B and §— M, there 
is a connected subset K of B 4- (S — M) which contains the points +’ and y’. 
The connected set K has no point in common with D and contains the points 
z’ and y’ in the interior and exterior of J. But as J is a subset of D), this is 
impossible. 


THEOREM 3. In order that a bounded and connected subset D of a 
continuous curve M be an M-domain which is simply connected with respect 
to M it is necessary and sufficient that there exist a simply connected domain 
R such that R- M =D. 


Proof. Obviously the condition is sufficient. We shall show {hat it is 
also necessary. By Theorem 2, the A/-boundary B of D is connected through 
B and §— W. There exists a continuum K such that K M = B.* For 
each point P of D there is a circle with center at P whose interior [(P)} zon- 
tains no point of K +(M — D). Let 

= >, I(P). 
PCD 
The set G is a domain such that Œ: M =D. Let J be any simple closed 
curve which lies wholly in G. Suppose that both the interior and exterior of 
J contain a point of M — D. Then it is easilv seen that both the interior 
and exterior of J contain a point of B. The continuum K contains a point 
interior to J and a point exterior fo J but contains no point of G. But this 
is impossible since J is a subset of G. Then either the interior or the exterior 
of J contains no point of M — D, and let V(J) denote that complementary 
domain of J containing no point of M — D. Let À be the domain consisting 
of the domain @ plus all the domains V(J) for all simple closed curves J 
of G. Evidently R- M =D. It remains to show that R is simply connected. 

If À is not simply connected, there exists in À a simple closed curve J’, 
such that the interior and exterior of J’ contain points æ and y of S— R. 
From the definition of R it is seen that there can exist no simple closed curve 


* R. L. Moore, “Some Separation Theorems,” Loc. ctt., Theorem 4. Moore proves 
` that if H is a closed subset of a continuous curve M and æ and y are points of H 
which can be connected through H and Y— M then æ and y can be connected through 
H and-S—AM in the strong sense, but his proof is sufficient to show that if G 
is any subset of H which is connected through H and S-—— Af then G@ is connected 
through H and S— M in the strong sense. 
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` lying wholly in G and having x in its interior and y in its exterior. We shall 
obtain a contradiction by proving that such a simple closed curve does exist. 
If P is any point of J’ which belongs to G, let J,(P) be a circle such that 
every point of J (P) and its interior L(P) belong to G. If P is any point 
of J’ which belongs to À — G, by definition of R, there is a domain L(P) 
belonging to À and containing P and whose boundary is a simple closed curve 
J,(P) belonging to G. Then J’ is covered by the set of domains [Z(P)]. 
By the Borel-Lebesgue theorem, there is a finite subset, L(P,), L(P2), ie 
DUP A); ot LEE which covers J’. Neither the point v nor the point y 


belongs to the set > (LPs }) +di(P:)) and it is not difficult to see that the 
the boundary of the complementary domain of > (LP: :) -+ Ja (P1) ) con- 
taining z is a simple closed curve J” which belongs to ZJ (P: ) and thus 


to G. The interior of J” is a subset of the interior of J 2 an thus y lies in 
the exterior of J’. We have the desired contradiction. Hence R must be 
simply connected. 


THEOREM 4. If M is a continuous curve and K is a bounded cutting * 
of M such that if IT is any maximal connected subset of K the set K-H is not 
a culting of M, then K is connected through K and S-M. 


Proof. Let A and B be points of M — K which He in no connected subset 
of WM-—K, By a theorem of G. T. Whyburn,+ the set K contains a set G 
which is an irreducible cutting of M between A and B. Evidently every 
maximal connected subset of K contains a point of G. Let 


Vt, 


where ïf, and M, are mutually separated sets containing A and B respectively. 
If the set G is not connected through G and S—M, there exists a simple closed 
curve J lying in M, separating two points v and y of G in S and having no 
point in common with G. Then J lies wholly in M, or wholly in Ms. Sup- 
pose it lies in M,. By a theorem due to G. T. Whyburn,f the set M.+ G 


= A subset K of a continuum M is said to be a cutting of M if M— K is not 
connected. The set K is said to be an irreducible cutting of M between the points 
A and B if If —— K is the sum of two mutually separated sets If, and Mf, containing 
A and B respectively and no subset of K has this property. Cf. G. T. Whyburn, 
“ Concerning Irreducible Cuttings of a Continuum,” Bulletin of the American Mathe- 
matical Society, Vol. 33 (1927), p. 408 (abstract). 

+ Loc. cit. 

t Loc. cit. 
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is a continuum. But this is impossible since J and M, + G have no common 
points and G contains a point in both the interior and exterior of J. Hence 
S—- M contains a set L such that Œ + L is connected. Since every maximal 
connected subset of K contains a point of G, the set K + L is connected. 


THEOREM 5. In order that a continuum M be a continuous curve it is 
necessary and sufficient that if À is an arc, K is a closed subset of M + A 
and x and y are points of K which can be connected through K and 
S— (M + A), then x and y can be connected through K and S— (M + À) 
in the strong sense. 

R. L. Moore * has shown that the condition is necessary and the condition 
may be shown to be sufficient by a modification of the proof of another 
theorem of his.t 


THEOREM 6. Let M be a continuous curve and N be a closed subset of 
M. For each point P of N let C(P) be the set of all points of S whose 
distance from P is less than or equal to a number r(P). Let K(P) be the 
maximal connected subset of M-C(P) which contains P. Suppose (1) the 
function r(P) is a bounded non-negative upper semi-continuous function Ï 
of the point P over the set N, (2) the set of points [P], for which r(P) == 0 
contains no continuum. Under these conditions every maximal connected 
subset of the set 


> K(P) 
| | PCN 
48 & continuous curve. 


Proof. Let H be a maximal gonnected subset of X, K(P). Let A be 
PCN 


any limit point of H. Let Pı, Ps, Pa, : * +, be a sequence of points of H 
having A as a sequential limit point. Let P’; denote the center of the circle 
C(P) which contains P;. Since the function r(P) is bounded, there exists 
a sequence of integers ni, ne, ns,’ , such that the sequence P’,,, Pr, Past, 
has a sequential limit point B. The set N being closed, the point B belongs 


* “Some Separation Theorems,” loc. cit, Theorem 4. Moore proves only the 
bounded case and makes use of the fact that only a finite number of the complemen- 
tary domains of a continuous curve are of diameter greater than a given positive 
number. While this is not true for unbounded continuous curves, it is true, and 
this would be sufficient for Moore’s proof, that only a finite number of the com- 
plementary domains of a continuous curve (bounded or not) that contain points 
within a given circle are of diameter greater than a given positive number. 

+ Ibid., Theorem 5. 

+E. W. Hobson, Theory of Functions of a Real Variable, Cambridge University 
Press, 2nd Edition 1921, Vol. I, p. 290. 
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to N. For every value of 1, r(P’n,) Z d (Pao P’n,). Then as r(P) is upper 
semi-continuous, r(B) = d(A,B). The sets K(P’n,), K(P'a), K (Png) °°"; 
have a closed and connected limiting set containing both A and B.* Moreover 
this limiting set belongs to M and to C(B), and thus it belongs to K(B). 
Then A belongs to K(B) and thus to H. Therefore H is a closed set. 

If H is not a continuous curve, there exist two concentric circles Ci 
and ©: and an infinite sequence of subcontinua of H, H o, Ha, Ho, Ha, --, 
satisfying the conditions of the Moore-Wilder Lemma.+ Let r, and re be the 
radii of ©, and C and let r==7,.—7, > 0. Let C and C, be circles con- 
centric with C, and with radii r,+ 1/3 and r,—vr/3 respectively. Let 
H, (a =o, 1, 2,3, < +) be the set of all points of Ha which lie on Cs or on 
C, or between Ca and Ca. For each point x of H let x’ denote the center of 
the corresponding circle C(P) containing x and used in defining the set 


S K(P). 


PEN 

In case the maximum value of r(z’) for all points z of H, approaches 
zero as m increases indefinitely, every point of H,, is a limit point of N 
and thus W contains H,,. By condition (2) of the hypothesis of the theorem, 
the set À, must contain a point Q such that r(Q) >0. Let y be the 
smaller of the numbers r(Q) and r/3. There exists a positive number 6, 
such that every point of M whose distance from Q is less than à, can be joined 
to Q by an arc of M whose diameter is less than 7. ‘There exists an integer ñ 
such that H; contains a point whose distance from Q is less than 8. Then 
K(Q) contains a point of H;. But this is contrary to the condition that every 
set Hn is a maximal connected subset of H > G, where G denotes the set con- 
sisting of C:, C, and all those points of S which lie between C, and C2. 

If the above condition does not hold, there exists a positive number € 
and an infinite sequence of integers ni, na, ns, °° *, such that Hy, contains 
a point P, so that (a) r(P’i) œe, (b) [Pi] has a sequential limit point U 
on H,,, (c) [P’:] has a sequential limit point V. Let 


Lim r(P’;) =m =e. 
4-900 


* Z. Janiszewski, “Sur les continus irréductibles entre deux points,” Journal 
de l’Ecole Polytechnique, Ser. 2, Vol. 16 (1912), p. 109. 

+ For a full statement of the lemma, see R. L. Wilder, “ Concerning Continuous 
Curves,” loc. cit., p. 871. See also the earlier papers of R. L. Moore, “A Characteri- 
zation of Jordan Regions by Properties that have no Reference to Their Boundaries,” 
Proceedings of the National Academy of Sciences, Vol. 4 (1918), pp. 364-370, and 
“Continuous Sets that have no Continuous Sets of Condensation,” Bulletin of the 
American Mathematical Society, Vol. 25 (1919), pp. 174-176. 


528 Ayres: Concerning Subsets of a Continuous Curve. 


Since +(P) is an upper semi-continuous function, r(V) =m. The limiting 
set of K(P’,), K(P’2), K(P’s), + ++, is closed, connected and contains U 
amd V. If ¢ denotes the smaller of the numbers 4e and 7/8, then all but a 
finite number of the sets K(P’;) contain a point æ; whose distance from Pi 
is less than 7/8 and lying interior to the circle C, with center at V and radius 
r(V) —1t/2. The points [x;] have a limit point x which must belong to H, 
since d(z, U) = 1/8, and z must lie interior to or on the circle Cs and belong 
to K(V). Since M is a continuous curve there exists a number ô: such that 
every point of M whose distance from % is less than 8 can be joined to x by 
an are of M of diameter less than + There is a point x; such that d(z,2;) < 
ô and let 8 be an arc of M with end-points z and a; and of diameter less 
than &. The arc B belongs to G and C(V). Since x belongs to K(V), the 
entire arc 8 belongs to K(V) and hence to H. But this is contrary to the 
condition that Ha, is a maximal connected subset of H-G, since % belongs 
to H 

Then the assumption that H is not a continuous curve has led to a con- 
tradiction, which proves our theorem. 


THEOREM 7." Let K be a bounded continuum which is a subset of a 
continuous curve M, T be a closed totally disconnected subset of K such that 
(1) K—T is the sum of two sets K, and Ka, (2) if D: denotes the set of all 
points [x] such that x belongs to a complementary domain of M that has 
points of K; on its boundary then K, + D, and K + D, are mutually sepa- 
rated sets. If x, and x, are points of K, and K respectively then there exists 
a simple closed curve J which is a subset of M, separates x, and x: in S, and 
such that every point of J: K is a point of T. 


Proof. The set K, is closed except for a subset T, of T. Let B: be the 
point set consisting of the boundaries of the domains of D;. No point of Kz 
is on the boundary of any domain of D, and, since only a finite number of 
the complementary domains of M that belong to D, are of diameter greater 
than any given positive number, every limit point of B, which does not belong 
to Bı belongs to Kı + Tı. Hence Kı -+ B,+ T, is closed, and Kı + Bı 
— T : B, and K, are mutually separated. For each point y of Kı + Tı + B, 
Jet r(y) = 4d(y, K.) and C(y) be the set of all points whose distance from 
y is less than or equal to r(y). Let H, be the maximal connected subset of 
M-C(y) containing y. It is easily seen that r(y) is continuous on K, + B, 


t In the case where Af is the entire plane, this theorem is due to R. G. Lubben, 
“The Separation of Mutually Separated Subsets of a Continuum by Curves,” Bulletin 
of the Amcrican Mathematical Society, Vol. 32 (1926), p. 114 (abstract). 
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+. T, and is zero only on T, + 7'- B, a totally disconnected point set. Then 

all the conditions of Theorem 6 are satisfied and thus every maximal connected 

subset of : 
H; i 


#4 Cc Ayt+By+T 


is a continuous curve. Let M, be the maximal connected subset of $ ZZ, con- 
taining x, It is evident that no point of K, belongs to Mi. Let D’ be the 
complementary domain of M, containing 2, and let B’ be its boundary. Sup- 
pose B’ contains a point z of K,. There exists a circle C(z) with center at z 
such that every point of J/ in the interior of C(z) lies with z in a connected 
subset of . which lies within C(z). Since z is approachable from D”, there 
is an arc g one of whose end-points is z and such that « — z is a subset of M”. 
There is a point w of æ such that every point of the subare zw of « lies within 
C(z). If < zw contains any point of M, this point belongs io M, since it 
belongs to Z7,. But this is impossible since < zw belongs to D’. Hence < zw 
belongs to a complementary domain of 37 and this domain must be one of the 
set D; since there is a point of K, on its boundary. Every point of its 
boundary belongs to M, and hence D’ is this domain. But v» belongs to no 
domain of the set D,. Hence B’ contains no point of K.. 

Let J be the boundary of D’ with respect to the point 2,.* Then J is the 
required simple closed curve. 


4. In this section we propose to study the properties of a continuous 
curve M having the property that every two points + and y of the sum of the 
boundaries of the complementary domains of M may be connected through 
s+ y and — M. This is equivalent to the condition that every two points 
of the sum of the boundaries of the complementary domains lie together on 
the boundary of some complementary domain. For the remainder of this 
paper let W denote the sum of the boundaries of the complementary domains 
of a continuous curve M. 


* If D is a domain, B is its boundary and œ is a point of S— (D + B), the 
boundary of D with respect to w is the boundary of the maximal domain of S— (D+ B) 
containing the point æ. If B is a continuous curve, the boundary of D with 
respect to æ is either a simple closed curve or an open curve. Cf. R. L. Moore, 
“Concerning the Separation of Point Sets by Curves,” Proceedings of the National 
Academy of Sciences, Vol. 11 (1925), footnote 5 on page 475. Cf. also my paper, 
“Concerning the Boundaries of Domains of a Continuous Curve,” Bulletin of the 
American Mathematical Society, Vol. 33 (1927), pp. 565-571. 
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THEOREM 8. If every two points x and y of W may be connected ` 
through x + y and S— M, then W ig a continuous curve. 


ə Proof. Obviously W is connected. Let P be a limit point of W and let 
Pa, Pa, Ps, + + +, be a sequence of points of W having P as a sequential limit 
point and such that P, +4 P. For every à > 1, there is a complementary 
domain D; of M having Pı and P, on its boundary. Since only a finite num- 
ber of the complementary domains of a continuous curve whose boundaries 
contain a given point are of diameter greater than a given positive number, 
there are only a finite number of distinct domains in the set [D;]. Then 
there is one domain D; which has infinitely many of the points P; on its 
boundary. Hence P belongs to the boundary of D; and thus to W. There- 
fore W is closed. 

If W is not a continuous curve, there exist two concentric circles €, and 
C, and an infinite sequence of continua, Woo, Wi, We, Ws, © © +, of W satisfy- 
ing the conditions of the Moore-Wilder Lemma and the further condition 
that if Pa and Qa (a= œ, 1, 2, 3,°- +) are points of Oi: Wa and C2° We 
respectively then C, contains an are 8., with end-points X, and Poo which con- 
tains every point Pa and in the order X,P,P.P; ‘++ Po, and C; contains an 
arc B, with end-points X, and Qœ which contains every point Qa and in the 
order X29:Q2Q3 * * * Qo. Let the radii of Cı and C; be r, and r, and let 
T)—?,==7T > 0. Let x, y and z be points of Woo whose distances from the 
center of the circle O, are rı + 1/6, r2 — 17/6 and rı + $r respectively. There 
exists a positive number 6 such that any point of M whose distance from x is 
less than 6 can be joined to x by an arc of diameter less than r/6, and similar 
for the point y. There exists an integer k such that W» contains points a; and 
Yy such that d(x, £r) <8 and d(Y, yx) < 8, and let a, and a, be ares of M 
with end-points sy and z and yp and y respectively and each of diameter less 
than r/6. Let 24; be a point of Wr+ı whose distance from the center of C, is 
rm, -+4r. Then Zw and z cannot be connected through Zr -+ z and S— M 
since Zz, and z do not lie in the same complementary domain of Wy + Wise 
+a, + a. Therefore W is a continuous curve. 


THEOREM 9. If every two points x and y of W may be connected through 
x + y and S— M, then either (1) M is the sum of three arcs which have the 
same end-points and no two of which have any other point in common, or (2) 
every maximal cyclic curve™ of W is a simple closed curve. 


#G, T. Whyburn, “Cyclicly connected continuous curves,” Proceedings of the 
National Academy of Sciences, Vol. 13 (1927), pp. 31-38. 
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Proof. Let C be any maximal cyclic curve of W. Then C contains a 
simple closed curve J. If C= J, our theorem is proved. If C—J is non- 
vacuous, let T be a maximal connected subset of C — J. The set T has at 
least two limit points on J. If w is a point of T there exist arcs wx and wy 
which lie in T except for the points v and y which are limit points of T on d. 
The set wz + wy contains an arc szy, with end-points & and y and such that 
< gzzy > lies in J. We shall show that M =J + zzy. Suppose that M con- 
tains a point which does not belong to J + azy. Let D denote the comple- 
mentary domain of J + szy containing this point and œ, and a, denote the 
arcs of J + xzy from x to y which form the boundary of D and let a, be the 
other arc of J + gzzy from x to y. lf every point of D belongs to M, a point 
u of <a> cannot be connected to a point v of <a> through u -+v and 
S—M. Hence D contains a point which does not belong to M. Since the 
connected set D contains a point of M and a point of S— M, it contains a 
point p of W. Let q be a point of <a,;>. But p and q cannot be connected 
through p + q and S— M. Therefore M == J + zzy, and our theorem is 
proved. 


THEOREM 10. If every two points x and y of W may be connected 
through z +- y and S— M, then (1) if J is any simple closed curve of W 
then either the interior or the exterior of J contains no point of W, (2) af L 
is an open curve of W then one of the complementary domains of S—L 
contains no point of W. 


THEOREM 11.* If W is bounded and non-vacuous and every two points 
x and y of W may be connected through «+ y and S— M, then either (1) 
there is one complementary domain of M whose boundary is W, or (2) M, 
consists of three arcs with the same end-points and no two of which have any 
other point in common. 


Proof. By Theorem 8, the set W is a continuous curve. If W contains 
no simple closed curve our theorem is proved since M == W and the comple- 
mentary domain whose boundary is W is S— M. Now suppose W contains a 
simple closed curve J;. If W = J., then the exterior of J, can contain no 
point of Af and this is the desired complementary domain of M whose boundary 
is W. If a maximal connected subset of W —Jı has more than one limit 


* A result closely related to this has recently been published by G. T. Whyburn. 
See Theorem 27 of his paper, “Concerning the Structure of a Continuous Curve,” 
American Journal of Mathematics, Vol. 50 (1928), pp. 167-194. 
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point on J, then, by Theorem 9, condition (2) of our theorem holds. Also, 
by Theorem 10, either W — J, lies wholly in the exterior or wholly in the 
interior of J. 


Case I. Suppose W — J, is non-vacuous, the interior of J; contains 
W — Jı, and no maximal connected subset of W — J, has more than one 
limit point on Jı. Let T be a maximal connécted subset of W—J;, let P 
be its limit point on J, and let Q be any other point of Jı. Let Pi, Ps, Ps, - 
be a sequence of distinct points of T having P as a sequential limit point. 
For every 2 there is a complementary domain D; of M having Q and P; on 
its boundary. Since there are only a finite number of complementary domains 
of Af of diameter greater than any given positive number that contain points 
interior to the simple closed curve Jı, there are only a finite number of the 
domains [D:] that are distinct. Then there is one domain Dy that has Q 
and infinitely many of the points P, on its boundary. Hence P also belongs 
to the boundary of Dp. Let Js be the boundary of D; with respect to some 
point in the exterior of Jı. The simple closed curve J, contains P and Q 
and is a subset of the set consisting of J, plus the interior of Jı. If any point 
of J» is in the interior of J,, then some maximal connected subset of W— J, 
has two limit points on J; Hence J; =J, Then there is a complementary 
domain Dy of M which lies in the interior of J, and whose boundary contains 
every point of Jı. Now suppose there is a point v of WW which is not a bound- 
ary point of Dy. Let Ja be the boundary of De with respect to the point a. 
The set J, is a simple closed curve enclosing z, and Ja ÆJ, Then J; has a 
point v of W in its interior and a point of J; (and thus of W) in its exterior, 
contrary to Theorem 10. Therefore W is the boundary of Dx. 


Case II. Suppose W—-J, is non-vacuous, the exterior of J; contains 
W — J, and no maximal connected subset of W — J, has more than one limit 
point on Jı. In a manner very similar to that used in Case I, we may show 
that there is a complementary domain of M which lies in the exterior of Jı 
. and has W as its boundary. 


THEOREM 12. If Gis a subset of W which is dense in W and every two 
points x and y of G may be connected through x + y and S—M, then every 
two points pand q of W can be connected through p + q and S — M. 


Proof. Let P and Q be points of W. Let Pi, Po, Ps, © + - and Qi, Qe, 
Qs, ` * > be two sequences of points of G which have P and Q as sequential 
limit points. For every + there is a complementary domain D; of M whose 
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boundary contains P; and Q;. There can only be a finite number of the 
domains D; which are distinct, and thus, there is one domain D; which has 
on its boundary infinitely many of the points [P;] and infinitely many of 
the set [Q:]. Then both P and Q are boundary points of the domain D;, and 
P and Q can be joined through P + Q and S — M. 


THEOREM 13. If W is unbounded and every two points x and y of W 
can be connected through x + y and S—M, then either (1) there is one 
complementary domain of M whose boundary is W, or (2) M consists of three 
rays with the same vertex* and no two of which have any other point in com- 
mon, or (3) M consists of an open curve plus an arc which has only its end- 
points in common with the open curve. 


Proof. Let P be a point of a complementary domain of Jf and let T be 
an inversion of the plane with respect to some circle whose center is P. Let 
W== T(W)+ P and M’=T(M)+-P. The set W’ is the sum of the bound- 
aries of the complementary domains of the continuous curve M’. Since every 
two points z and y of T(W) may be connected through s + y and S— W, 
by Theorem 12, every two points of W’ have this property. The hypothesis 
of Theorem 11 is satisfied and hence either (a) W’ is the boundary of one of 
the complementary domains of the continuous curve M’, or (b) AZ’ consists 
of three arcs with the same end-points and no two of which have any other 
point in common. If situation (a) holds, then there is a complementary 
domain of M whose boundary is W. If situation (b) holds, there are two 
possibilities according as P is one of the common end-points or is an interior 
point + of one of the arcs. Under the first possibility, we get situation (2) of 
our theorem; under the second, we have situation (3). 


THEOREM 14. If W is non-vacuous and every three points of W lie 
together on the boundary of some complementary domain of M, then there ts 
a complementary domain of M whose boundary ts the set W. 


Proof. The hypothesis of either Theorem 11 or Theorem 13 is satisfied 
according as W is bounded or unbounded. The curve M cannot consist of 
three arcs with the same end-points but no two of which have any other point 


* An open curve is a closed set which is in a continuous (1,1) correspondence 
with a straight line. If P is-a point of an open curve ©, the set consisting of P 
plus either of the maximal connected subsets of C — P is called a ray. The point P 
is called the vertex of the ray. 

+A point of an arc which is not an end-point of the arc is called an interior 
point of the are. 


534 AYRES: Concerning Subsets of a Continuous Curve. 


in common, for if z, y and z are interior points of the three arcs and no two 
belong to the same arc, then there is no complementary domain of M whose 
boundary contains z, y and z. Similarly situations (2) and (3) of Theorem 
f3 cannot exist. Therefore W is the boundary of some complementary domain 
of M. 


TxHEoreM 15. If every two points x and y of a continuous curve M can 
be connected through x + y and K — M, then M =W. 


Proof. Suppose  — W contains a point P. By Theorem 8, the point 
P is not a limit point of W. Then there exists a circle C with center at P 
such that every point of C and its interior belongs to M — W. Let Q be any 
point of C. Clearly P and Q cannot be connected through P+ Q and 
S— M. But this is contrary to the hypothesis of the theorem. 


NATIONAL RESEARCH FELLOW IN MATHEMATICS, 
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Admissible Numbers in thé Theory of Probability.* 


By ARTHUR H. COPELAND. 


I. The fundamental assumptions of the theory of probability. 


We shall show that the fundamental assumptiorfs of the theory of prob- 
ability are equivalent to the assumption that there exists a number, x, satisfy- 
ing a denumerably infinite set of independent equations. Thus, although 
these assumptions may seem exceedingly plausible on the basis of physical 
considerations, their consistency requires investigation. 


The first assumption to which we refer is: 


Assumption (a): If an event has a probability, p, then the ratio of the 
number of successes, r, to the number of trials, n, approaches the limit, p, as n 
becomes infinite.f 


For such an event it is proved that the probability of obtaining r suc- 
cesses in n trials is ,C,p"(1— p)"*. More precisely, it is proved that if m - n 
irials are made of the given event and these trials are grouped so that the first 
n trials are in the first group, the second n trials in the second group, etc., and 
if in s of the m groups there are r successes and n — r failures, then as m be- 
comes infinite the ratio s/m approaches »C,p"(1—p)"*. In the derivation 
of this formula the following assumption is made: 


Assumption (b): the probability ofe success is a constant and does not 
vary from one trial to the next. 


The precise meaning of assumption (b) is not obvious. That is, it is not 
obvious what restrictions this assumption is supposed to place upon the 
behavior of the given event. However, from the applications which are made 
of assumption (b), we are justified in concluding that it at least implies that 
the probability of success of the rth term in any group of n trials is p. In 
other words, if ¢ be the number of successes of the rth members of the m 
groups, then {/m approaches p as m becomes infinite. 

It is impossible to devise a physical experiment to test the validity of these 
assumptions, since we are necessarily restricted to a finite number of trials of 


* Presented to the American Mathematical Society, Oct. 29, 1927. 
7 Of. Guido Castelnuovo, Calcolo delle probabilita, prefazione, p. xvi; J. L. Coolidge, 
An Introduction to Mathematical Probability, p. 4. 
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. the event. We can, however, invent a law of behavior for some imaginary 
event and see whether it is possible for the behavior of such an event to satisfy 
assumptions (a) and (b). Thus our problem is to construct a model universe 
of events to test the validity of the fundamental assumptions of the theory of 
probability. 

We shall represent the successes and failures of an event by a sequence 
of ones and zeroes. These ones and zeroes can be taken as the digits of some 
number, æ. That is, this representation of an event history is also the binary 
representation of some number, x, lying between zero and one. 

Let x represent a given event history, where 


T o gta gate y 


and where z* is equal to zero or one. Also let 


Pale) = S e" fni: 


k=1 


Then the probability associated with the event history, x, is 


p(z) = lim p(z) 
: : N 2 MP OO 
whenever this limit exists. 
Next let 
(r/n) x om? ATTIN R e ee prtkn... 


where r, n, and k are integers.* We can now express assumptions (a) and 
(b) in a very simple form. If an event has a probability, p, then the 
successes and failures of this evegt must be represented by a number, g, 
for which 

(1) pl (r/n)a] is defined 


(2) pl(r/n)z] =p 
for every pair of integers r, n such that O < r&n. 

Equations (2) constitute a denumerably infinite set. The equations 
of this set are not all independent but we shall prove there exists an infinite 
sub-set of independent equations. t 

One other assumption is made in the derivation of the formula 
nC rp" (1 — p)”, namely 


(3) (1/n)z, (2/n)z, (3/n)x, > >, (n/n)æ are independent numbers, 


*(r/n)æ is read r over n of x. It will be observed that (]/1)æ— x. 


+ Cf. Section V. 
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it being understood that a set of numbers is an independent set when and only 
when the events which these numbers represent are independent.* This as- 
sumption is also implied by assumption (b). That is, the probability of 
success at any trial is p and does not depend upon the success or failure of any 
other trial. 

A number, 2, is said to belong to the set A(p), where O< p < 1, 
if and only if it satisfies conditions (1), (2), and (3). A number is admis- 
sible if and only if it belongs to some set, A(p).t If an event has a history 
which is represented by an admissible number, then the behavior of the 
event is admissible in the sense that it satisfies the assumptions underlying 
the theory of probability. The problem of establishing the consistency of 
these assumptions is identical with that of proving the existence of admissible 
numbers. 

There is one difficulty in the interpretation of our model. We shall see 
that if we have given an admissible number, we can change arbitrarily a 
finite number of its digits and obtain in this way a new admissible number. 
Thus, since any physical experiment involves only a finite number of trials, 
the assumption that the history of the probable event must be represented 
by an admissible number, apparently gives no restriction whatsoever on the 
behavior of physical events. Before attempting to answer this objection let 
us point out that our model has not introduced a new difficulty but thrown 
new light on an old one. The above objection has no more justification 
than the statement that since in a given number of trials of a probable 
event, all combinations of successes and failures are possible, the assumption 
that this event has a probability places ng restriction on the behavior of the 
event. 

We can imagine that an experimenter makes a series of trials of a given 
event, then a second experimenter makes another series of trials of the same 
event, etc. If the object on which the experiments are made, wears out, a 
similar one is constructed. The work continues indefinitely. We assume 
that the history thus obtained can be represented by an admissible number. 
This assumption does restrict the behavior of the event—it restricts what 
might be described as its asymptotic behavior. 


* Precise definitions of independence are given on pp. 540 and 541. 

f It will be observed that an admissible number cannot be rational since the 
digits of a rational number repeat periodically and such a number is excluded by 
condition (2). 
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II. The Algebra of Event Histories. 

We shall let x : y represent the compound event which consists in the 
fonjunction of the two events, z and y (where x and y are the events whose 
histories are represented by the numbers z and y). Then 

gy = wut ..-qt.-. where wi = giy’. 
This product obeys the, two laws: 
À, t'y =Y T 
B. (æ'y)"z =g: (y'2). 

If the events, « and y, are mutually exclusive, then æ:y—0. When 
this is the case, we can represent the history of the event “either x or y” by 


g- y= vous. -vtr.: where vi gt + yt, 


The expression, æ + y, is the algebraic sum of the numbers, v and y. 
This algebra of event histories also obeys the laws: 


C. t+ y=y +r if g’ y= 0 
D. (o+y) teme) ayee =a 
E. (z+ y):z =g'z4y:z if g'y=0. 


In the case of two events the theorem of total probability can be stated 
in the form: 


THEOREM 1. If æ°y—0, then p(z + y) = p(s) + p(y). 

The extension to the case of n events is immediate. 

Let us consider the history j 

1 — g=: www wt where w= 1 — gi. 
We have the following identity 
g: (1— x) = 0. 

The event 1 — xv is the complement of the event #. That is, 1— æ occurs 
whenever x fails, and fails whenever + occurs. 

The following experiment serves to illustrate the use of this algebra: 
A penny was flipped ninety times and the heads and tails recorded. An 
event, a, consisted in the occurrence of a head. The successes and failures 


of x were arranged in groups of three. An event, X, consisted in the occur- 
rence of two heads in a group of three flips. Hence 


X = (1/3)a- (2/3)e° [1—(8/3)x] + (2/8): (8/8) a- [1 — (1/3)2] 
+ (8/3)a- (1/3)e* [1 — (2/3)z]. 
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It was found that poo(z) —.466 and pPs(X) —.400. These results 
agree fairly well with the theoretical values, p(x) == .500, p(X) = .875. 
As a consequence of theorem 1, we have the equation 


(4) PT" Ds Ta" En) + p(T s` Ba't Ea) = pl (21 + T2) Le Ta : En] 
if %° To = 0. 
As special cases of this equation we have 
(5) p(ai tits En) + PI(1— 21) De Ts" En] = p(T2' Ts" Ta). 
(6) p(l—z) =1—p(z). 
The following equations are easily verified : 


(1) (r/n) Uk me = TI (ns 
k=1 hel 

(8) (r/n) > Th == Ş (r/n) x, if w+ aj = 0 when t j 
k= k=1 

(9) (r/n)(1—z) = 1— (r/n)z 


(10) (72/2) [(i/m)e] = (R/N)z 


where N = min, and R == fr, + (ra — 1)n, 


III. Independent Numbers. 


It is a fundamental theorem that if a compound event consist in the 
conjunction of n independent events, then the probability of the compound 
event is the product of the probabilities of the individual events. This theo- 
rem is true in the case of two events and ean be made true in the general case 
by formulating an accurate definition of independence. 

Let us consider first the case of two events, x and y. The probability 
that y will occur if z occurs is 


S gi-yt 

lim A”? _ ploy) 
S zi p(z) 
4=1 


whenever p(x) and p(x: y) exist and p(s) 0. The probability that y will 
occur if v fails is p[(1—a#)-y|/p(1—~7). We can now state the following 
definition : * 


* For some purposes it might be convenient to formulate a more restrictive 
definition of independence, but in the discussion of admissible numbers the above 
definition is sufficient. 
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Two events x and y are independent if and only 1f 


pi(i—s)-y} _ paf a PLGA] _ ple») 
° pli — z] p(z) pli — y] p(y) 
It is understood that the probability function is defined for all of the argu- 
ments involved and that p(x) and p(y) are different from one or zero. 
The theorem of compound probability together with its converse can be 
stated as follows: i 


THEOREM 2. À necessary and sufficient condition that two numbers, x 
and y, be independent is that 


ple- y) = p(z): p(y) where 0< p(z), p(y) <1. 


This theorem is easily proved by means of equations (5) and (6). 

It is natural to extend the definition of independence by saying that n 
events are independent provided each is independent of each of the other 
n—1. Can we, on the basis of this definition, extend theorem 2 to the case 
of n events? The following example throws considerable light on this ques- 
tion. ‘The histories of three events 7, £a, and x3, are as follows: 


x, = * 1100, 1100, 1100, 1100, +- 
(11) Ta = 1010, 1010, 1010, 1010, -: 
wg =; 1001, 1001, 1001, 1001,--- . 


We have the equations, p(x.) = p(t.) = p(xs) =4, and p(z t) = 
PÒL ts) = p(T T1) =F, but pire 23) = } A p(t) p(t) p(zs). That 
is, each of the three events is independent of the other two, but the proba- 
bility of the compound event consisting in the conjunction of 2, £e, and fs 
is not the product of the individual probabilities. 

A second example is also instructive. An urn, U;, contains n balls each 
of which is half red and half green. It contain also n white balls. Aun urn, 
U., contains n red balls and n green balls. U, contains n blue balls and n 
yellow balls. U, contains n blue and yellow balls and n white balls. Two 
men, A and B, draw balls one at a time from the urns, replacing the balls 
after each draw. A draws alternately from U, and U. and B draws from U; 
whenever A draws from U,, and from U, whenever A draws from U.. Events 
Ti, Los T3, Ta consist in the drawing of balls having respectively the colors red, 
green, blue, yellow. Each event has the probability, a half, and is independent 
of each of the others, but the compound event which is the conjunction of the 
four events, has the probability, zero. 

These facts can be more easily seen if we examine the event histories. 
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Let X, be the history of the drawing of a red and green ball from U,, X> that 
of drawing a red ball from U2, Xs, thateof drawing a blue ball from Us, and 
X, that of drawing a blue and yellow ball from U, Then the equations » 


(1/2) =X, (2/2) a, = Xz 
(1/2) a, = X3 (2/2) a, = X4 
(1/2)27,=1—X, (2/2) ay = X4 
define 21, To, £3, Z4 in terms of Xa, X2, Xs, Xa From these equations we get 
(1/2) (01°22) = À; (2/2) (tite) = 0 
(1/2) (za 24) == 0 (2/2) (a as) = Xi 
(13) (1/2) (1° 23) = X, X; (2/2) (2° Ts) = Xo Xa 
(1/2) (£ j Ta) = X, > (1— X3) (2/2) (T2 . Ta) = (1— Xz) ) Xa 
(1/2) (21` z4) = X;,: (1 — Xs) (2/2) (xy ° Ta) ==, X4 
(1/2) (22° Ta) = X, X3 (2/2) (22 * Ta) =m (1— Xz) te 
Hence we get 
(14) Ti To La La = Q. 


From these equations it follows that p(a::+a;) = p(ai)p(a;) if ij and 
i, j = 1, 2, 8, 4, but p{a tm: £4) = 0. 

From these two examples it is clear that in order to insure the inde- 
pendence of N numbers, 2, de, * : -, ty, it is not sufficient to assume that 
every z; is independent of every æ; (where 1347). A definition which is 
sufficient is the following: 

The numbers 21, 2, Ta, °, ty, are independent if and only if every 
number, tu, Cu," Tp,°"* Ty,,. 8 independent of every number, Tr * Ey,’ *' Los 
where the numbers, tu, Tp. ``’, Tr, ***, Cv, are all different and all belong 
to the set £i, a, °°", Eye” 

We can now state the general theorem of compound probability. 


THEOREM 3. A necessary and sufficient condition that the distinct num- 
bers, Tı, Lo, Ta, * *" , tv, be independent is that every subset, £v, Eva Loy °° Cops 
no two numbers of which are equal, satisfy the condition 
(15) 0 < p (2v, ' Tvg ` Tri" Tvp) ee p (Ev) P (Eva) p (Evs) e p (2v) <1. 


Is it not obvious that equations (15) are compatible, and if these equa- 
tions are incompatible for every N, then there exist no independent events. 
The following theorems are concerned with the existence of independent events : 


*N is understood to be an unrestricted integer. 
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THEOREM 4. There exist n independent numbers, Xi, X2,°'+, Xit’ 
Xn, such that p(Xr) = 4. n 
® We shall show the existence of n independent numbers whose digits repeat 
periodically, the period being 2”. Let us write the first 2" digits of these 
numbers in tabular form as follows. 
ee Ce Chee y” 
* Xat X? xX» s Bite X22” 
Ant Xn? Xn? Pete Ages 
We shall arrange the columns in n + 1 groups, Go, Gi, Gz, ‘°°, Gn. Group 
Gy, will contain all possible different columns having k zeroes and n — k ones. 
Hence Gy contains „Cy columns, and the total number of columns in the period 
is 2. 
Let us compute the value of p(Xv,' Xv,* Xv,°:* Xv,) where the numbers, 
Av, Xv, Xv, are all different and all belong to the set, Xi, Xa tt, Xn. 


Since the digits of Xy,-Xv,:--Xv, repeat periodically, we need only to count 
the number of ones in a period. The kth group contains ».,C; ones, and hence 


n-r 


the total number of ones contributed by all the groups is X n-rOr = 277, 
k=0 
Thus 
p(X, a Xv, Xv, es Xv,) — panr [Qn — 2r, 


In particular p(Xv, ) — 4, and therefore, by theorem 3, the numbers X ty Xos 
An are independent. 

Before we consider the generaleproblem of the independence of numbers 
associated with an arbitrary probability, we shall need two more theorems. 


THEOREM 5. If the numbers, 21, £o, Zs, ''*, ZN, are independent, then 
the numbers, 1— Ti, Ta, Za, ++", €y, are independent. 


We have the equation 
PU (1 — B1) an ana] = pan at Brp) — pin an a." Ev). 
By hypothesis the numbers, £1, £z, -*+, £y, are independent and hence 
p(@y,* T°" Er) — p(T Er Ly, ) 
= p(y) P (Eva) + per) — p(a)p(an) +" p(t). 
Therefore 
pie) an ana] = [1 — p(21) 1 p(n) p (Ev) +: p(ar,) 
= p(l—t1) p (2v) p (Ev) '** p(ar,). 
It follows that the numbers, 1 — 2, £2, £3, °**, £y, are independent. 


+ 
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THEOREM 6. If the numbers Ti, Za, 4,°**, 2y, are independent, and the 
numbers Lo, Ts, Tas `` *, tx, are independent, and tf z's = 0, then the num- 


bers (Tı -+ Zi), Zas Us, `t, Ty, are independent. 
e 


By hypothesis 


p(z ` Er Ey??? Tvp) P p (21) p(2v,) p (Ev) Ta p (Tvn) 
and 


pére Ev,’ an" an) = p(22) P(E) p (Eva) pan). 
Adding these equations we get 


pl (2, + T2) "Tv, La" Tv] = p(T T T2) P (Ev) p (Lva) DE p (Tva). 
Hence the numbers (2: + 22), Try Tvs ***, Svp are independent. 
We can now prove the following theorem : 


THEOREM Y. There exist N independent numbers, Xa, Xa, ttt, Xi, ttt 
Xy, such that 


p(X) = Ppp e pp 


where pi = 0 or 1, and p = 1. 

We shall prove the theorem by induction. Let us assume that there exist 
N numbers, Yı, Ya, °°", Fy, such that p(Y:) = p, and K numbers, X;, Xo, 
++, Xg, such that p(X:) = 4. Let us assume that the numbers, Yi, Ya ttt, 
Yy, X:, Xe,'**', Xr, are all independent and that K > rN. We shall show 
that the numbers, Vi, Vo, °°, Vy, Xonar, °°*, Xx, are independent, where 
Ve 0 Vio end where De ais lande 

By theorem 3 the numbers, Ua’ Ya, U2: Yo, +++, Uxt Yy, Xonar ++? Xx, 
are independent. By theorem 5 the numbers, 1 — Xy, U2: Ya, tt, Un- Yn, 
AXvyit''' Xg, are independent. Hence by theorem 6 the numbers, Va, U:: Yo, 
Uz3: Va, Un: Yu, Xvwur,°*+, Xx, are independent. Similarly V1, 1 — Xa, 
U,-Ys,+°:, Un: Yx, ''", Xx, are independent and therefore Vi, Ve, Us: Ys, 
‘++, Un’ Yxn, °°°, Xg are independent. Similarly it can be proved that V3, 
Fatte, Vu, Xvwu,'*', Xe are independent. Furthermore p(V;)== $4 + p?” 
and p(U;,:Yi)=p2". We have seen that it is possible to satisfy our hypotheses: 
for the case p = 4. It follows that we can satisfy these hypotheses for the 
case p = 4 + 271 or 21 and hence, by induction, for p ==: p'p?+-- pt--+ pr. 


THEOREM 8. There exist N independent events, Xi, Xa, t>, Xx, such 
that p(Xi) = p, where p is any number such that 0 < p < 1. 
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Let p=: p'p*p®---ps--- For any s we can choose N independent’ 
numbers, X:s, Xs, >, Xy, such that p(X) = -ppp ps. Hence we 
can find a sequence of numbers 

eera ne eS 


such that lim e, = 0 and such that 


g->00 

| (Xv? Evt e Xy,2) — pF | < 6/38 

| p( Xy,8tt- Ky st «+ Ans) pel < «/3 
for every set of numbers, X,,5, X,,5, -.. X r,° contained in the set, #6, >, 
Xy*, and for every set, Ant, +++, Xy,8*1, contained in X,t, +++, Xy#*1, We 


can choose two sets of integers Mi, Me, Ma, °**, Me, “t+, and mm, Pos", Me, 
++, such that 


(a) | pa( Xv Ky st ++ Ky ert) — pe | </3 if n È m, 
(b) | Pn(Xy,8 Xv +++ Xy2) — pe] + (Ns -H Ms) /ns <e/3 if nÈ ns 
where Ns == n, + n + ng’ aci 


Let X; be such that the digits N, + 1 to Ñ, of X; are the same as the 
first n, digits of X;%. Then 


(c) | pu( Xu Xn Xy,) 
~~ (a/n) pu, (Ans + Xy,8 +++ Xr) l[<(Wetm)/n< E€s/3 
if Nen Sn S Nea + Mg. 
Combining (b) and (c) we get 
Cd) [Pa (Xn Xn: Xv) — (n/n) p| < (es/3) [1+ (ne/n)] < (2/3)es 


if Nou S RE Nos + ms. 
But | (ns/n) p" — pk | = (n—n./n)p* < ¢,/3. Therefore 


(e) [pl XL. Xy,) ~— pg | i 
Nu S n S Noi + ms. We have also the Inequality 


KE) [plu Xv) — (s/n) pn, (Xo 7,5) 

— (n — Nois/2) Dn ns (X, 5*1 ou Xy,5**) | = (V./n) < €s/3 
If Ns + Msn Nos. 
‘Combining (a), (b) and (f) we get 


(8) | Pn( Hy t En) — (ns +n — N a/n) p | | 
~ < (60/8) [14 (me + n— Neu/n)] < Bee 
u 


(h) | P — (ns -+ 2 — Nour) /n | = p¥(N,/n) < e/3 
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` if Nen -+H ms Sn Ns Therefore 


(i) | pn(Xv,° Xn Xn) — p} | << és 


if Nsa + Ms Sn S Nee © 
Therefore p(Xv,:Xv,°Xv,°**Xv,) =p". Hence the numbers, À:, Xe, 


---, Xy, are independent and p(X.) = p. 


IV. The Existence of Admissible Numbers. 


By means of theorem 3 we can express the condition for admissibility in 
a more compact form as follows: 


THEOREM 9. A necessary and sufficient condition that a number, z, be 
admissible is that 


0 < pl(ti/n)a- (t2/n)a-*- (r/n)zl = ph <1 


for every positive integer, n and for every set of distinct integers, Ti, To, *"", 
Ti, `, Th Such that 0 <r; SEn. 


In order to investigate the existence of admissible numbers we need also 
the following theorem : 


Taeorem 10. If pl(r/n)x] = pr for r= 1, 2, 3, +1: , n, then 


p(t) = & (p/n). 
We shall now prove the existence of admissible numbers. 
| 
THEOREM 11. Hach set, A(p), contains at least one point, x. 


Given any integer, s, we can select s! independent numbers, 4,5, X,°, 
cr, À, , Yi, such that p(4,$) = p. Let U, be defined by the equations 
(a) (r/s!)Us = Xe, 

Let n be any integer less than or equal to s, and let m—s!/n. Then m is an 
integer. It follows from equations (7) and (10) that 
(b) pi (g/m) [ (r/n) Us: (r2/n)Us**: (rx/n)Us]} 

= p( XR? . Xr’ wee Xr?) — p“ 
where 0< m&n and mAr; if 147, and where Ri =r; + (¢q—1)n. 
Equation (b) holds for g = 1, 2, 3,---, m. Hence by theorem 10, 


pl(r1/0) Ua (72/0) U e+ ++ (r/n) Us] = pr. 
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Let e > e > e >'t D> eD: "be a sequence such that lim e, = 0. ` 


8—00 


We can select a set of integers, Mi, Mẹ tt, M.,-:-, such that 
(c§ | pu[t1/n) U 311 ° (ro/n) Viger (rz/n) U s41] cars p“ | < €s/ 3 


whenever N Z M,/n and ns. We can choose a second set of integers, 
Ni, Ne, Vi 7 Ne; ARE such that 


(d) | pul (r/n) Us | (r/n) Us so (rx/n) Us] — ph | -+ (vs —+ Ms)/N 5 < e;/3 


when N = N,/n and ns, where v, = Ni + N.::'-+ Ns At the same 
time the numbers, Vs, can be chosen so that v./n is an integer when n S s. 
Then NV;/n is an integer. 

It is understood that conditions (c) and (d) hold for every n such that 
ns, and for every set of numbers, fi, re, °°, Tk, such that rm = n and 
TFT; if 1 Æ J. 

Let v be such that the digits vs +- 1 to vs of x are the same as the 
digits 1 to N, of Us. Then the digits (ve/n)+ 1 to ve1/n of (r/n}z: (r/n)x 
++ (rx/n)æ are the same as digits1 to Ns/n of (r/n) U + (ra/n)U +++ (rx/n)U. 
Hence 


(e)  Jprt(r/n)a" (re/n)a-+> (1/0) x} 


— (Na/nN) pa, m {11/0)Us t (te/n) Us} | 
S (Nn — N:)/aN S (vs + M:)/Ns < €5/8 


if Vsi1/M ZNS (vs+1 + Ms.) /n. 
Combining (d) and (e) we get 


(£) | pw{(rs/n)a° (12/n)a- + (1%/n) a} 


— (Ns/nN) p" | < (¢5/8) [1 + (Ns/nN)] < Bes. 
But 


(8) | P — (Ns/nN) p | = (Nn — N.) /nN pt < (vs + Ms)/Ns < 65/8 
if vs/n S N S (vs + Ms)/n. Therefore 
(h)  |ps{(r/n)æ: (ra/n)e +++ (m/n)x} — p | < es 
if vs/n S N S (vs + M,)/n. 
We have also the inequality 


(i) | put (r/n) T:> (rx/n)x} — (N /nN) pays ny (11/0) Us" ** (rx/n)Us} 
— [N — (0543/0) /N) pins mi { (11/2) Usa} | E v:/nN S e/38 


if (vsr -H M) /n = N = Vea2/M. 
Combining (c), (d) and (i) we get 
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G) | pw€(rs/n)a--* (n/n)a)— [N /nN + (nN — vsa) /nN] p | < Bee 

But å 

(k) | pt — [N;/nN + (nN — vs) /nN] p" | < 6/8 , 

if (vs + Ms) /n SN SS v5,2/n. Therefore 

(1) lpni(ri/n)c: (ra/n)z' > (re/n)a} —ml<e 

if (veu + Ms) /n SN S v62/n. 

It follows from (h) and (1) that 
PU (n/n )a> (ra/n)æ: +> (te/n)} = p. 

Hence v is a point of the set A(p). 


THEOREM 12. Hach set, A(p), has the power of the continuum. 


Given any s, we can find 2(s!) independent numbers, X:s, X_,-°+, Xar, 
Ps, +e, Fas, such that p(X) = p(Y,5) =p. Let Us and V, be defined 
by the equations 


(r/s!)Us = X, (1/83) Vs = V,s 


where r == 1, 2, 3, ++, sL We can define two sets of integers, M, and Ns, 
such that conditions (c) and (d) of theorem 11, hold for both sets of num- 
bers, U, and Vs. 

Let a be any number such that 0Sa S1. Then a =; qaa: tt aste 
where aë = O or 1. Let us define a number, x, as follows. The digits vs + 1 
to vs, Of @ are the same as the digits 1 to Ns of Us or V, according as a® is 
one or zero. Then x belongs to A (p). Moreover, there is a one to one corre- 
spondence between the numbers, x, and the numbers, a. Hence A(p) has the 
power of the continuum. 

Another property of the sets, A(p), is the following: If x belongs to the 
set, A(p) and if y == 5 aka-* 4+. w: 2 where a¥ == 0 or 1, then y belongs to 
the set, A (p). One y if y belongs to the set, A (p), then æ does also. 
That is, if the interval (0,1), be divided into 2” equal parts, then the points 
of A(p) in each of the sub-intervals, form an image of the whole set, A (p). 
The numbers, x and y, are related by the equation (n-+1/l)y=a. Thus 
we have to prove the following theorem: 


THEOREM 13. (N/1)x belongs to A(p) if any only if s belongs to A(p). 


Let us assume that s belongs to A(p) and prove that (V/1)z belongs to 
A(p). We have the equation 
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p{rs/m) [(N/1)2] - (r/n) [(N/1)2] +++ (ra/n) [(N/1)2]} 
— pl (Bi/n)a° (Ra/n)a--~ (By/n)a] 


where Ri = N -+ ri —1,rm Sn and r Ær ii. 


Case I. If (N —1)/n is an integer, then we can let (N — 1)=(p—1)n 
where p is an integer. Hence 


pl (Ri/n)a- (Re/n)æ:': (Ea/n)e] = pl (0/1) {(r/n)e -> (rx/n)z}] 
pl(r/n)c: (ra/n)e'-: (n/n)zl = p. 
Case II. If N—1&n, then Ri S 2n and Ri s k; if i4. Let q 
and m be two integers such that 0 < q < m. Then 


plq/m) | (Biı/n)e'': (Re/n)a)} = pl(Qi/M)a `: > (Q:/M)a] = p" 


where M =n- m and Q: = kR;+(g—1)n SM. Given any positive num- 
ber, e, we can first choose m so that 1/m < «/2 and then choose a number, po, 
so that ' 

pr— (6/2) < pal{(Q1/M)a- ++ (Qx/M}z} < p + (6/2) 


whenever p == uo, where q = 1, 2, 3, °°, m— 1. Then 


p*—e < [(m—1)/m] p — (6/2) < pri(Ri/n)z-:: (Br/n)e} 
< pk -+ (1/m) + (1/2) < phte 


whenever v = mpo. That is 


pi (Ri/n)a:: (Ri/n)z} = p. 


Case III. If N— 1 >n and (N —1)/n is not an integer, we can find 
two numbers, N’ and N” such that (N’—1)/n is an integer N”’—1=n 
and N =N 4+ N” — 1. Then (N/1ye = (N///1){(N//1)x} and 


p= {(r/n)z > (n/n)z} 
pln) ((N’/1) a} + (r/n) {(0/1)2}] 
pl (ri/m) {(N/1) 2} +++ (r/n) {(N/1) 2} 1. 


Therefore (N/1)z belongs to the set, A(p). 

Next let us start with the assumption that (N/1)2 belongs to A(p). 
Then (N’/1){(N/1)z} = [(N + N’—1)/1]x belongs to A(p). Let us 
choose NV’ so that N + N” — 2 = (p—1)n where p is an integer. Then 


p = pl (r/n) {L(N +N’ —1)/1)2]} (re/n) (E(N +N’ —1)/1]2}] 
= p| (p/1){(r/n)z (12/n) a ++ (ra/n)z}] 
= pl(n/n)s-.. (n/n)a]. 


Therefore + belongs to A(p). 


+ 
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COROLLARY. If x belongs to A(p) we can change arbitrarily a finite 
number of the digits of x and obtain in this way a new number, y, which 
belongs to A(p). 


Là 
' THEOREM 14. Every point of the interval (0,1) is a point of condensa- 
tion of each of the sets, A(p). 


This theorem is an immediate consequence of theorems 12 and 13. 

From theorem 14 it follows that between any two distinct points of the 
interval (0,1), each of the non-denumerable infinity of non-overlapping sets, 
A(p), has a non-denumerable infinity of points. 


V. Independence of the conditions for admissibility. 


Equations (2) are not all independent. In fact, the equations 
p{(r/n)zx} = p, where r= 1, 2, 8, °°°, n, imply the equation, p(z) = p. 
Moreover, if n is the product of two integers, ni, ns, then since 


(12/2) { (11/1) 2} = [ (r1 + (re —1)m) /mine|e 


and 


(71/mi) ( (12/2) 2} = [(re + (ri — 1)na)/mna]z, 


the equations p{(r/n)x} —p imply the equations, p{(r/#,)x} =p and 
P{(T2/n2) 2} = p, where t, = 1, 2, >, m and T3 = 1, 2, >*t, me. 

However, the equations of the set, p{(r/n)x} = p (where n is any prime 
number and 0 < r < n), are independent. These equations constitute an in- 
finite sub-set of equations (2). To estaklish their independence, it will be 
sufficient to prove the following theorem: 


THEOREM 15. Given an arbitrary prime number, N, and an integer, Q, 
such that 0 < Q < N, there exists a number, x, such that 


PL(Q/N )2} p 
but pi(R/N)t}=pfo<ck< Nand RAQ 
and pi(r/n)z}=pi0<r<n 


where n is an arbitrary prime number distinct from N. 


Let Xr belong to the set, d(p), if 0< R<N and RQ. Let Xe 
and Xy belong respectively to A (pı) and A(p2), where (pı + pe) /2 = p and 
Pi, P2x=p. Let x be defined by the equations. 


(R/N)a = Xp where R =1, 2,°°-, N. 


¥ 
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Then 
P{(Q/N)c} =p Am and p{(h/N)t} =p 
i$ 0< RCN and FQ. 
We have to show that p{(r/n)t} = pif 0 << r < n and n is any prime 


number such that n s4 N. Given the numbers, n, N, r, R, there exist two 
numbers, 7” and À”, such that 


(B/N) {(r/n)2} = (9’/n) {( B/N) 2} 

The pair of numbers, 7” and À”, is a solution of the equation, 
(a) r+ (R—1)n = K -+ (r —1)N where 
(b) O<r<n and OSRE <N. 

The solution of (a) and (b) is unique, and since n and N are prime and 
n >= N, corresponding to two distinct values of E there are two distinct values 
of R’. Hence as À takes on the values, 1, 2, 8, °°°, N, R’ also takes on the 
values, 1, 2, +++, N (but in different order). Thus, since | 

PLCR/N){(r/n)z}] = pl(r/n)Xr ]= p(Xr) 

it follows from theorem 10 that 


pl (r/n)x} = [ON —2)p + pi + po) /N] =p. 


We have now proved that every admissible number must satisfy an infinite 
set of independent equations. 


VI. Sufficiency of the assumptions. 


In selecting our assumptions we have been using as a guide the formula, 
nCrp’(1—p)™". It is easily seen that our assumptions are such that this 
formula is verified. That is, if an event, x, is such that the number, z, belongs 
to A(p), and if the trials of x are grouped in groups of n (in the manner 
previously described), then the event, X, which consists in the occurrence of 
r successes in a group of n, is such that p(X) = P == „Orp (1 — p)". 

However, we usually mean more than this when we say that an event, X, 
has the probability, P; we mean that X belongs to the set, A(P). The fact 
that X does belong to the set, A (P), is a consequence of the following theorem : 


M 
THEOREM 16. If œx belongs to the set, A(p) and if X =D Y; and 
j=i 


Y; — UL (ru/n)e - II {1— (ru/n)s). 
{zi 4=rjr+l 


COPELAND: Admissible Numbers in the Theory of Probability. 551 


| where 0 < rij S n and rij Fi a V stand where Vz VY; if ÿ 47; then 
X belongs to A(P), where P = 5 p(l — p)". 
j=1 ” 


By hypothesis Y; : F;—0 if 7 s6 7, so that X is defined. We have to 
prove that 


L 
p{ IL (px/v)X +} = PE where 0 < p Sv. 
1 e 
Let Yy = (px/v) Y;) then 
ry n 
Y; = IT (Rit/N)e > IT (1 — (Ri/N x}. 
4=1 g=7j+] 


where N = y and Ri; == Ti; + (px — 1)n. Hence Y; : F;* ==: 0 if 7 gE j. 
Therefore 


iG Sn vr = Se 
k=1 k=1 3-1 k=1 


where the expression on the right is the formal algebraic expansion of the 
expression in the middle. 

Since the numbers of each set, Y;,1, Y,%, t, Yj, are independent, 
we have 


pl I { (px /v)X}] = S(T p (Ya)} = IÍ (Dr (FA 
But 
> PP) = p{(px/v)X} = p(X) = 
Therefore 


p [IT or) = PL, 
end hence X belongs to A(P) 
If the summation, 5 Y;, includes all the possible numbers, Y, for which 
3=1 


2, = (r;/n) SS 2, then the event, X, consists in the occurrence of a success 
ratio lying between 2, and zə in n trials of the event, x. If the summation, 


L 
> Y; includes all numbers, Y;, for which r; =r, then M = „C, and X con- 
Fi 


sists in the occurrence of r successes in n trials of s. In either case the as- 
sumptions about the event, +, are such that the related event, X, is a probable 
event. 

Even though the assumptions (a) and (b) demand more, or at least as 


+ It follows from Theorem 16 that every combination of ones and zeroes must 
be displayed infinitely many times as successive digits of every admissible number. 
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much as (1), (2), (8), the former seem natural and the latter, somewhat 
artificial. The method of grouping defined in assumptions (1), (2), (8) is 
a simple one which would very likely be chosen if, for example, one wished to 
test experimentally the formula, ,C;p°(1—p)"". On the other hand there 
is no physical reason why other methods of grouping should not work equally 
well. 

Suppose we choose a set of positive integers, A, < Às < AA" and 
make An» trials of an event, æ, with probability, p. If we record the trials 
numbered à, As, ete., and if n is large, we should expect approximately pr 
successes of the recorded trials. We should also expect the success ratio to 
approach p as n becomes infinite. That is, if y is such that yt == «a then 
we should expect to have the equation, p(y) = p. But this is impossible for 
every set of numbers, Ài, As, As, °**, Since in particular a set might be chosen 
(even in advance) so that y= 0. It seems obvious that such a choice is not 
probable. On the other hand it might be probable that y should not be admis- 
sible. Let us consider the following theorem. 


THEOREM 17. If Ay << <'' <<‘ ts any set of positive in- 

tegers, and tf y is defined by the equations 
(B/N )y = (Ar/dy)& 
where x belongs to the set, A(p); then y belongs to A(p). 

We have to prove that p{(r./n)y: (r2/n)y°°: (te/n)y} = p® We have 
the equation, (E/N) {ri/n)y} = (ri’/n) {(Ri’/N) y} where r;’ and R’ are two 
integers satisfying the equation, r; + (R—1)n=-R,’+ (r;/ —1)N and 
such that 0 <7” < n and 0 < R’ «N. Hence 

(B/N) {ri /n)y} = (pi/v)e where v—nñnÀy and 
pi == Ar + (r — 1) Aw and where pi £ p; if 147. Therefore 4 
pi (r/n)y' (r2/n)y ++ (re/n)y} = p{(pi/v)@* (p2/v)@-** (px/v) 2} = p. 
It follows from Bernoulli’s theorem and from theorem 17 that if N is 
| N 
large, then it is very probable that X, (2/N) will differ from p(x) by a 
i=1 


small amount.* Thus if an event has an admissible history, its behavior is in 
accordance with what should be expected of a probable event. 


Tue RICE INSTITUTE, 
Houston, TEXAS. 


* Jacobus Bernoulli, Ars Conjectandi, Basle (1713), p. 236. 
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The Differential Invariants of Inversive 
Geometry. 
By Boyp C. PATTERSON. 


1. The inversive curvature. The idea of an intrinsic equation in geome- 
tries other than ordinary geometry seems to have originated with Pick about 
1906." In 1914 Nohel ł published a paper in which he calculated the differ- 
ential and integral invariants for all geometries under the plane transformation 
groups, but he did not consider explicitly what is now known as inversive 
geometry—that is, the geometry defined by the six parameter group of trans- 
formations 


Z = (az + b)/(cz + d) 
together with w= Z 


The bilinear transformation constitutes, strictly speaking, the homo- 
graphic group and only when we add an inversion in a circle, or in particular 
a reflexion in the axis of reals, do we have the complete inversive group as 
given above. The homography contains an even number of inversions and is 
a subgroup of the inversive group. 

G. W. Mullins in a Columbia dissertation of 1917 gives the differential 
invariant of lowest order under the invetsive group expressed (1) in rec- 
tangular coürdinates and (2) in terms of the ordinary invariants r, the radius 
of curvature, and s, the arc-length. 

Liebmann,f Kubota,§ and Morley {| later calculated, by different meth- 
ods, this invariant which we shall call the inversive curvature in analogy with 
the corresponding differential invariant of ordinary geometry. We shall now 


É Georg Pick, “ Natürliche Geometrie ebener Transformationsgruppen,” Sifzungs- 
berichte der Akademie der Wissenschaften, Wien, Bd. 115 (1906), S. 139. 

+ Emil Nohel, “ Zur natürlichen Geometrie ebener Transformationsgruppen,” Ibid., 
Bd. 123 (1914), S. 2085. 

$ Liebmann, “ Beitrage zur Inversionsgeometrie der Kurven,” Sitzungsberichte 
der Baycrischen Akademie der Wissenschaften zu München, Heft I (1923), S. 79. 

$ Kubota, “ Beitrage zur a a Tohoku Imperial University, Science 
Reports 13, (1924-25), p. 243. 

< Morley, “ On Differential Inversive Geometry,” American Journal of Mathematics, 
Vol. 48 (1926), p. 144: 
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develop a simple expression for the same—an expression by means of which 

the inversive curvature may easily ke calculated for any curve given para- 

metrically. Later sections will be devoted to applications of this formula. 
Under the group of homographies, 


Z = (az + b)/ (c2 +d), 
a subgroup of the inversive group, we have as a seminvariant of a curve 


expressed as a complex function of a real parameter p, z = z(a), the Schwarz- 
jan derivative of z with respect to p: 


ie d sas) en (a ý 
di dp \ dz/dp 2 \dz/dp J* 





By a seminvariant we mean an expression invariant under bilinear transfor- 
mations of the dependent variable but not invariant under changes of the para- 
meter. The real and imaginary parts of {z, p} give us in fact two real semin- 
variants. 

We shall use one of these seminvariants to fix a parameter A (which we 
call the inversive arc-length) and the other seminvariant when expressed in 
terms of À will become a true differential invariant.* We shall, in fact, so fix 
the parameter À that {z, A} will have its imaginary coefficient equal to 1. The 
real part of {z,A} which is now a true differential invariant we call J; for 
reasons which will appear later. 

We have here fixed A by making the imaginary coefficient of {2, A} equal 
to 1. Might we not have fixed À so that the real part of {z,rA} is 1 and the 
imaginary coefficient the differentigl invariant? It will be seen in the fol- 
lowing paragraph that this cannot be done since A would then be the solution 
of a third order differential equation and the number of arbitrary constants 
would be too great; whereas A so chosen that 


{z,A} = Is +1 


involves only one arbitrary constant which can easily be disposed of by a suit- 
able selection of the origin of arc-lengths. 

Under change of parameter from x to A, À being a real function of u, we 
have the formula, due to Cayley, for change of the Schwarzian: 


{z, p} = LZ, À} + {A, pe}; 


* Thus in ordinary geometry if a curve is expressed in terms of the ordinary 
arc-length, s, then the seminvariant (dæ/ds)°? + (dy/ds)* has the value 1. 
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primes denoting differentiation with respeët to p. Putting now 


{z, p} = A+ iB 


and {z, à} =I +i 

we have A -iB =° (15 Hi) + {Au}, 
whence A, the integral invariant, is defined by . 
(1,1) A= f(+B)# du, 


the sign being chosen so that A is real, and J,, the differential invariant, by 


Is = (A — {à p})/B. 
Since now + B — 1”? 


we can easily calculate {A, u} in terms of B and its derivatives with respect to 
p. It is found to be 


{A, u} = (4BB" — 5B”) /8B? 
whence 
(1.2) I; = (8AB° — 4BB" + 5B’) /8B°. 


Given now any curve expressed as a complex function of a real parameter, 
uw, we find the real and imaginary parts of the Schwarzian {z,»}, and the 
inversive curvature can be calculated by means of (1.2). 

To reduce formula (1.2) to an expression involving the ordinary difer- 
ential and integral invariants, r and s, it is necessary to make use of the rela- 
tion 


(d?z/ds*) /(dz/ds) ==1/r. 


This may be easily verified by writing z== s+ + and recalling that 
(dx/ds)? + (dy/ds)? == 1. 

If now we assume a curve to be given as a complex function of the real 
parameter s, the real and imaginary parts of {z, s} are found to be 1/277 and 
— (dr/ds)/r* respectively. Making these substitutions for A and B in (1.2) 
we have J; in terms of the ordinary invariant r and its derivatives with respect 
to s—viz, 


(1.3) Is == [4 (dr/ds) (d°r/ds*) — 5r°(d?r/ds?)? — 4r(dr/ds)?(d*r/ds*) + 
4(dr/ds)* — 4(dr/ds)\*| /8(dr/ds)*. 
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Since 7 is of the second order in rectangular codrdinates, Zs is of the fifth order. 
Hence the notation J;. ` 

e Another convenient form of the inversive curvature is to have it expressed 
in terms of the homologic (equiform) invariants p (==dr/ds) and ¢ 
(= fds/r). Making use of (1.3) and the relations 


, dr/ds = p; dr/ds = dp/rdé ; dr/ds? — (d°p/de® — pdp /åġ) /1° 


and indicating differentiation with respect to the homologic integral invariant, 
$, by primes we obtain 


(1.4) Is = (pp — 5p” — 8p’p? + 4p* — 4p") /8p". 


We have previously defined À as a function of any real parameter, p, in 
terms of which a curve may be given. If now the parameter of the curve is 
the ordinary arc-length, s, since B, the imaginary coefficient of the Schwarzian, 
is in this case —-(dr/ds)/r? we have 


dA? = + (dr/ds) ds?/r? = +drds/ = +dkds 


where k = 1/r is the ordinary curvature. Similarly the inversive arc-length 
may be defined in terms of p and ¢: 


dN = + pdd’. 


We have now the fundamental invariants of differential inversive geom- 
etry—the differential invariant J; and the integral invariant À. To obtain 
differential invariants of higher order we differentiate I; with respect to A. 
That is, ` : 

In = dIn-1/ À. 


In the foregoing we have been concerned exclusively with invariants 
under the group of homographies, speaking of them however as inversive 
invariants. And this is perfectly proper, for we notice that since expressions 
invariant under all inversions must be invariant under homographies and also 
the transformation 

w =Z 


(which is simply a reflexion in the real axis) and since I; and À are both real 
they are therefore invariant under the latter transformation as well as under 
the bilinear transformation. 

At points where the differential of arc becomes zero, B, the imaginary 
coefficient of {z, u}, may change sign. Thus the inversive arc-length asso- 
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ciated with a portion of a given curve between two points M and N may be a 
complex number if there is between A and N a circular point, i. e. a point 
where k == 1/r is constant or dk = 0. For if we call such a point P, the num- 
ber associated with the arc-length MP is real, but on passing through P the 
number associated with the are PN becomes pure imaginary. The sum then 
of the inversive arc-lengths MP and PN is complex. — 

To avoid this difficulty we shall adopt the convention previously mentioned 
of defining A as in (1.1) and choosing the sign under the radical so that A is 
alwuys real. 

A relation between the differential invariant J; and the integral invariant 
A of a curve will be spoken of as an inversive intrinsic equation of the curve. 
All curves having the same inversive intrinsic equation are inversively equiva- 
leni--that is, they are the same or may be made the same by an inversive 
transformation. 

The next question which arises is: What are the curves of constant 
inversive curvature? These curves are known to be the so-called “ double 
logarithmic spirals. If we were concerned here with the theory of groups we 
might easily find them as path curves of one-parameter subgroups of the homo- 
graphic group. As it is, however, we will content ourselves with an examina- 
tion of the differential equation obtained by equating (1.4) to a constant, 
which shows p= const. to be one solution. Hence the homologic intrinsic 
equation of the curves corresponding to this solution is 


p =a 


and since p = dr/ds the ordinary intrinste equation is that of a logarithmic 
spiral, viz. 
r— as + b. 


Making b — 0 by shifting the origin of arc-lengths we have 
(1.5) T = as. 
We find now from (1. 3) 
I; = (œ —1)/2a, 


the inversive intrinsic equation of the logarithmic spiral. In this discussion 
we prefer to speak of loxodromes rather than logarithmic spirals. By defini- 
tion a loxodrome is a curve cutting arcs of circles from a point to another 
under a constant angle. 
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By an inversive transformation such that zero and infinity are sent into | 
two finite points of the plane, m and ñ; the loxodrome whose ordinary intrinsic 
equation is (1.5) becomes a “ double logarithmic spiral” or as we prefer to 
call it, simply a loxodrome. Inversively there is no difference between these 
two loxodromes ; each has two poles, in the one they are at zero and infinity 
and in the other at two finite points, m and n. 

The loxodrome given by the ordinary intrinsic equation (1. 5) has as its 
equation in polar co6rdinates 

R = cev 


where a = cot «, & being the constant angle of the loxodrome. This gives us a 
simple expression for Is, the inversive curvature: 


Is == cot 2a. 


We see that for a loxodrome of angle « all points have the same inversive prop- 
erties for J; has the same value at all points of the curve. 
The geometrical interpretation of the differential invariant Is is that 


(1. 6) Is — cot Ra == 0 


is the differential equation of the oo 5 family of loxodromes with fixed angle «.* 
Given a curve T, it may happen that there are points, P, on it at which T is 
very much like the loxodrome; which means that there the loxodrome has 
fifth order contact. The condition for this is that at P the value of the differ- 
ential invariant Is of T must be equal to cot 2« where « is the angle of the 
loxodrome. Furthermore, since for all loxodromes e= 0, the condition 
that there be points of T at which some loxodrome hyperosculates is that at cer- 
tain points of T, Jg==0. The angle g of the hyperosculating loxodrome in. 
this case is determined hy the equation 


a == 1/, arccot Is |p. 


2. The differential invariants of the biquadratic. We shall now investi- 
gate the differential inversive invariants of the biquadratic curve, taking up 
first the case of a biquadratic with a double-point, then a biquadratic with a. 
cusp, and finally the general biquadratic. 

If a biquadratic should have a double-point that double-point may be sent. 


rere 


*G. W. Mullins, Dissertation on Differential Inversive Invariants, Columbia, 1917. 
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by an inversive transformation to infinity and we will then have what is cus- 
tomarily called an hyperbola; a rectangular hyperbola is the inverse of a 
biquadratic with a double-point in whêch branches cut each other at right 
angles. Sa 
Expressed as a complex function of a real parameter the hyperbola is 
given by 
z= p + t/p 


where » is the real parameter, and ¢, a complex number of absolute value 
unity, is constant. For é —# we have the parametric representation of a rec- 
tangular hyperbola and we shall take this as our example of a nodal biquad- 
ratic. The values of u corresponding to the double-point are u == 0, co. 

Upon calculating the Schwarzian {z, »} and substituting its real and 
imaginary parts in formula (1.2) we find 


Is = — [5p?/3(u* — 1)*] [Su + 1)? — 84°]. 


Differentiating J; with respect to the integral invariant 


4 un J) 
À = 6% RE du we obtain 
p 
10p 


= en + 
and in the same manner 


5(ut+1})f ,,, a , 
I, = Jus — iye (et + 1)? + 32y*]. 


An examination of these invariants shows that 


I;==0 when p= 0, œ. 
Ig==0 when p= 0, co. 
I,. never vanishes for real p. 


Now for u=—0, œ; z= œ. And at this point alone (the double-point) 
[,==0. From the results of Section 1 we know that this is the condition 
that some loxodrome hyperosculates the curve at z == © ; and it is precisely 
that loxodrome for which I, = 0, i.e. a 45° loxodrome. At the double-point 
then of a biquadratic which cuts itself orthogonally we find the curve behaving 
very much like a 45° loxodrome. 

A cuspidal biquadratic may be inverted with the center of inversion at 
the cusp. This inversion will put the cusp at infinity and the curve thus 
inverted becomes a parabola. The parametric equation of the curve is and 


ZT Rp + 1p”, 


ad . an + , + ‘ 
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and we find its invariants to be as follows: 


Is = (5/24p3) [3(—1) —4] 


® Is == (5/8 3% py?) (+) 
I, = (—5/16p°) (W + 1)° (W — 8) 
and I; = 0 when p= +(1 + 2/8%)% 


J, never vanishes for real p 
I; = @ when p= + 87%. 


The map equation of the general biquadratic is given by the Weierstras- 
sian p-function, 


(2.1) z = p(t), 


with a rectangular network. For such a network the coefficients of the 
p-function are real and hence 


z = p(ü) = p(ŭ). 


It is shown in Harkness and Morley Theory of Functions, p. 336 that 
as & varies along a fixed horizontal line the map in the z-plane is a Cartesian 
curve consisting of two ovals. When it is necessary for us to bring into 
prominence the fact that the variable u moves along a horizontal line we shall 
write œ in the form «+ ifẹ thus indicating that the imaginary part of the 
variable u is fixed. Limiting u in this manner, the complete Cartesian mapped 
by (2.1) includes the representation of four horizontal lines of the rectangle 
of periods; the lines 485, 2w2—-%8y correspond to the outer oval and the 
lines wz + 189 to the inner oval, 2@, and 2o: being the real and imaginary 
periods of the network. 

A Cartesian is a biquadratic one of whose foci is at infinity. Since 
foci invert into foci any general biquadratic may be sent into a Cartesian. The 
three real foci of the curve (2.1) are €, Ce, €s, where e; == p(w). 

When w varies along a quarter line of the rectangle, i. e. when 18, = 
aw/2, 8u2/2, the two ovals of the Cartesian come together into a circle with 
center at ez and having e, and és as inverse points. And when w traces an 
eighth line, i. e. to 2/4, 3802/4, 5w2/4, Yw2/4, the map in the ne 
is a Cartesian which is the inverse of a Cassinian. 

What has been said concerning the mapping of horizontal lines holds 
equally well for the mapping of vertical lines. The vertical lines of course 
map on the z-plane a system of confocal Cartesians orthogonal to those mapped. 
by horizontal lines. 
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The Cartesian mapped by (2.1) is therefore expressed as a complex 
function of a real parameter a, since w==a-+-78. We can calculate its 
invariants by the method of Section 1 

Let us recall the fundamental relation between the p and y functions, viz. 


(2.2) p” (u) =4p° (u) — gap (u) — ga,™ 
from which it follows that 

p” (u) = 6p°(u) — g2/2 

p” (u) = 18p(u)p (u). 


Following the customary notation in the theory of elliptic functions 
we shall denote by primes (’) differentiation with respect to the variable 
indicated. For example 


p'u = d(pu)/du; p'êu— d(pRu)/d(2u) = d(pèu)/Rdu. 
We now have 
{zu} = 2/2 — 32”?/2z = 12pu — 8p u /2p u 


and by the addition formula for the p-function, 


(2.3) (p'u — p'o)"/4(pu — po)? = p(u +v) + pu + p, 


when u ==v we have the further fact that 


p'u/4pu == peru + 2pu. 


Making these simplifications the Schwarzian reduces to the compact 
form: 


{z, u} = —Op2u. 


Separating the Schwarzian into its real and imaginary parts each of 
which is a real function of u we have 


Au) =— 3( peu + p2ü) 

B(u) = 81( p2u — pra) 

B’ (u) = 61(p’2u — p’2t) 

B” (u) = 12i(p’’2u — p” 2) 
and dA = B'édu = Bd (2u) /2 
or d(2u) /dd = 2/B*. 


*The coefficients I, and g, are invariants of the p-function; in terms of the 
€,’s they have the values: In = —4(e,e, + ee, Fee); 9,= 4e,€,€,. 
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Making use of formula (1.2) 


t 


p Ru — p Rü 
8-27 (pu — pù) 


E 27 (pèu + pra) + 144 “pu — pal 
— 180 (Z eee) | 
peu — prit 
But from (2.2) 


(p’2u— p’’2it) / (plu — pā) = 6 (pru + pra) 
and from (2.3) 

(p'èu— pêa)/(pèu— pra) = 4[pta + peu + pra] 
since u + 4 = 2a. 


Therefore 


Is = 


bi[ peu + pri — 2p4a | 


Is = 3 (pu — pric) 


To obtain J, we must differentiate T, with respect to 2u and multiply by 
2/B%. This gives 


k 7 ? 
I; = Tozu — priy” | peu + p/Rtt — 4p 4a 
_ nog) PRU — pris l 
+ [2p4a — p2u — pü] u pia 

= Qk, p'u — p'u 

le = (pu — pra)? Le pru — pri 
=i pau: p ü — paw : yee | 

ae pu — prü 


which can be arranged as follows : 


RE 


peu — pri 
(peu — pra) | 


Is = | (pta — pea) piu — pel —2p/da + pr | ‘ 


As a consequence of the addition formula (2.3) if u, + we + us — 0 
we have the following relation: 





ple é 
Puz — Pus Pus — pu Pur -— puz 
which gives for u, = 2u, Us = RÜ, us = — 4x when we recall that p’ is an odd 
function and p an even function: 
p'Ru — pri prt + p’4e 


o 


pzu — pù RTL — pda 


P Us Puz S p'u = Muy a D'U 
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With this further substitution we now obtain: 
Is = Kp’4a/ (peu — pra)" 


We see that I= co when p2u— pea. Let us write u = æ -+ if, and 
then we will have I; = œ 


when p(2a + ibo) = p(%a — 2B) 
or, since p is an even function, À` 
when p(2a + 2180) = p (RiB — 2a). 


This equality is satisfied when 
RG = Nw, n, an integer. 


Hence & == nw,/2 and we need consider only those values of « which lie in the 
fundamental rectangle, i. e. 


g == 0, w/ 2, Wis 8004/2. 


For «æ equal to any of these values, the denominator of F, vanishes and the 
numerator becomes infinite-—hence I; = œ. 

Let us see what points on the Cartesian correspond to these values of g 
in the rectangle. We have previously mentiond the fact that the system of 
confocal curves orthogonal to those given by (2.1) with u = a + 18, are those 
mapped by the equation 


z == p(% + 78). 


For &Go==0, w the map in the 2-plane consists of the real axis and for 
Zo = 1/2, 80:/2 the map in the z-plane is the circle with center e, and 
about es and e» The eight points eut out of the Cartesian by this circle and 
real axis are therefore those points for which I; = œ. 

These eight points are special points of the Cartesian. To show this we 
proceed as follows. The parametric equation 


(2.4) z = p(a + 180) 


for real values of æ maps a Cartesian in the z-plane as mentioned before. 
The conjugate point Z = p(a—<if,) is also a point on the curve. For real 
g equation (2.4) gives points a of the curve. 

Let us now allow « to take complex values. The map of 


z = pa + tBo) 


* K and k,, are constant factors and K = — 6%. 
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in the z-plane is no longer a point of the curve but it is a point which has 
associated with it an image point, y, in the Cartesian, y being given by the 
equation 

9 = p(%— ipo). 


Hence (2.4) and its conjugate give for real values of æ points on the 
curve; for complex values of a, a point z and its image point y in the 
Cartesian. í 

À circle 

24 — cy — Ca + ce — r? = 0 


and the biquadratic (2.4) have either common points of intersection or com- 
mon inverse points. For the case in hand we suppose the circle and the 
biquadratic to intersect and we seek their common points in that sense. These 
points are points whose elliptic parameters, æ, are zeros of 


p(a-+ 180) ` pa — 180) — cp(a— iB) — pa + ifo) + CE — 7°. 


This is an elliptic function of æ having a double pole at «= 18) and 
æ == -— 78)>—hence it has four poles whose sum is zero and by Abels Theorem 
which states that the sum of the zeros of an elliptic function must be congruent 
to the sum of the poles, it must have also four zeros, a, Go, Æa, #3 furthermore 


Oy +. Qa +- Qs mi Lis == 0 mod 201. 


It is evident that at apses where a circle has four point contact with the 
biquadratic ° 

4a==0 mod 2%; 
or a = Nw, /2 | n, an integer. 


But these are the points of the biquadratic where J; — œ. Therefore at apses 
on a biquadratic I, = œ. 
Returning to the hyperbola and parabola we see that the former has two 
apses at u = =+ 1 (the vertices) and the latter one apse at p == 0 (the vertex). 
Let us now examine those points of the biquadratic where Ie = 0. We 
shall find that they too are special points of the curve. At such points 


p’4a = 0, 
that is 4g == o; mod 2o; 


or a = 0/4, 8w1/4, 50/4, Tu,/4. 


+ 
PATTERSON: The Differential Invariants of Inversive Geometry. 565 


| And, analogous to the preceding case, these points are cut from the biquadratic 
(2.4) by that curve of the confocal orthogonal system for which @% takes 
values congruent to w,/4 mod w,/2. This curve is mapped by the vertical 
lines which divide the period rectangle in eighths and as mentioned before 
it is the inverse of a Cassinian orthogonal to and having the same foci as the 
original biquadratic. 

Proceeding as before suppose a biquadratic 


look’? -+ 291 Z -+ 24922" + aoa? He °° = 


should intersect the given biquadratic (2.4). The elliptic parameters of 
these points of intersection are zeros of the elliptic function 


toop? (a + IBo) * p?(%@—~ tpo) + 2doip?(% + to) *p(@— Bo) +°°°. 


Since this function has a four-fold pole at œ = 18, and «= — i, it must 
therefore have eight zeros 


ata: La=0 mod 2w. 


In general only one biquadratic can be put through eight points; but if 
the eight points are the points of intersection of two biquadratics, through 
them a single infinity of biquadratics may be passed. 

If now we have two biquadratics U,, Uz, each of which has sixth order 
contact with a given curve C at P, then each member of the pencil U, + kU, 
will have seven points in common at P and an eighth point at, say, P’. Among 
this single infinity of biquadratics U, ae kU», there will be one, Uo, having 
a double-point at P and one branch in fifth order contact with C and each 
member of the pencil; and furthermore Uo will have necessarily the eighth 
point of intersection at P’. If now Ue should have one branch in sixth order 
contact with any one of the pencil, P’, the eighth point of intersection must 
coincide with P. Conversely, if the eighth point of intersection should coin- 
cide with P, then U, will have one branch in sixth order contact with each 
one of the pencil U, + kU >. 

Let us now take a biquadratic U given by 


z = p(a + ipo). 


Its points of intersection with a second biquadratic V will, in general, be 
eight in number. Let furthermore, the elliptic parameters of these eight 
points of intersection be &; which must, we know, satisfy the condition 


s 
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a+ +<az=0 mod RW: 


If now the biquadratic V is to have eifht points in common with U at a point 
Pit must have a double-point at P and one of its branches must have sixth 
order contact with U at P; and if the elliptic parameter of the point P is a, 
then 

8¢=:0 mod 2e. 

We have seen that for «1/4, 8w:/4, 50:/4, u./4 the differential 
invariant Z, vanishes and at these points of U, V may have eight points in 
common with U, since for all of them 8a == 0 mod 2e,. They are points cut 
out of U by the confocal inverted Cassinians mapped by the vertical lines of 
the rectangle. 


These special points of the Cartesian we call Cassinian points or “ apses of 
the second order.” This latter terminology is suggested by the analogy with 
those points cut out by the map of the quarter lines of the rectangle where 
circles may have four point contact. 


At these apses of the second order some loxodrome hyperosculates the 
biquadratic for there Jg== 0. Furthermore all loxodromes consist entirely of 
points which are “ apses of the second order.” 


8. The Cornu Spiral. As a final example of the differential inversive 
invariants of a curve we call attention to those curves whose ordinary intrinsic 
equation is of the type 

r = as”, 


In this case the simplest method of finding J; is by making use of the 
relation 


(d?z/ds*) /(dz/ds) —1/r = 1/as™, 


Hence = {z, s} = d| (d’z/ds*) /(dz/ds) \/ds — (d°z/ds*)?/2(dz/ds)* 
= — mi/as™1 + 1/2a?s?™, 


giving A = 1/Ras"; B——m/as"ti, 
and now by formula (1.2) 


I, == — 1/2mas™"1 — a(m + 1)(m—3)s"1/8m 


© 
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and since 


A= (-m/a)# fs m/s = 2(Mm)# s4-m/2/(1 — m)a + const. 
@ 


Is = (m—1)5420/2/2m(+ma)" 
ao a/2(m° = 1) (m SERS 3) 33 (m-1)/2 78 ( +m)” 


(3.1) 
I, = —(m — 1)?/4m? — 3a (m — 1)? (m + 1) (m — 8) /16m° 
Is = — 382 (m — 1)? (m + 1) (m — 3)s5 -D2 /8m? ( zm)”. 
For m == 1 we have the loxodrome previously considered in Section 1. 


For m == — 1 we have the ordinary intrinsic equation of the Cornu Spiral * 
or clothoid: 


r = Qf8. 
The differential invariants of this curve are given by (3.1) for m == — 1. 
They are 
I, = s°/2a—=)?/2, since A= fds/a* = s/a% 
Is = s/a% =À 
IL — 1 
I, = 0. 


We have here an example of a curve whose invariant J; is constant. The 
problem of finding all curves for which Z, == const. remains at yet unsolved. 
We have however another special case of curves of this type—namely those 
curves whose ordinary intrinsic equation is 


T == As’, 


When À =-—1/a this is precisely the evolute of the Cornu Spiral, r = a/s. 
Referring again to (3.1) we see that for m = 3 the differential invariants of 
this evolute are 


I; = — 1/6As? = — 7/18 
I; = 1/89? A% 8 = — }/9 
I; = — 1/9 

I, = 0. 


* Loria, “Spezielle Algebraische und Transcendente Ebene Kurven,” Art. 194. 


+ 
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x . * ` 

We have given two particular examples of curves whose inversive intrinsic 

equation is 
: I; = ax + bA + c 
Professor Morley, in the reference given on p. 2, discusses the case of curves 
whose inversive intrinsic equation is : 


+ T5 == ah + D 


and, as he points out in that paper, the general problem of finding those 
curves having the inversive intrinsic equation J; == f(A) involves the solution 
of the differential equation 


{z,A}=f(A) #2. 


Expansions of the Neumann Type in Terms of 
Products of Bessel Functions. o 
By Guy STEVENSON. 


I. INTRODUCTION. 


1. Statement of the Problem. The object of this paper is the general- 
ization of certain expansions of functions in terms of Bessel functions, and 
related functions, which expansions have been investigated by Neumann, 
Gegenbauer and others. In his Theorie der Bessel’schen Funktionen Neu- 
mann has obtained the expansion * 


Fe) =È an(s), 


where f(z) is single-valued and analytic in the neighborhood of the origin, 
and the coefficients a, are constants whose values are reproduced in Art. 13. 
This expansion has been generalized by Gegenbauer ¢ to one of the form Í 


2’f (z) -> br Jyin(2), 


where y is any complex quantity, except a negative integer, and the coefficients 
b, are constants whose values are reproduced in Art. 13. Also, to Gegen- 
bauer Watson attributes the expansion § | 


00 
getvt (2) = 2 Cn J pins (2) J'ysn 2(2); 


where » and v are any complex quantities, except the halves of negative in- 
tegers, and the coefficients c, are constants whose values are also given in 
Art. 13. 

In this paper we extend the expansion theories of Neumann and Gegen- 
bauer in four general directions. In the first place each term in the general- 
ized expansions contains, as factors, any number n of Bessel functions. In 


* See also Watson, Theory of Bessel Functions (London, 1922), p. 523. 

t Wiener Sitzungsberichte, 74 (2), (1877), pp. 124-130; Watson, loc cit., p. 524. 

% By an expression of the form ar we shall uniformly mean er loge where the 
principal determination of log a is taken. 

§ Wiener Sitzungsberichte, 75, (2), (1877), pp. 218-222; Watson, loc. cit., p. 525. 
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the second ‘place the order of each of the Bessel functions in the expansions 
has the more general form p; + ım where the u; are constants, real or com- 
plex, the 6, are certain positive congtants and m is a non-negative integer. 
In the third place the argument of the Bessel functions is extended in an 
obvious manner, from z to z— a, where a is any real or complex quantity. 
And, finally, the extension is made to the expansion of functions of several 
variables. 


We first obtain the expansion 


œ 
(2/2) %% = F, Crm Ferm (2); 
m=B 


in which & = m + ue +" ‘Lun, k is a non-negative integer, the coeff- 
cients Cxm are constants which are defined in Art. à, and 


Wm (2) =J wg (Z)F uom (2) * + © Jusgm(z), 


always subject to the following restrictions: none of the quantities pu +- dim 
shall be a negative integer, for t = 1, 2,---,n, and for m = 0, 1, 2,---, 
and 6, + 6,-+:::-+ êa shall be 1 or 2. Since the case presenting the most 
interest is that for which the sum of the 6’s is 1 we make this assumption 
unless otherwise specified. We next develop an expansion of the function 
f(z) which is analytic and single-valued within and upon the circle C defined 
by the relation | z— a | = E in the form 


f(z) z 5 fire Wm (2 — a) 


Rey 


where 


hak (1/2) f” Bn(t— a) f(t) db, 


and B,(t—-a) is a polynomial in 1/(#— a) whose exact form is given in 
Art. 6. We then obtain expansions for functions in terms of the poly- 
nomials Bm (2 — a). 

In the remaining sections a relation between these expansions and those 
of Taylor and Laurent is obtained, certain orthogonality properties are de- 
rived, some special cases are considered, expansions for the case for which 
the sum of the #s is 2 are obtained, and, finally, the extension is made to the 
expansion of functidns of several variables. 
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Il. Expansion or (2/2) rv TERMS oF THE FUNCTIONS rem (2). 


2. Expansion of ¥m(2) in powers of (2/2). If the absolutely convergent 
series which represent the Bessel functions Jy,9m(z), namely, 


(1) Jugom) = > (—1 (2/2) mtim2r/e1 T(m + Om +r -+ 1), 
| e (i=1, 2,- + +n), 


be multiplied together and the product arranged according to the powers of 
2/2 the coefficient of (2/2)**"*25 is (—1)*® am, where 


8 
ams == >; L/ iy) igh +++ tat T(m + Om + 4 +1) 


dy dp» a e o in20 
D(ps + Oem + te +1) 2 Tan + Onm + in + 1), 
the summation being taken over all non-negative integral solutions of the 
equation i, + iz -H° © e in =S. 
Since the series (1), which define the Bessel functions, all converge abso- 
lutely and uniformly in any closed region of the z-plane (the origin being 
excepted if the real part of pi + 61m is negative) it follows that the expansion 


@) (2) = È (— 1)" am (2/2) 00002 


is also absolutely and uniformly convergent in the same region. 


3. Formal expansion of (2/2) in terms of the functions Sr:2m(z). In 
order to determine the coefficients cz. in the expansion 


(3) GAS cum Fuam(2),  (k=0, 1,2, 3,°°°), 
m=O 


which expansion is momentarily assumed, we substitute for each of the 
functions }i+em(z) the appropriate power series expansion obtained from (2) 
and equate coefficients of like powers of (2/2). This gives the recurrence 
relations 


Bk, oF, 0 == I, 
Ak, LEk, 0 ~ Ake, 00k, 1 =s 0, 
Ak 2k o m Ana, 10h 1 + Usa, oCk, 2 i == 0, 


(4) 


Ak, mC, ~~ Okez,m-1Ck,1 feb (— 1 Ük+2m, 00k, m = 0, 


& 
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whence we have 
à 





è Ak,1 Uk+2,0 l 0 RS: 

Bk, 2 Oke19,1 34,0 0 # # Q 

Gk m-1  Ük+x2,m-2 Qicsasm-g ° |  * Qk2m-2,0 

lkm Qk+2,m-1 Qkeasm-2 ° ©"  xzom-2,1 
(5) Ck,m == Qk 042,0 7 ° T Ak+2m,0 

Aka id 0 0 + = © 

Ak, A k+2,1 1 Ow = 0 

Akm- O 40, m-2 akam- © > * 2 

Om O kro, m1 Œ'ys4,m-2 RP Q'rsom-2,1 

= Akom, 0 
where 
3 
Wr, s = lr s/ Or, = 2: 1/ i! taltta! Qu + Or hi 
ty tas » n=0 , . 
Que + Oot + te) a 0+ (un + Ont A- in) in 
and (a)s =a(a — 1) (a — 2): (a—s +1). 
Tf we denote by Az,n{a’) the determinant in the last member of (5) we have 
(6) Ck,m = Arm (a) /Qx+2m,0- 
In the next sections we show that the series 
e 
co 
(7) > Chm (2/2)-% Wkiam (2) 
m=O 


is absolutely and uniformly convergent in any closed region and that the 
series in (3) represents the function (2/2)**. 


4. Expressions dominating as, Crm and ¥n(z). We first obtain sim- 
ple dominants for the quantities due, rm and a(z), which will be used later 
in the convergence proofs. From the definition of dm, (Art. 2) we see that 


(8) | Gin, s | at | 5 1/ù 19! DO An U(pi-+6,m-+7,+1) x 
44> io . . > > inzO 
Ludo tt 1) > ++ (patam Hint i) | 


<— 


EAT to» e» o ? 4n=0 


SI/(arldglss+t! | (uitm s) st, (pot O2M+8) si" * (pin + Onm-+S) si, | 
s! | L(u+-bims+1) P(potbomt+s+1) - (pn +8rmt s41) | 


in Terms of Products of Bessel Functions. 


where the summation is taken over all non-negative integral solutions of the 
equation ù +%,-+---+%—s. If now we allow the summation to be taken 
over all non-negative integral values œnsistent with the relation 1, + tz -+ 
-+ +t in ==s(n— 1) then the last member of (8) will not be decreaseé.* 
That is, we have 


* The truth of this statement is established in the following manner: 

By a comparison of the terms entering into the sum fn the two cases for which 
i, ti, t.e +i, iss and s(n— l1) respectively, we observe that to each term in 
the first case there corresponds a term in the second case which differs from it only 
in the coefficients involving the factorials. Consequently, it is sufficient to show that, 
for each set of the ?s consistent with the relation +, + ù +--+ + ip =S we have 


st/ita,! ose ES [s(u~—1)]!/(s—+t,) !(s—4)! oe (s—i,)!. 
This is true if 
st/[s(n—I]1)]! Sili: TEE RSi m a (s — i) 1. 


Denote by f(s, n; À, toy -++,4%,) the second member of the last inequality. The last 
inequality is obviously true for n — 1 or 2 if s is any non-negative integer. It is also 
clearly true when s=0, 1, 2 for all values of n greater than 2. Therefore, in what 
follows, we may assume that s and n are each greater than 2. Let Pis Pa Pg °° to Py 
denote a set of values which the s may assume that will make the product 
i,12,1...4! a minimum. Then we have 


siji li! eee tpi ASIP! Pal o Pa! 
< [s(n—1)]!/(s—p,)!(s—p,)!--+ (s—ap,)! 


for every possible set of the ts. Hence 


s'/Is(n—1)1!<p,lp,!t...p,l/(s—p)!l(s—p,)!... (8 — Pp)! 
e == f(s, n; PaPa tts Dy) 


Now the proposition is established if it is shown that f(s, n; Pis Por © + +s Dy) is no 
greater than f(s,n; 2,1, +++, 4) for any set of values which the is may take. 
If s and n are each greater than 2, and r is the integer satisfying the relation 
r = s/n + 6 where o <= < 1, then f(s,n; 4,1%, - +--+, t) is seen to be simply related 
to F(s, n; PP, + 7, p,)+ In fact, after certain obvious reductions have been made, 
we have 


f(s, n; tis bas ee ey ae i) = f(s, n; Pis Pos =. ee ag Pp) Er F a) (S—r—a +1)] US 
[(r+a,,)(s—7r—a, +1)1/L{(r—0b,)(8—7 +08, +1)] -.. 
(eso, (8 — 94 0 Fh 


where a, and b, are suitably determined non-negative integers. Since no factor in 
brackets in the numerator of the fraction in the last relation can be less than 
k(s-—#% +1) and no factor in brackets in the denominator can be greater than 
k(s—k +1), it is clear that f(s, n; ttn + + +, 4) =F (8,0; PaPa * +, Pp) for 
every possible set of s. Hence the proposition is established. 


574 Stevenson: Ææpansions of the Neumann Type 


s s(n-1) 
(9) [ame] = 2 
ty ee. s En=0 
[s(n—1)] Wiz big! ta! | (pa Orm-8s) à, (web 82+) 237" (unt Pn Es) à, | 
* si Tup 0,m-Ps--1) (p Fims FI) ‘Tant um sl) | 
= |a +m ns sens /s!| T(ut-im+s+1) X 
T'(po+-0sm+s8+1) c++ D(un+-bnm+s+1) | 
= (| @l+m-ns+1) T(| a J+m-+s+1) | P(e.+6:m-+-s-+1) X 
P(po-+O2m—+-s-+1) ++ P(en-+6nm-+s-+1) |. 


The summation indicated in the second member of (9) has been effected by 
means of the identity 


s 
(a, + aa Hee Lm)s= > à [sl/t,lagh++-tn!l] (a) 4, (Ge) ac? (an) in 
ty À 


an identity which is readily established by mathematical induction. The 
special case for which n == 2 was established by Vandermonde.* For con- 
venience we shall denote by om,s the last member of (9). 

From the recurrence relations obtained in Art. 2 we have the relation 


(10) | Ck, m | = [| Bk, m | ' | Ck,0 | + | k+2,m-1 | i | Ch, | à aaa 
+ | Gk+2m-2,1 | i | Ch,m~1 i Qk+2m,0 | 
= [erm | Cit, 0 | F Akso, m-1 | Cri | ane a 
— Ak+om_2,1 | Ck,m-1 |] A | Ük+am,0 |. 


We shall denote the last member of (10) by Bum. 

If we expand the determinant Axh»(a) by minors with respect to the 
elements of the last column, and then expand in the same manner the minor 
of the unit element and so on, we have 


(11) Ak, m (a’) == (tk om0,1 Ak, m-1 (a’)— A k+2m-4,2Âk,m-2 (a’) 7 all 
+ (—1)” @’r40,m-1Aw1 (0) + (—1) "107%, m. 


Now let Prm(a) denote the sum of the absolute values of the terms in the 
expansion of Az,m (a) as a polynomial in the symbols a’. Then 


(12) Px,m(a’) Eee | Om | + | C'p2,m 1 | Pra (a) + Akis m-2 | Pr2(a’) À D 
+ | OQ ksom-2,1 | Pr,m-1(a). 


If in (12) we replace | a’, | by the dominating quantity a’,,,, where 


re = T(—| a |+-r-+-ns-+1)/ T(—| à |4+-r-+s+1) (— a |-+6ir-+s)s 
X (—| ne |+Oer-+s)s-*- (—| un |+On7-+8) <0, 





* See Chrystal’s Algebra, Vol. 2, p. 9. 
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we have * 
(13) Pim’) — a’, km + g’ k+2, milk ,1(2”) + g’ k+4, m-2P#, o(a) +: 
-H @rsem-e,1P, mal Ye 

Moreover, we have 
(14) | Ck,m | = Prm(a) /| Ak+2m,0 | = Prm(æ)/] :+2m,0 |. 

Making use of the inequality employed by Nielsen,t 

| Jv(2) | S| (2/2)? | oeren yT (v 1), 

where | vo + 1 | is the least of the quantities | v + 1 |; |v +2 |; ** +, we have 
the following inequality : 
(15) | Bm(z) | S| (2/2) | | amo | ele En, 


where Em = > 1/vi(m), and vi{m) for each à is the smallest of the quantities 


bande for r = 1, 2, 3,- 

5. Convergence of the series in (3). In view of the inequalities (10) 
and (15) it is clear that the series in (3) is dominated, term by term, by 
the series 


Ow 
(16) D Bin | Griemo | * | (2/2) eee | ele/2l? Zeon, 

n=0 
Denote by Um the mth term of (16), and consider the limit of the ratio 
Umı/Um as m becomes infinite. From (16) and (10) we have 


(17) Ums1/ Um = [ Be, Met | Ak+2m+2,0 |/ Br, m | Akim, 0 |] | 2/2 |? 
exp F | 2/2 [2 {Errom — Eram} | 


< [See | Cr,0 | + Akso, m | Ĉk,1 | an + Ckom-2,2 | Ck, m-1 | Qc+om,1 
Ek, m | Ck,o | + Ok+2,m~1 | Ck,1 | +: -+ Okam-2, 1 | Ck, m-1 | | Arom, 0 | 
| 2/2 [exp [ 2/2 [2 {Erom — Exsom} |. 





Consider the limit L f(m,s) where f(m, 8) = sos, m1-8/@ki2s, m-s, in Which 
MOO 


s may take non-negative integral values subject to the restriction that it be 
not greater than m. From the definition of ær, (Art. 4) we see that 


f(m, 8) = 
[|e] +-4+-2s-+-n (m—s) +-1] []o]--e+2s--n(m—s) +2] > 
[|o]+4-+2s+n(m—s) +n] 
(nms Fi) Tes Fm i]t (b+ 2s) msi] X 
[a48 (k-4-28s)+m—s+-1] ++ + [yn +On(k+4+2s) +m—s+1]. 
* We note that if k = | u, |/0, for any à of the set i= 1, 2, . . ., n, the quantities 


(a) are undefined. Hence we exclude all such values of k. 
+ Mathematischen Annalen, Vol. 52, (1899) p. 231; see Watson, loc. eit., p. 44, 








Pr m 
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We observe that the factors of the numerator may be paired with the last n 
factors of the denominator so that each of the resulting n ratios is bounded 
as to m and s. Let M denote the®product of these n bounds. The limit 

L f(m,s) is then seen to be zero uniformly as to s when s is in the range 


#00 


Sss m. 
Then, for every positive N, there exists an integer m’ such that for all 
values of m > m and for all values of s in the range 0 = s & m, we have 


(18) Ak+-29, m+1-8 N< Ch+28, mse 
Then for all values of m > m’ we have 
U ma < 1 
Un N 
[a | Ce, | + Notsz,m Gir] +" + N aromo, |Cx,m-1| NGhesom,1 nen | En(2) 
Ahm | Cx, 0| F Akso, m-1 | Cx, | ttt + Okem-2,1 |Ck,m-1| | Ak+am, 0 | dé 
< 1 
N 
| == | Ck,0| + Onee,m-1 | Cr, | “fet t + Grxom-2,1 | Ch m-1| Gxyom,1 feet | ie (2) 
Ake m | cz,0| -+ #k+2,m-1 | Cx, 1| +: + Ok 2m~2,1 DA | Ak+2m,0 | drama. 
_— 1 N rrom, 
N E + | @k-2m,0 aa Bm(z), 
where Rn(z) = | 2/2 |? exp [ | 2/2 |? {Brsomss — Ersom}], 
and, since L am/ | Axsem,o | = 0, and L Em — 0, we see that 
MS 0 


L Uma/Un & 2/2 PIN <1 if |[2/2l?<N. 


Nl? 
Hence the series (16) and consequéntly the series in (3) converges absolutely 
‘for all finite values of z. 

The uniformity of convergence of the series (7) throughout any closed 
region is readily established. For, let R’ be any constant, and, let R > R. 
Then, if in (16) each term be divided by (2/2)* and z be replaced by R, we 
have a convergent series of positive constants by which the series in (7) is 
dominated term by term provided that |z] = R’. Hence the uniformity of 
convergence throughout the given region follows from the test of Weierstrass. 

Since the power series expansions of the functions (2/2)~* Grem(z) all 
converge absolutely for all finite values of z, and (7) converges uniformly in 
the circle | z | == R’, we may sum by columns the repeated series obtained by 
replacing each of the functions (2/2)-* ¥x.om(z) in (7) by its power series 
expansion,” and this sum is (z/2)*, as is seen from the relations (4). Hence 
the series in (8) represents the function (2/2). 


* See Osgood, Lehrbuch der Funktionentheorie, Vol. I, 4th Ed., p. 343. 
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JII. EXPANSION oF f(z) IN TERMS OF THE FUNCTIONS Fu(z — a) 
AND OF THE Funaqrions Bn(z—a). 


6. Expansion of 2*/(t—z) in terms of ¥m(z). In the series 


co 
(19) 2°/(t— 2) = DS E i pert, 
#=0 


which is valid when | ¢| > | |, substitute the series expansions for z% ob- 
tained from (3). This gives 


(20) K R = à gast fien = E E 


Rearrange this repeated series, assuming temporarily that this rearrangement 
is permissible, into the simple series 


(21) 2 /(E— 2) = X Bn(t) Bn(2), 
where 


<m/2 
Bn(t) = ` Omari Qorm~ar /{m+1-2r 
r=0 


the sum terminating with m/2 if m is even, and with (m — 1)/2 if m is odd. 

Since the absolute convergence of a repeated series implies the absolute 
convergence of the corresponding double series,* the above rearrangement to 
obtain (21) is permissible provided the repeated series in (20) is absolutely 
convergent. To establish this fact we first observe that the repeated series 
in (20) is dominated, term by term, by, the series 


CO oO 
(22) > | goth \/| A [k+l 5 Tra (a’) | 2/2 | 2 elz/213 Bryon 
k=0 m=0 


If we make use of the relations (12) we are able, by arguments entirely analo- 
gous to those employed in Art. 5, to prove that 


(23) > Pum (a’) | 2/2 [2m gl2z/2|? Ek+am 
m=0 


is convergent for every finite value of z and k. Also, by the aid of (13) we 
may prove in a similar manner that 


CO 
(24) > Prim (œ) | 2/2 | 2m elr/2i® Errom 
ig 
is convergent for every finite value of z and for every k >k, where 


* Bromwich, “ Theory of Infinite Series,” p. 78. 
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kı > | mi |/0; for i= 1, 2,---, m (This restriction is placed upon & to ` 
insure that all the quantities Pk,m (a) shall exist.) For fixed k = k, we see 
from (14) that the series (23) is domitated, term by term, by the series (24). 
Denote by Sz(+) the sum of (23), and by ox(z) the sum of (24), when 
k>k, Now, if R is any constant and |z| R, then o,(z) is bounded 
both as to z and &. For, in the series (24) each term is a monotone decreas- 
ing function of k when k = k, Hence, if z and k are in the given regions, 
onh) = ox(2). Clearly, if 0< k < kı, Sx(z) has a bound, since S;(z) 
exists for each value of k, and the number of S’s is finite. Let this bound be 
M, and let M be the greater of the two quantities o,,(#) and M,. Then 
we have 


(25) 3 | Dath 1/1 A [#2 S | Ch,m | . | From (2) | <= M 3 | gatk /| t per, 
k=0 m=0 k=0 


which converges absolutely when |z| < [#£[. Whence the rearrangement in 
obtaining (21) is justified. 


oO 
The uniformity of convergence of the series $, Bnu({t)z*%@m(z) with 
m=O 


regard to both z and ¢ throughout the regions |t| = R, |z| = R’, where 
R > #’, is readily established. For, when these inequalities are satisfied this 
series is dominated, term by term, by a series of positive quantities inde- 
pendent of ¢ and z, and the uniformity of convergence follows from the test 
of Weierstrass. We may state this result as 


THEOREM I. Letz and t be two complex variables such that |2| SR’ 
and |t| = R, where R > R; then the expansion 


(26) Wai È Bu(t) Pp(2), 


where Fn(r) =z %m(z), is valid. If t be a variable point on or outside the 
circle | z| = Æ, and z a variable point on or within the circle |z| = PR’, 
then the expansion converges uniformly with regard to t and z. 


7. Expansion of 2*f(z) in terms of the functions ¥n(z). Now, by the 
aid of Cauchy’s integral formula and the expansion (26) we are able to obtain 
an expansion of a function which is analytic in the neighborhood of the origin 
in terms of the functions Fn(z). For we have — 
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(27) f(z) = (1/2i) i Che | « 
— (1/2ri) f {X Bm(t) Fu (a)) FC) dé 


Gaz D hm F'n(z),; 
m=0 


where 


am = (1/2ri) J, Balt) f(t) dt, ° 


the path of integration being the circle | z | = R, within and upon which f(z) 
is single-valued and analytic. This expansion converges uniformly with 
regard to z when |z| < R’ and R >R’. Hence the expansion 


oo 
(28) 2 f(2) = È an Bn (2), 
is valid in the same region. We may state this result as 


Turorem II. Let f(z) be a function of z which is analytic and single- 
valued within and upon the circle C defined by the relation |z| = R; then 
the expansion 


(29) a f(e) = > am Ša (4), 
where 


am = (1/2ri) f Bn (t) f(t) dé, 


is valid when z is withn the circle | 2| =R. If R>R’ the expansion 
obtained from (29) by dividing each term by 2% converges uniformly with 
regard to z when | z| SR’. 

If we let g(z) == 1/(t— z) and form from (21) g(0), g’(0), g”(0),-°-, 
where the differentiation is with respect to z, it is clear that the polynominals 
Bm(t) are uniquely determined.* And in a similar manner the expansion 
(27) is shown to be unique. 


8. Expansion of f(z) in terms of Bm(z). Again if z and # be two com- 
plex variables which satisfy the relations |z| =r, |t| 57, and r>7’; 


* To be exact this proves that all expansions of 1/(t-—g) in terms of the 
functions #,,(%) which are differentiable, term by term, are identical, This is suff- 
cient for our purpose. It can be proved, however, that any expansion of 1/(¢—2) 
in terms of F(z) which is convergent has a region of uniform convergence, and 
therefore is identical with (21). 
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then, by merely interchanging the roles of ¢ and z in Art. 6 we obtain the ` 
expansion 


(39) 1/(z— t) = È Pall) Bn(2). 


If ¢ be a variable point on or within the circle C defined by the relation 
| ¿| =r, and z is any point on or outside the circle |z2|=71, then the 
expansion (30) converges uniformly with regard to t and z. If f(z) be any 
function of z which is analytic and single-valued upon and outside the circle 
C it can be shown, by arguments analogous to those used in Art. 7, to have 
the expansion 


(31) f(z) —=Sa’mBm(z), where am = (1/2ni) f Fn (t) F) dt. 
m=0 C 


And this expansion converges uniformly with regard to z provided z is on or 
outside the circle | z | = r. 


9. Expansion of f(z) in terms of the functions Fm(z—a) and 
Bm(z— a). If in the expansion (26) we replace ¢ and z by ¢—a and z — a, 
respectively, where a is any complex quantity, we obtain the expansion 


(32) 1/(t—2) = È Bn(t—a) Fn(e—a), 


which is valid when | t—a | = R, | z— a |S R’, and R >R’. This expan- 
sion converges uniformly with regard to and z when these inequalities are 


satisfied. l 
In a similar manner we obtain from the expansion (30), 


(33) 1/(2—t) = E Paia) Ba(e—a), 
m=0 


which is valid when | ¿— a| Sr, |z—a|=r, and r>. And likewise 
this expansion converges uniformly with respect to ¢ and z when these 


inequalities hold. 
If f(z) is analytic and single-valued within and upon the circle C defined 
by the relation | z — a | = R, then the expansion 


(34) f(z) = > Om Fm(z— a), where an (1/277) {_Bult—a)f(t) di, 


is valid; and, if z remains in the circle | z-—a | R’, where R > R’, this 
expansion converges uniformly with respect to z. 


o 
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And, if f(z) is analytic and single-valued upon and outside the circle C7, 
defined by the relation | z— 4 | = 7, then the expansion 


(35) f(z) = © a'm Bn(z— a), where a'm= (1/2ni) (| Fai — a)i (iat 


is valid; and, if z remains on or outside the circle | z— a | = r, where r > 1’, 
this expansion converges uniformly with respect to z. When a= 0 the 
expansions (34) and (35) reduce to (27) and (81),*respectively. 


LV. RELATION TO THE TAYLOR AND LAURENT EXPANSIONS. 


oO 
10. If the Taylor’s expansion of f(z) is f(z) = € bm(z— a)”, while 
m=O 
the expansion (34) is 


f(2) = È an Fn(2—a), 


it is possible to obtain a relation between the coefficients bm and am in these 
two expansions. For 


(36) a (1/2ni) f Bnlt— a) f(t) dt 
= (1/8) f Ba(t—a) {È ba(t —a)’) di 


x0 | <m/2 Qatm-2r 

= = Bs (1/2ri) J (é— a) 2 Cm-er,r (fa) "tr dt 
<m/2 é 

cna D Qatm-2r Caine Dy a. 
r=0 


By means of these relations we are able to readily construct the expansion 
(29) when the Taylor’s expansion for the given function f(z) is known. 

Next, let f(z) be an analytic and single-valued function of z in the 
ring-shaped region S, bounded by the two circles C, and C, defined by the 
relations | z—a | =r and |z—a|=R, respectively, where R >r. Letz 
be a fixed point in the region S. Then we have from Cauchy’s integral 
formula 

f(t U g 1 (t) di 

(87) f(z) = Ce ak Pi: ARE ns + cf, Kos > 
the two paths of integration being taken in a counter-clockwise direction. 
If we apply the expansions (32) and (33) to the first and second integrals, 
respectively, we have 
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(38) f(z) — (1/2ni) f À Bu(t—a)Fn(2—a)f(t) at 
° Faa f È Pa(t—a) Bn(z— a)f(t)di 


[ne] [ee 
= D dm Pn(z—a) + © Um Bn(z —à), 
m=0 m=0 
where 


am = (1/2) f Bn(t—-a)f(t)dt and a'n = (1/2ni) | Fu(t—a)f (t)al, 


and this expansion is valid when zis in §. This result may be stated as 


THeorem III. Let f(z) be a function of z, which is analytic and single- 
valued in the region defined by the inequalities 0 < r= | z—a | 5 R, and 
let C, and Cz denote the circles | z —a | = R and | z—a| = r, respeciwely. 
Then, the expansion 


(39) f(2) = È an Pn(e—a) + È duBn(z— 0), 
where an —=(1/2ni) f Bu(t — a)f(#)dt 
and a'm == (1/2ni) | Fn (§—a) f(t) dt, 

Ca 


is valid and converges uniformly with regard to z when r S| 2—a|=PR’, 
and R> R >? >r>0d. 
If the Laurent expansion of f(z) in the region 7 S| z—a|= R is 


(40) F(z) = È bn(2— a)” + > b’n(2—a)-™, 


we are able to obtain relations between the coefficients am, @’m and the 
coefficients bm, b’m in the expansion (39). In fact the value of am is expressed 
in terms of bm by a relation notationally equivalent to the relation (36) already 
obtained, and from (40) we have 


Gy ws (1/2mi) f F'n (t — a) f (4) dt 
C 
= (1/2ni) f FACE (> b(t —a)-*} dt 


-= b’, (1/2) f ({—a)-° Fn(t—a) dt 


ee) ee + ra 
STE Ven 
r=0 


3 
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By means of these relations it is possible to construct the N eumann series 
expansion of a given function when the Taylor or Laurent series for the given 


function is known.” . 
G 


V. ORTHOGONALITY PROPERTIES. 


11. We shall next obtain the following integral formulae: 


f Fm(t— a) F, (t — a) dt = 0, for all values of m and r, 
JC 


f Bn(t— a) B, (t — a) dt = 0, for all values of m and r, 
(42) 
f Fm(t— a) Bm(t — a) dt = rik, for c enclosing the point z = 4, 
== 0, for c not enclosing the point z = q, 
f, Fn (t ~—a) B,(t—a)dt = 0, for m +r, 


where the contour C, in each case, is any closed curve not passing through 
the point z =a. Denote by S the region enclosed by the contour C. 

The first formula is true because the integrand is analytic throughout S 
and along its boundary, and hence Cauchy’s theorem applies. 

The second formula is seen to be true, by observing that the residue of 
Bn(t—a)B,(t—a) at t— a is zero, and that it is analytic at all other 
points in 8. ° 

The third formula follows from the fact that the integrand has a pole 
of the first order at {=a and at this point the residue is unity. We see 
that the integral is 2rw or 0 according as € does or does not enclose the 
point z= a where x is the excess of the number of positive over the number 
of negative circuits of C about the point z = a. 

To establish the fourth formula we separate the argument into two cases, 
the one for which m > r and the other for which m < v. If m >r the 
residue of the integrand at t= a is readily seen to be zero. Hence the 
formula is true for this case. If m <r we may write m == r— p where p 
is of the set 1, 2, 8,: © *,r. If pis odd the residue at ¢ = a is seen to be zero. 
If p is even denote it by 2s. Then 


* Cf. Neumann, Theorie der Bessel’schen Funktionen (Leipzig, 1867), pp. 33-35; 
also Watson, 2. 6., pp. 523-524. 


584. Stevenson: Expansions of the Neumann Type 


The residue of Fin (t —@)Bmyos(t— a) at ta is 
&m,o Cm,3 —~ &m,1 Cm+e2,8-1 T +: + (— Lys Um,se Cr,0» 


wRich may be written in the form * 


Em, 0 Om,o 0 0 4% C0 
Om, m1 Om+2,0 0 
Am, 2 Om , Gms2,1 Amta, 0 
Am,s-1 Am,s-1 Qm+2,s-2 Omias-3 © °  * @ma2s-2,0 
Am,s Ams Am+2,5-1 &mi4,s-2 TT T mezs-2,1 
” 
Om,o Am+2,0 ° ° * Gmeses,0 


Since the first two columns of the determinant are identical the residue at 
= à is zero, and the fourth formula is verified. The formulae (42) afford 
a convenient means for determining the coefficients in some of the expansions 
which we have developed, provided the expansions are known to exist. For 
example, if we wish to determine the coefficients in the expansion (27) we 
assume an expansion of the form 


f(z) = > Am Fn(z), 


multiply both members by B,(z:), and integrate along the circle |z| = R, 
within and upon which f(z) is assumed analytic and single-valued. Making 
use of the third and fourth formulae of (42) we obtain for a, the value given 
in (27). It is clear that the coefficients in other of our expansions may be 
similarly determined. : | 


VI. EXPANSIONS FOR WHICH THE SUM OF THE 6's IS 2. 


12. Thus far in our development we have assumed that the sum of the 
6’s in the functions a(z) is unity. In fact that assumption was essential 
to the argument which was employed. For, if the sum of the #s has any 
value other than unity, and k be not an even integer, we are led to the con- 
sideration of a system of inconsistent equations for determining the coefficients 


* This statement is verified if we expand the determinant by minors with respect 
to the elements of the first column, and observe that the minor cbtained from the 
determinant by striking out the first (r-+} 1) rows and the first (r<+ 1} columns 
is given by the relation 


d Lame 
Am ser, s-r = om +r, @-7 Om + 2r, o Om 4 or +2, 6 ee On +28, 0° 


v 
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in the formal expansion of (2/2)% in terms of the functions Fn(z). How- 
ever, if k be an even integer, and the sum of the @’s is 2, then we may obtain 
a system of equations which is consistênt, and then it is possible to get gn 
expansion for (2/2)? in a series of the functions Ẹrım(z), in which the 
sum of the 6’s is 2, and r is any non-negative integer. This suggests the 
possibility of the expansion of even analytic functions in terms of z°¥n(z), 
in which the sum of the 6’s is 2. Therefore, we next obtain such an expansion, 
then a similar expansion for odd functions, and finally by combining these 
two expansions get an expansion for any function which is analytic and 
single-valued in the neighborhood of the origin in terms of the functions 
2 Ÿm(2) and 2 n(z) when the sum of the @’s is 2. In this article the 
quantities dm; and #}m(z) have precisely the same form as in the previous 
articles, but we shall understand that throughout this article we are carrying 
the assumption that the sum of the @’s is 2. The argument for this case is 
very similar to that used in the first part of this paper, and, consequently, 
much of the details may be omitted. 
Assume an expansion of the form 


(43) (2/2) 2 = È Crm Brom(2) 


and substitute for each of the functions %rim(z) the appropriate series expan- 
sion, and equate coefficients of like powers of z/2. From the resulting 
recurrence relations the quantities C;,, may be determined, and are seen to be 





Ar, Br+1,0 0 0 0 * - 0 

e À 
Gr,2 Or+1,1 Gr+2,0 0 0 
ars r+1,2 Gr+2,1 Ur+3,0 0 : 
Qr,m-1  Orsijm-2 @r+z,m-3 Qrasym-4 ° °  *  rim-1,0 
Ar, m Qriim-1  Orse,m-2 @r+3,m-3 * 9 Arm, 

r, m — 
Qro ür+0 ° ° *  Œrim,0 


The convergence of the series in (43) and its representation of the function 
z/2%?2r is proved by arguments analogous to those used in Arts. 2 to 5. 
For each of the powers of 2/2 in the expansion 


xX) 
zaJ (t — 2°) pes > (gree perz; 
r=0 


substitute the corresponding expansion from (43) and rearrange the repeated 
series into a simple series. The resulting formal expansion, 


8 
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(44) O eje) = À Ba(t) Fn (2), 
whêre Bn(t) == Ş Coms (2928/1282), 
8-0" 


is shown to be valid by the method used in Art. 6. 

Now, let f(z) be an even function of the complex variable z, single-valued 
and analytic, within and, upon the circle C defined by the relation |z | = R. 
Then by the special form of Cauchy’s integral formula employed by Neumann,* 
namely, 


F(a) = (fen) f QE, 


and the expansion (44) we have 


(45) f(2) = (ani) f OT LS on Bale), 


where pass (1/2ri) f Bn (t) f(t) t dt. 


This expansion is valid when z is inside the circle |z | = R, and converges 
uniformly with regard to z when |z| 5R’, where R >R’. Since any odd 
function of z, which is single-valued and analytic at z = 0, may be expressed 
as z multiplied by an even analytic function, we are able to get the expansion 
for odd analytic functions in a series very similar to (45). For, let 
(z) — z f(z), where (z) is an odd analytic function of z. Then f(z) is 
even, and has the expansion 


(2) = D r Cu Ya?) 


Consequently, 


CO 
$(2) = E rai On %n(z), where On — (1/2ri) Í Bn(t) o(#) dt. 
m=0 
We may state these results as 
Txxuorem IV. Let f(z) and $(z) be an even and an odd function of z, 
respectively, each analytic and single-valued in the region | z | = R, and along 
its contour O. Then the expansions 
Oo 
(46) f(2)—= È rte F(z), where cn= (1/2ri) f Bn (t) f(t) t dt, 
m= C 
OO : 
(47) (z2) = 2 ZL Crÿm(z), where Cn = (120i) f’ Bu(t) f(t) dt, 
ma 


* Mathematische Annalen, Vol. 3, p. 594. 
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‘are valid when z is within the circle |z| = R, and these expansions both 
converge uniformly with regard to z when |z| = ER", where R >F. 

Let f(z) be any function of z which is analytic and single-valued in the 
region |z| =œ and upon its contour C. And, let f(z) = pı (2) + pr, 
where #.(z) is an odd function, and ¢2(z) is an even function, each of which 
is analytic and single-valued in the circle | z | == R. Then by the expansions 
(46) and (47) we have at once the expansion 


(48) ja) = È eht om Fale) + À et d'u Sala), 
where cn = (17875) f But) a(t) dt, 
and mm (1/2) Bn(t) $a(t) t dt. 


This expansion is valid when z is within the circle | z | = R, and the con- 
vergence is uniform with regard to z when | z | = R’, where R > R’. Further- 
more, the uniqueness of the expansions (44) and (45) can be established in 
a manner analogous to that used in Art. 7. 


VII. SPECIAL CASES. 


13. In order to make explicit the sense in which these expansions are 
generalizations of known results it seems desirable to call attention to some 
of the special cases which have been treated. It will then become apparent 
what generalizations have been made. 

When n = 1, p == 0, and 0, = 1 tMe expansion (29) reduces to that 
obtained by Neumann,“ namely 


f(2) = F an Jn(e), 


where tan) f On (t) f(t) dt, E net 
C 
a €o == l, 
an <m/2 m(m— r— 1)! = 
{0-00 GAS Press for m > 1, 
O(t) == 1/4. 


For, since the expansion (21) is unique it follows that emOn(t) = Bn(t) 
when x, = 0 and @, = 1, n now having the value unity. 


* Theorie der Bessel’schen Funktionen, pp. 33-35; Watson, loc. cit., p. 523. 
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When a == 2, 0, = 6,== 1, and p, == u = 0 we see from the uniqueness * 
of the expansion (44) that the expansion of even functions given in (46) 
reduces to that obtained by Neumann * for even functions in terms of squares 
of. Bessel Functions, namely, 


f(z) = F a'n [In(2)]2, where a'm—= (n/2ai) S On (t) f(t) tdt, 
m=0 C 


Q(t) = 1/82. 


And we have emQn(t) = Bm(t), where 0, = b = 1 and p, == u = 0, n now 
having the value 2. 

When n==1, u= v, and f= 1 the expansion (29) reduces to the 
following expansion, due to Gegenbauer, 


Hide Do De) ee ee (A) f Amv (t) f(t) dt, 
=D C 
ne pem <m/2 
Amy(t) = UE) SU ICE RTS) iyeu, 


8=0 


From the uniqueness of the expansion (21) we have Am,» (t) = Bnu(t) when 
Pa =v and 8, = 1, n now having the value 1. 

When n=2, m = p, p =v and 6 = b = 1/2 we obtain from (29) 
another expansion, due also to Gegenbauer, ĵ 


zef (z) =à Qm J ys m/2y (2) Jyçm/2) (z2), 


am = (1/2ri) S, Bnuv(t) f (8) dt, 


pirim 
mi an(s atm) 


a e e U T eis 
2 S1(p-+y-+m—ars-+1) | 


And, likewise, Bnu,v(t) = By (t) when Hi = Py Po Vv and 6, = z = 1/2, 
n now having the value 2. 








* Mathematische Annalen, Vol. 3 (1871), p. 599; Watson, loc. cit, p. 525. 
+ Wiener Sitzungsberichte, 74, (2), (1877), pp. 124-130; Watson, loe. cit., p. 525. 
+ Wiener Sitzungsberichte, 75, (2), (1877), pp. 218-222; Watson, loc. cit., p. 525. 


in Terms of Products of Bessel Functions. 589 
€ 


VIII. EXPANSIONS OF AnaLytio FUNCTIONS OF SEVERAL VARIABLES. 


14. Much of the foregoing expansion theory which has been developgd 
for functions of a single variable is capable of extension to functions of several 
variables. We shall next indicate briefly the argument for one of the expen- 
sions which can be obtained. 

Since a(z) is a function of the quantities m; and ĝ:, we introduce the 
following notation: 


Dm D (2) = Jurna (2) Fupranm(2) d By tbm (2) » 


| <m/2 Dastm-2r 
Bp (t) — 


Oj = Bj“ Bia Bang > 
with the restriction that u;; -+ 0;:7 be not a negative integer for any 4 or 7 
occurring in the expansion, and for r= 0, 1,2, * : :. 
For simplicity in argument the expansion is developed for the case of 
two variables. The extension is obvious. 


Cmar, SF 
Ter mtl-Br ? 
0 t 


Let 2:, 4, and 22, ta be two pairs of complex quantities in the z, and zə 
planes, respectively, such that 


fa] fy | h | = Ry, Ti < Ra, 


49 
( ) llel E ra | ta | = RB, Te < fe; 


then, by Theorem I the expansions 


oO 
1/ (h — 21) = 2 Bm (hi) Fam (a); 
(50) l pa 
1/ (t2 — 22) = À Bm,” (tz) Fm,” (22), 
Ma=0 
where Fra, (21) == 2m, (2), 


are valid. If z, and ¢, are variable points on or outside the circles C, and Ca, 
respectively, defined by the relations | z, | = Ry, | 2 | == Ez, and if z, and zə 
are any variable points within or upon the circles | 2, | =r, and | zz |= T2 
respectively, then the expansions (50) converge uniformly with regard to 
lis 1 and ty, Za, respectively. Since both expansions converge uniformly when 
conditions (49) are fulfilled and are dominated by convergent series of con- 
stants, then under the same conditions the double series in the second member 
of the equation 


590 STEVENSON: Æxpansions of the Neumann Type 
e 


(51) 1/ (t, — 21) + 1/ (tz — 22) , 
: = S Bm ® (4) Bi? (te) Fm (22) Fm (22) 


MisMa=0 
converges uniformly. 

Now let f(2:,22) be an arbitrary function of the two independent com- 
plex variables zı and z, which is analytic and single-valued in zı and 2, 
separately when z, and z, are, respectively, in the regions bounded by the 
contours C, and C,; then, by Cauchy’s generalized integral formula, we have 


Kove) =r f, SERE 


— (1/2ri)? f; fi {ÈS Bun (h) Brg (t) 


MaMa 


Fm, (21) Fm,” (22) } f (tz te) dts dta 


= Ss Am, Mg Fm, P (21) Ping? (Zz); 
My Mg=0 


where Amm, = 1/(2mi)? S f Bru (4) Bag (ta) f (ta, te) dt, dta. 


This expansion is valid and converges uniformly with regard to zı and zz 
when 2; and zz are, respectively, in the circles | 2; | = 7, and | za | == r2. This 
result may be stated for » variables as 





THEorEM V. Let f (21,22, °° ',2v) be a function of the complex quan- 
tities 21, 22, * *,2v, which is analytic and single-valued when 23, 22, °° *, Zv 
are, respectively, in the regions \2,|S Ry, |%|SR, *-:, | zy | SR, 
whose contours are, respectively, Ca, Co, * * *, Cv, then the expansion 

Le + 
fur a) = E  Amme...m Fg (21) Png (22) En (a 
Ntar os smy=0 
where 


Am me -my = 1/ (Bari)? f° Ja fi, Bm (ts) Bm” (4) 
Ba,” (tv) f(t Los ae ree ty) dt, at. iid dty, 


is valid and converges uniformly when 21, Za, * ` *, Zv are, respectively, in the 
circles | zı | = Ti, | Za | ==12,° °°, | av | = rv, where r; < Bi, t= 1,2,° °°,» 

It is now obvious that expansions of functions of several variables, 
analogous to the expansions (31), (34), (35) and (39) exist. 
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Canonical Forms for Ordinary Homogeneous 
Linear Differential Equations of the Second, 
Order with Periodic Coefficients. 


By ELIJAH SWIFT. 


Even such a simple matter as the actual reduction to canonical form of 
the ordinary homogeneous linear differential equation of the second order, 


L: y” + p(x)y’ +gals)y=0, 


(p and q continuous in the interval (a,b), i. e. a S s 5 b) by transforma- 
tions of the form 


y —À(x)ÿ, s= (T), 


(where we assume that throughout (a,b) À and ¢ are continuous together 
with their first two derivatives and A(s) 0, ¢’(z) 540) does not appear 
to have been carried out in the literature. However, in his lectures at Harvard 
University Professor G. D. Birkhoff has effected this very simply and for 
purposes of orientation, at his suggestion, I have given this material in the 
second section of this paper. 

But there is another less simple case of great importance in the applica- 
tions, namely, that in which p(x) and g(x) are periodic with period 2r. 
It is the problem of reducing a general equation of this type to a canonical 
form, preserving the periodic characte of the coefficients, the solution of 
which is given in the following paper. Incidentally we classify such equations 
and investigate the general character of their solutions. 


1. Introductory. In the following we consider the differential equation 
L: y” -+ p(x)y’ + q(x)y = 0, where the functions p and q are real and 
continuous in a closed interval (a,b), aS s Sb, which may in particular 
include the whole of the X-axis. We consider only real values of x and real 
solutions of D. The following facts are well known: * 


a. There exists one and only one function, y(x), which is continuous 
together with its first two derivatives and satisfies the differential equation. 


* See e, g. Bocher, Leçons sur les Méthodes de Sturm, Chap. I for a, 6, d; p. 46 
for €, : 
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identically t#roughout (a,b) and which is such that y(to) == «, y’ (T0) = @, 
where +, is any arbitrarily chosen point of (a,b) and g and @’ are arbitrarily 
chosen constants. From this follows thet if a solution and its derivative vanish 
at the same point, then the solution vanishes identically throughout (a,b). 


b. Two solutions, Yı, Y2, are said to be linearly dependent or simply 
dependent, if a relation of the form Cy, + Coye == 0 (Ci, Co, constants not 
both zero) holds identically throughout (a,b): linearly independent, if no 
such relation exists. If y,,4, are two independent solutions, then any other 
solution may be written in the form Ciy, + Coy2 (Ci, Co, suitably chosen 
constants). 


c. If yı, Y2 are two independent solutions, they cannot vanish at the same 
point and the zeros of y, and the zeros of y, occur alternately. 


d. The “ wronskian ” of two solutions Y1, Y2 is defined as the determi- 
nant YY’ — y’1y2. Its value is 


W (ys, Yo) = K exp [— f pda], 


where K is a constant whose value depends upon which pair of solutions is 
chosen. If W vanishes at one point of (a, 6) it vanishes identically throughout 
(a,b). Its vanishing is a necessary and sufficient condition that y, and yə be 
dependent. 


With suitable restrictions the only transformations of the form 
T = $ (T, ÿ), = p(B, Ü), 


changing the original variables, x, 4 to the new set, ¥, 9, which carry any 
equation, L, into one of the same form are 


A y = À (x) Y, 
changing the dependent variable, and 


changing the independent variable.” I shall refer to these by the letters A 
and B respectively. We assume that both A(z) and ¢(%) are continuous and 
possess continuous first and second derivatives throughout the interval under 





* Although a proof of this fact is comparatively simple, I have been unable to 
find it in the standard texts. It may be noted that there exist special transformations 
carrying special equations of the form L into equations of the same form. Such a one 
e.g. is y = A(v)G + y, where y, is a solution of the original equation. 
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' consideration,—(a,b) for A: (a,b), the interval corresponding *to (a,b) by 
the transformation B, for ¢. 
Applied formally A transforms the differential equation L into 


(1) J” + (p -ENAU + L(A’ + py + 9A) /A]Y = 0. 


If the coefficients of y’ and ÿ are to be continuous throughout (a, b), it is 

necessary and sufficient that A(s) be not zero in (a,6)* and this is also 

necessary and sufficient that the inverse of A shall ‘exist throughout (a, b). 
Similarly B formally transforms L into 


(2) y” + [plep — 6”/¢'ly’ + [9(¢)/¢7]y = 0, 


where ¢ = ẹ (7) and the differentiations are performed with respect to 7. 
Here a necessary and sufficient condition for the continuity of the coefficients 
and the existence of a single valued inverse of the transformation is that 
$’ (z) shall not vanish for values of z in (4, b). 

Transformations satisfying these conditions,—(A, ¢, continuous, possess- 
ing first and second derivatives, A, œ’ nowhere zero)—we term proper. It is 
clearly necessary to consider only proper transformations if our work is to be 
more than formal and if the coefficients of the transformed equation are to 
be continuous. 

The proper A transformations form a group, since 1) the succession of 
two such is equivalent to a single one, 2) the identical transformation is one 
of the group, 3) the inverse of any proper A transformation exists and is a 
proper A. Similarly the proper B transformations form a group. Further- 
more if a finite number of proper A ænd of proper B transformations be 
carried out in any order, they will be equivalent to a single proper A and a 
single proper B. 

In the greater part of this paper we shall be concerned with equations 
whose coefficients are periodic with period 27 and shall consider only those 
(proper) transformations which leave the coefficients periodic (with the same 
period). For an A transformation this means that the coefficient of y’, 
p(s) +2d/d, [see (1)] must be periodic and hence A’/A also. Conse- 
quently A must be of the form eP (s), where c is a constant and P(x) a 
periodic function which cannot vanish for any value of s in (a,b). Clearly 


*If X is a function of æ, continuous throughout {a,b) and satisfying there the 
equation N/A = f(æ), where f(s) is continuous, À cannot vanish. For a continuous 
solution of the differential equation N — f(æ)A = 0 either vanishes identically through- 
out (a, b) or not at all. 
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if A is of this form both coefficients of the transformed equation will be ` 
periodic. 

If the same B transformation ig to carry any equation with periodic 
coefficients into one whose coefficients are periodic, it must in particular do 
this if p, q, are constants. Referring to the form of the transformed equation 
[see (2)] we see from the form of the coefficient of y that this is possible 
only if DT + 2r) = p (T), or DT + 27) = (%) + C, C a constant. For 
equations in which g hasea minimum period of 27, C must be a multiple of 2r + 
and we shall take it equal to 2w, since taking it equal to kw is equivalent 
to following a transformation where € = 2r by Z= kg. Conversely if ¢ is 
such that (ZT + Rr) =(£) + 2m, the coefficients of the transformed 
equation will be periodic. __ 

For lack of a better term we shall call transformations of the above types 
“ periodic ” :—that is, a periodic A transformation is one for which 


A{z) — et: P(x), P periodic and nowhere zero; 
a periodic B transformation is one for which 
p(x + 2r) = (7) +22, d’ nowhere zero, 
which is clearly equivalent to 
(z) =z + P(x), P periodic. 


In §2 we shall reduce the general equation to a canonical form using 
general À and B transformations: in the following paragraphs we shall reduce 
the equation with periodic coefficients to one of a number of canonical forms 
using only periodic transformations.. 


2. Reduction of the general Differential Equation to a Canonical Form. 
Suppose that we transform a given differential equation, L, by arbitrary À 
and B transformations. Since we have two functions, À and œ, at our disposal 
and only two coefficients, p and g, appear in the original equation, it seems 
reasonable to assume that we can so determine À and @ that the transformed 
equation will have coefficients which do not depend upon p and q, but which 
are the same for all differential equations or for all of a large class. 

This has been effected formally somewhat as follows: Let y, and y be 


* of (a+ 2r) =— o’ (s) implies the vanishing of ¢’ contrary to hypothesis. 

7 O =0 implies the vanishing of ¢’. 

+ The results contained in this section are due to Professor G. D. Birkhoff: see 
Introduction. 
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any two independent solutions of the given equation, D. ° Employ the 
transformations 


(3) y == 4.(2)¥. 
(4) T= Y1(%)/y2(x). 


Since any solution of L may be written in the form Ci: + Coy, any solution 
of the transformed equation will have the form CT -+ Ca, so that the trans- 
formed equation is simply d°ÿ/dx? — 0. Since, however, we are studying the 
equation L in connection with an interval (a,b), we must take care that the 
transformations employed are proper throughout this interval if our work is 
to be more than merely formal. But here the transformations (3) and (4) 
both cease to be proper if y(x} vanishes. But if any solution vanishes twice 
in (a,b) every solution vanishes at least once (see $ 1, c) and we can find 
no yz such that these transformations are proper throughout (a,b). In other 
words, while the above reduction is valid for any differential equation and 
an interval sufficiently short, it is not in general more than a purely formal 
reduction for a general equation and a general interval. 

We may, however, reduce the equation L to a canonical form employing 
only transformations proper throughout (a,b). Let y. be a solution of L 
such that y(a) — 0 (see §1, a). If y2(b) is not 0, choose the solution 7: 
such that yı (b) = 0: if y2(b) = 0, let yı be any independent solution. We 
use the transformations 


(3) arctan [y2 (£)/yı (£) ] =F, 
(6) Yo/ (yx? + YF) = sin T, 
(7) y = (yr? + y) Y, 


where of course (5) and (6) are essentially the same. With suitable con- 
ventions there is no discontinuity in the left-hand member of (5) at points 
where 7, == 0: in particular we may use the equivalent equation 


arccot (Y1/Y2) = Z. 


Thus dz/d« and d*z/dz* exist and are continuous even at such points. Since 
y, and yz cannot vanish together, it is clear that the coefficient of ÿ in (7) 
cannot vanish at any point of (a,b). Moreover this coefficient possesses con- 
tinuous first and second derivatives, since y, and ya do. Consequently (1) 
is a proper A transformation. 

From (5) dé/dz is W (Y1, yo) / (Y + Y2), which exists and is different 
from 0 throughout (a,b) [see §1, d]. Since we may take any constant 
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multiple of Yz, in particular — ys, in place of y», we may assume this positive. 
The theorems on implicit functions show that we may solve equation (5), 
for æ in terms of z, that dz/da will eXist and be different from 0 and that 
dx/dx? will exist and be continuous throughout (a,b). Thus (5) defines 
a proper B transformation. 

From equations (5), (6), (7), we see that y, and y, are carried over by 
the above transformations into cos % and sin % respectively, so that the trans- 
formed equation is 

d Y/d + ÿ = 0. 


To find the transformed interval, let v change continuously in (a,b) 
starting with the value a. We may take the value of & corresponding to a as 0. 
Then as x increases from a, Æ will increase from 0. When a has increased 
from a to the next following zero of y2, (5) or (6) shows that z has increased 
from 0 to +, when x increases from this zero to the next, x increases from x 
to 7,  * +. If ya has k + 1 zeros in (a,b) (including a) and y:(b) is not 
zero, % will increase from 0 to a value between kr and (k + 1)r when x 
increases from a to b. But since y,(b) = 0, (5) tells us that this value is 
exactly (k +1/2)a. If ya has k + 1 zeros in (a,b) including a and b, this 
value is clearly kr. 

We may state our results as follows: Any linear differential equation of 
the second order, whose coefficients p and ÿ are continuous functions of the 
independent variable, x, in an interval (a, b), a = x = b, may be transformed 
by proper transformations of the types y—À(x) °Ÿ, z= p(T), into the 
equation dy/di? + ÿ—0, while the interval (a,b) ts carried over into the 
interval 

OSES (k+1/8)r or OSES kr, 


the first for the case that that solution of the original equation which vanishes 
at a has exactly k other zeros in (a,b) but does not vanish at b: the second 
for the case that that solution which vanishes at a has exactly k other zeros 
in (a,b) of which b is one. 


Suppose now we have a second equation, L’, and a closed interval, (a’, b’), 
in which its coefficients are continuous. Then a necessary and sufficient con- 
dition that I’ be transformable into L by proper transformations, while the 
interval (a’, b’,) is transformed into (a,b), is that that solution of L’ which 
vanishes at a’ has as many zeros in (a’, b’) as that solution of L which vanishes 
at a, has in' (a,b) and that these solutions either both vanish at the other 
end of the respective intervals or both fail to vanish there. 
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That this condition is necessary is clear from the fact that the trans- 
formations considered do not change the number of zeros of a solution im a 
given interval nor its vanishing at the end of the interval: that it is sufficient 
follows from the fact that if satisfied, when we transform L and I” intoethe 
canonical equation, the canonical intervals will be the same. Since every 
transformation considered has an inverse, we can transform L’ into L directly 
and (a’, b’) will go over into (a,b). 

Thus if we consider the group of proper A and B transformations and a 
differential equation together with an interval in which its coefficients are 
continuous, essentially the only invariants are the number of zeros in the 
interval of a solution vanishing at one end and the existence or non-existence 
of a solution vanishing at both ends of the interval. 


3. Preliminary Study of the Differential Equation with Periodic 
Coefiicients.* In what follows we shall deal exclusively with differential 
equations, L, whose coefficients, p(s), g(x), are continuous for all values of 
the real variable, x, and periodic with period 27. For convenience I shall use 
the term periodic to mean periodie with period 2r. 

If y:(z) and y(x) are any two independent solutions of such an equation, 
yi(@ + 2r) and y:(% + 2) will also be solutions on account of the periodic 
character of the coefficients, and hence expressible in the form (see § 1, b) 


(8) Yi (@ + x) = Crys (2) + Coye(2), 
Yal x -+ 2r) = C’,y, (2) + C'oY2 (x), (Ci, Css C4; C'a, constants). 


Since we are dealing with real solutions, the C’s will all be real. The value 
of their determinant may be found directly from the differential equation, L: 
it is f 

27 
(9) A(C) = €,C’, — C20", = exp [— f p(z)dz] 

g 
and is accordingly positive. 

Although the value of A(C) [and, as we shall see below, C, + C”,1 is 
definitely determined when the differential equation is given, the values of 
the C’s themselves depend upon the particular solutions, Y1; Y2, chosen. If, 
for instance, we had chosen ay, (œ any constant) as one of the pair above in 
place of y,, we should have found «C, instead of Cs, Cı would have remained 
the same, etc. Below in tabular form we give the new values of the C’s 


* For most of the results of this paragraph see e. g. Goursat-Hedrick, Mathe- 
matical Analysis, Volume 2, Part 2, pp. 146 ff. 
+ Goursat-Hedrick, ioc. cit., p. 147. 
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corresponding*to different pairs of solutions. « and 8 are arbitrary constants, 
not zero. 


Replacing we find the new values of the C’s to be’ 
of C; of Co of C”, of 0’, 
Yı bY ays Cr aC’, O/a C’: 
Y2 by BY2 Ci C2/B BC": C’ 
Y DY Ya + Ye (Ci + Ca [Ce + C — Ci — Ci lO O’ — 0"; 


No one of these substitutions changes the value of C, + C’, or of A(C) and 
hence it may easily be shown that each of these quantities has the same value 
no matter which pair of solutions we choose in place of y1, y2.* The value of 
A(C) was given above: the value of C, + C’: cannot in general be found 
without integrating the differential equation. 

In general the differential equation will have no periodic solution, but 
it may have one or more real solutions, Y(z), not identically zero, which have 
the property ¢ that 
(10) Y (s -+ 2r) = pY (x), p a constant. 


I shall call such a solution a principal solution. We may find all principal 
solutions as follows. Any solution, in particular Y, may be written in the 
form Ay, -+ Bye, (4,B constants not both zero). Consequently, using | 
equations (8) 


(11) F(s- 2x) = Ay,(e+ 2r) + Byo(x + 2x) 
= (AC; + BO’s)y.(@) + (AC2 + BC's) y2(2). 


But if Y is a principal solution, R 


(12) Y (x -+ 27) = pY (£) = py: (2) + pBye (2). 


Comparing (11) and (12) and noting that yı and y. are independent (see 
$ 1, b), we have 


(13) A(Cı—p) + B, =0, AC: + B(C’,—p) ==0. 


Since À and B are not both zero, the determinant of their coefficients in 
equations (13) must vanish, that is 


(14) (Cx — p) (Ca — p} — 002 = 0, 


# This may be proved directly: see e. g. Forsyth, Theory of Differential Equa- 
tions, Part ITI, Vol. 4, pp. 405-6. 

+ Of course any constant multiple of Y has this same property. When we speak 
of two (distinct) principal solutions, we understand neither is a constant multiple 
of the other. 
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which we call the characteristic equation. It may be written in tfe form 
(14) pP — (Ci + a)Je + GC — 0,0’, = 0, 


and hence is independent of the particular pair of solutions, Yı, Ya, chosén. 
We also note that the constant term is positive. See (9). 

Conversely if p is a root of this characteristic equation, we can find A 
and B, not both zero, satisfying equations (13) and Ay,(«) + By2(z) will 
be a principal solution. The value of p uniquely determines the ratio A/B 
and the corresponding principal solution (except for a constant factor) unless 
equations (13) are identically satisfied, that is unless C,=0, C0’, —0, 
Ci = C, = p, in which case, as appears from equations (8), y, and yz are 
principal solutions (with the same multiplier, p) and every solution is a 
principal solution. 

Since the characteristic equation is a quadratic in p with constant term 
positive, the following cases are possible: 


I. Roots real and distinct, both positive or both negative. 


II. Roots real and equal. 


(a) Every solution a principal solution. 
(b) One and only one principal solution. 


TITI. Roots conjugate complex. 
In the following paragraphs we classify differential equations by the roots 
of their characteristic equations as above and reduce those of each type to 


simple canonical forms employing only periodic transformations of types 
A and B. 


4, Roots of Characteristic Equation real and distinct. Let the roots be 
pı and pz where we call ps that root for which | p | = | pı |. -Corresponding 
to these are two principal solutions, Yı, Y, such that 

Vile + 2r) = pi¥i(2), (i= 1,2). 
Consider the expression 
¥s(«) - exp [— (2/2) log | ps |]. 
When x is replaced by x + 2r, this preserves the same value (p; positive) or 


changes sign (p; negative). It is then periodic or semi-periodic * and we 
may write 


# I use the latter term to denote a function, f(æ), such that f(x + 2r) =—f (g). 


$ 
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(15) * Fi(æ) = exp [(#/2m) log | ps |] - Ps(2), 

Pa(z) = exp [(#/2z) log | p2 |]: P2(z), 
where P, and P, are either both periodic (px, pe > 0) or both semi-periodic 
(p15p2 < 0) and both possess continuous first and second derivatives, since 
Y. and F, do. 

If the roots of the characteristic equation are equal but there are two 
independent principal solutions, we have essentially the above case and accord- 
ingly shall not rule out the possibility pı = pz 

Y, and P, have the same zeros. If P, vanishes at x, it also vanishes 
at Tı + Rnr, (n= + 1,2, --°), and since the zeros of Y, and Y, occur 
alternately, P, and P, vanish the same number of times in any interval of 
length 2r (including exactly one end point). 

Case (1). Y., Y- nowhere zero. If P, does not vanish in the interval] 
0 = 2 < 2z, it can vanish nowhere on the X-axis and neither can Pa Y,/Y; 
is everywhere continuous and its derivative 


(PT an Y2Y",)/Y? — W(Y:, Y:)/Y° 


is nowhere zero, since Y, and Y, are independent solutions (see $ 1, d). 
Incidentally we note that here we cannot have pı = p For then Y/Y, 
would be a continuous periodic function (from (15)) whose derivative exists, 
is continuous and does not vanish for any value of s. But this is impossible, 
for a continuous periodic function cannot be monotonic. 

We may state this result thus: An ordinary linear differential equation 
of the second order with coefficients continuous in the interval 0 = x = 2a 
cannot have as independent solutiom®s two functions of the form eP,(x), 
eaP, (x), where c is a constant and P, and P, are continuous and periodic 
with period 2x, unless P, (and therefore P, also) vanishes at least once in 
the above interval. 

We now consider the transformation defined by the equation 


(16) log (¥2/¥1)* = (x/2x) log (p2/p1) + log [P2(t)/Ps(2) ] 
= (2/27) log (p2/px) 
or, for convenience setting 


(17) Ra == (1/2) log (p2/p1). 
(16°) x -+ (1/2) log (P2/P1) =T. 


The left-hand member of equation (16) possesses a continuous non-vanishing 


* To avoid imaginaries we choose Y,, Y, so that Y,/Y, is positive. 


© 
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derivative, namely W (Y1, Y2)/¥i¥:2, and also a continuous second derivative 
(since Y, and Y, possess continuous second derivatives). From the theorems 
on implicit functions it follows that® (16) defines æ as a function of %, 
T = (2%), so that 6’ and $” exist and are continuous and that ¢’ is nowhere 
zero. Furthermore, on account of the periodicity of P, and P, when x 
increases by 27, so will z and conversely. Thus equation (16) for (16’)] 
defines a proper periodic B transformation. 
Using equations (15), (16) and (17) we may write 


(18) { Y, = exp (— ax) exp [ (2/27) log (pip2)*]- [Pi (2) P2(x)]%, 
Y, == OXP (2az) š Y: 


Consider now the A transformation 


(19) y = A(x) ğ, where 
A(z) == exp [(z/27) log (pip2)*] : [P1 (7) P2 (2) ]*. 


À possesses continuous first and second derivatives and is itself nowhere zero. 
It is also of the form given on p. 394 for a periodic transformation. It is 
therefore a proper, periodic À transformation. | 

From (18) we see that this transformation carries the solutions Ÿ;, PF: 
of the original equation over into the canonical forms exp (— az) and 
exp (+ az), and the equation becomes 


(20) dg / dx? — ağ — 0. 


Thus any equation may, in this case, be reduced to the canonical form 
(20) by proper periodic transformations? the only invariant being essentially 
«, which is determined by the ratio of the roots of the characteristic equation. 

Case (it). Y, vanishes for some value of x Suppose that F.(x) van- 
ishes & times in the interval 0 = x < 2a where k is even if P, is periodic and 
odd if P, is semi-periodic. We assume P,(0) —0: if it is not, the trans- 
formation z == %-+-a will carry a zero, a, into the origin. We consider the 
B transformation defined by the equation 


(21) Yo/¥,== tan (k/8)z exp (2aT) ` exp [( — 2a?/k*) cos kz], 


where « has the meaning assigned above by (17). In particular if pı = pe, 
a = 0. 

The last (exponential) factor on the right of (21) is inserted to insure 
that the derivative of that member of the equation shall always be positive,— 
which is necessary for the validity of the transformation (see below). In fact 
the derivative of exp (2az) > tan (4/2)z is 

9 
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[exp (2ax) /êcos (4/2 )x] (Ra sin ke + k), 


which will vanish for some value of CA if k < 2a, while the derivative of the 
right-hand member of (21) is (40? sin? kg + 4ak sin kx + 2%?) multiplied 
by a non-vanishing factor and can never vanish. The final factor in (21) 
is not uniquely determined: in particular instead of 2a? we might use 
ba?,b>1. Of course if k > 2a we may omit this factor and have simpler 
canonical forms: those forms which I give, however, are valid for all values 
of k and a. 

We now show that (21) defines a proper periodic transformation. For 
convenience denote the zeros of Vz by 0, a1, @2,° © `, ax(— 2) and those of 
Y, by bı, De, °° +, by. These occur in the order 0, bi, a4, Da, de, °° *, 
A, Ok; dy == Rx ($1, c). The derivative of the left-hand member of (21) 
is W(¥1, Y2)/¥.* and consequently has everywhere the same sign (which 
we may take as positive), except at the points b;, where it fails to exist. The 
derivative of the right-hand member is always positive except at the points 
[ (20—1) /k]a, (t= 1,8, °° +, k) where it fails to exist. 

Since Ÿ2(0) == 0, the values v = 0 and x = 0 satisfy (21) and we shall 
let these correspond to each other. Now consider the intervals 


OSrSb, 0<x<r/k. 


When x increases from 0 to b:, the left-hand member of (21) increases 
monotonically from 0 to œ; and when % increases from 0 to m/k, the right- 
hand member likewise increases monotonically from 0 to oo, so that (21) 
defines a continucus one-to-one correspondence between the points of the above 
intervals. Moreover in these intervals, except at the points g = b,, w == m/k, 
each member of (21) possesses continuous first and second derivatives and 
each first derivative is positive. It follows that dx/dx and d?2/dz* exist and 
are continuous, except perhaps at the upper ends of the intervals considered. 
But if we equate the inverse of one member of (21) to the inverse of the 
other, we see that here also the correspondence is continuous and the deriva- 
tives exist and are continuous. 

We next consider the intervals b, = x S bo, m/k S zS 8æ/k, for which 
similar considerations hold, each member of (21) increasing from — œ to 
+ œ when x and x increase from the lower to the upper end of the respective 
intervals. Proceding in this manner we find that for the intervals 0 = z < 2r, 
0 S&S 2m equation (21) defines x as a function of z, «== (x), where ¢ 
is continuous and possesses continuous first and second derivatives and +’ 
is nowhere zero. 
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If in (21) we replace x by s + 2r, the left hand member is multiplied 
by po/pi: similarly replacing % by z- 2r the right hand member is multi- 
plied by e*7* or p2/p1 (see (17)), so that if (21) is true for a pair of values, 
a, £, it is also true for the pair, æ + 2r, £ + 2r. It follows at once that we 
may obtain the correspondence between x and % for the interval (27, 47) 
by taking corresponding values of æ and % for the interval (0,27) and in- 
creasing each by 2m: for the interval (4r, 6r) from the interval (2x, 4r) 
in the same manner ete. ' 

Thus equation (21) defines x as a function of %, s = ọ (T), for all values 
of these variables, where ’ and ¢” exist and are continuous and ¢’ is nowhere 
zero, and (x + 27) = ¢(%) + Pr. Thus the transformation is a proper 
periodic transformation of type B. 

To investigate the form into which the solutions of the original differ- 
ential equation are carried by this transformation, we write 


(22) Y,(%) = exp(— ax) - cos(k/2)% - exp[ (207 /k*) cos? (k/2)a] 
X exp[(Z/e7) log (pip2) #] ` F(z), 


where F'(%) is a function whose properties are deduced below. From (21) 
follows 


(22) F(z) = exp(+ aë)’ sin(k/2)& : exp[ (20?/k?) sin? (&/2)z] 
X exp[(&/2r)log(p:p2) #] * F(z). 


From the manner of setting up the correspondence between v and &, it is 
clear that the zeros of Y,(%) are the same as those of cos (k/2)# and the 
zeros of Ÿ,(x) are the same as those of ein (k/2)x. From (22) it appears 
that F(s) is continuous and possesses continuous first and second derivatives 
everywhere except possibly at the zeros of cos (4/2). But (22’) shows that 
it is continuous and possesses continuous first and second derivatives at these 
points also. Furthermore F can vanish only at a common zero of Y, and Y, 
and is therefore nowhere zero. If in either (22) or (22’) we replace x by 
T + 2m and remember that Y; is a principal solution (see p. 599), we verify 
that F' is periodic. 

The A transformation 


(23) y = A(Z)Y, A= exp [(&/8x) log (pip2) ]* * F(Z) 
is proper and periodic. It carries our solutions into the canonical forms 


exp (— a@%) - cos (k/2)%- exp [ (2a?/k*) cos? (k/R)x], 
exp (+ dx) ` sin (k/2)zx" exp [ (2a7/k?) sin? (k/R8)x]. 
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The cañonical form of the equation may be found from the solutions with | 
some labor. It is 


(24) 4h? [h? + 2ak sin hE + 2a? sin? kz] y” — 8k? ak cos ke + g? sin 2kx]ÿ" 
+ [CES — Baht) — (2ak® + 323k?) sin kz 
— (36k? + 6a°k*) sin? ke — 240° sin? ke — 808 sin‘ kuy = 0, 


For the special case where every solution is a principal solution, pı == po, 
«== 0 and the canonicat forms for the solutions and the equation become 


sin (k/2)@, cos (k/2)% and 9” — (K?/4)y — 0. 


It thus appears that if the roots of the characteristic equation are real 
and distinct, the only invariants (under proper periodic transformations) are 
essentially (a) the ratio of these roots, (b) the number of zeros of a principal 
solution in the interval 0 = 2 < 2r. 


5. Roots of Characteristic Equation equal. If the roots of the charac- 
teristic equation are equal, there will be a principal solution, Y,, such that 
Y, (a + 2r) = pY: (x), where p is the root. If there is an independent solu- 
tion, F,(x), such that Y,(z + 27) = pY,(x), every solution will have this 
property. This case has been implicitly covered in the preceding paragraph 
(namely for g == 0) and we shall assume that it does not occur,” 

Consider Y, and any independent solution, 7. Equations (8) become 
for these 


(25) Pr + 2r) = pY (2), Y(t + 2r) = Yı (1) + C’ey2 (2). 


From the form of the characteristic equation, the roots being equal, O’, = p. 
C’, cannot be zero on account of our assumption above. By taking a suitable 
multiple of y», we can make C”; = 2p (see table, p. 598). Calling this multiple 
Y, we have 


(26) Yo(@ + 2r) = 2apVi(x) + pY:(x). 
We readily verify from (25), (26) that Y,- e£? and [Y,—2Y,]e-?e, 
where B— (1/2) log |p| are periodic (semi-periodic if p is negative) so 


that we may write 


(27) Y, = eP, (x), Y, = tY, + efrP,(x), 


* This case and that mentioned below appear as distinct if we use elementary 
divisors in classifying the determinant, which, equated to zero, gives the characteristic 
equation. See Forsyth, loc. cit. 
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where P, and P, are periodic (semi-periodic) and possess continuous firgt 
and second derivatives, since Y,, Y, do. 

Although y was any solution and Y, is not definitely determined because 
of a possible arbitrary constant factor, the wronskian of Y,, Y.,W(Y,, Y A 
has a definite sign. For choosing AY, in place of Yı, Y, becomes AY: by 
(26) and W(AY;, AY.) = A°W(Y:, Y2) and has the same sign. Again any 
solution, Y“, may be written in the form C Yı + C,Ÿ,, where, if 


Y* = gY, + eP, C, must be 1. But W(Y,,CY;, +Y,) = W(Y:, Y). 


As in the preceding paragraph we consider two cases in reducing the 
differential equation to a canonical form: one in which Y, does not vanish 
for any value of x, the other in which Y, has at least one zero. 


Case (i). P:(z) 40. If P, does not vanish for any value of x, the 
transformations 


(28) y = eF*P, (x) ¥, 
(29) Y,/Y¥,—2-+ (P./P:) =F, 


may be easily shown to be proper and periodic. They carry the solutions into 
the canonical forms 1 and v and the differential equation into the canonical 
form d?ÿ/dx° — 0. It thus appears that for this case there are no invariants. 


Case (ii). P,(x) vanishes. Now let Y, vanish k times in the interval 
0S x < 2x, where, as before, if p is positive, & will be even and P, periodic: 
if p is negative, k will be odd and P, semi-periodic. If Y,(0) is not 0, we 
can choose Y, so that Y,(0) = 0: if Y (0) — 0, a linear transformation, 
g= x + a, will reduce this to the above.” 

We employ the transformation defined by the equation 


(31) ¥,/¥,;—2 + (P2/P:) =F + p tan (k/2)z 


where p==1, W(¥1,¥2) > 0; »<0 and —p>2/k, W(F:, F2) < 0.4 
Essentially the same reasoning as used for the transformation defined by 
(21), with a slight change if W < 0, shows that (31) defines a proper 
periodic B transformation and employing the same methods as on pages 603 


* The transformation Y/Y, == ğ— y cot (k/2) may be used in this case to 
reduce the equation to a simple canonical form. Its effect is to interchange sin (k/2)à& 
and cos (k/2)a in the canonical forms of the solutions, and change the sign of u. 

+ If W <0, the derivative of the left hand member of (31) is negative and if æ 
and & are to increase together, the derivative of the right hand member must be negative 
also. The single value, u —— 3, will clearly satisfy both inequalities since k = 1. 


+ 
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and 604, we see that (31) together with a proper periodic A transformation 
will reduce our solutions to the canonical forms 


(32) cos (k/2) and eos (k/2)z -+ usin (k/2). 
The canonical form of the equation is 
(33) 4y”[eos kz + 1 + uk] + 4kÿ sin ke + 43k + pk? — k? cos kz] = 0. 


If the roots of the characteristic equation are equal, the only invariants 
are essentially (a) k, the number of zeros of the principal solution in the 
interval 0 = z < 2r, (b) the sign of the wronskian, W(Ÿ:, Y2), where Y, 
is the principal solution and F, is written in the form Y,== £Y, + e8"P, (T). 


6. Roots of Characteristic Equation Complex. Let the absolute value 
of each of the roots be p and their angles be ¢, 2r — p, where we may take 
¢ as lying between 0 and 2r, leaving undecided for the moment whether we 
shall call ¢ the larger or the smaller angle. If p is not 1, the proper periodic 
transformation 

y = exp [(x/2m) log p] : ÿ 
will reduce the equation to one for which p==1. We assume this carried out 
so that the roots are of the form cos + isin ¢. 

For any pair of independent solutions, ys, Yı, as we saw in $ 3, the char- 
acteristic equation has the form 


(14) (C,— p) (C'a — p) — O40, = 0. 


Noting that C’,C, is not 0 (since the C’s are real and the roots of (14) ima- 
ginary) we see, referring to the table of § 3, that we can find two independent 
solutions, F4, Fa, readily determined from y,, y: and the constants, Ci, >+, 
C'a, which have the property that the (new) constants, O1, © © +, C'a, associ- 
ated with Yı, Y, by equations (8) are such that C, = C2, 0’; = +02, and 
C’, has the same sign as sin ¢. Since the roots of (14) are cos ¢ + isin ¢, 
we must then have 


Cı = Cr cos ¢, C’%,—=-—C,—sin ¢. 


We have thus found a pair of solutions, Y,, Ya, such that (substituting 
the values for the C’s in (8)) 


Y (a + 2r) = cos D Y (<) — sin d Y2(2), 
Paz + 27) = sin p Y, (£) + cos ¢ Y (7). 


I shall call this pair, written in this order, a pair of principal solutions. 


(34) { 
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Equations (34) may be written in the form : 


V,(x + 27) = cos (2r — D) Y,(x) — sin (27 — D) Y,(x), 

Y (x + 2r) = sin (r — D} P,(x) + cos (Qn — D) Y,(x), 
which are of the same form as (34) except that 2m — appears in place of 
+ and Y, and Y, are interchanged. It follows that if Y., F, are a pair of 
principal solutions for one of the two possible determinations of the angle, 
$, Y2, Yı will be such a pair for the other. Since W (Y 1 Yo) = —W(Y, Y), 
we can choose for œ that one of the two possible values, ¢, 2r — #, for which 
the wronskian of a pair of principal solutions is positive. We shall assume 
this done at the outset, so that W(Y., Y,) > 0. That this choice does not 
depend upon the particular pair of principal solutions chosen will appear 
below. 

Consider the functions, P,(x), Pe(x), defined by the equations 


{ P (2) = cos [(z/8r)] Pi(x) + sin [(2/2r)¢] P:(x), 
Pa(2) = — sin [2/2n)$] F:(x) + cos [(2/2r)$] ¥2(2). 
They are clearly continuous and possess continuous first and second deriva- 
tives: if we substitute v -+ 2r for v and reduce, using equations (34), we 
see that they are periodic. We may solve equations (35) and express Y,, Y., 
in terms of P,, Pa, thus 


l Y, (2) = cos [(2/2r)$] Pi(e) — sin [(2/2r)4] P.(x), 

¥,(z) = sin [(2/2r)p] Pi(£) + cos [(x/2r)#] Pa (2). 

Since Yı, Y» are independent solutions, they cannot vanish together and hence 
neither can P,, Pa. Thus any pair of principal solutions may be written in the 
form (36) and conversely we may readily verify that any pair of solutions 
written in this form will satisfy equations (34) and be a pair of principal 
solutions. 

Equations (36) show that we may obtain Y,, Y, from P,, P, by rotating 
the Pı, P, plane about the origin through the angle (2/2r)¢. It is clear 
that if we rotate this whole figure through any constant angle, we shall get 
a new set of functions, Y}, Ya, Ps, P, in the same relation to each other as 
Vi; Y», Pı, Pa and should expect Y., Y, to constitute a pair of principal solu- 
tions. In fact we readily verify that Y}, Y, will be a pair of principal solu- 
tions if and only if they are expressible in the form 


(37) Y; = A, Y, — AY., Y, = AY + Ai Vo, 
Aı, Az constants not both 0, 


corresponding to a rotation of Y,, Y, through the angle arctan A./A, (and 
multiplication by a constant factor). From (37) follows 


(35) 


(36) 
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: | W(¥s, Ya) = (4? + A2) W(X Yo), 
80 that the sign of the wronskian of any pair of principal solutions will be the 
sarge as the sign of the wronskian of Y?, Y», thus showing that the determina- 
tion of ¢ adopted above did not depend upon the particular pair of principal 


solutions chosen. 
From (36) we have 


(38) arctan (Ÿ3/Ÿ:) = ($/2r)x + arctan (P,/P,).* 


Since P, and P, are continuous and do not vanish together, arctan (P,/P;) 
is continuous. When x increases continuously from 0 to 2r, arctan (P2/P;) 
will, on account of the periodicity of P, and Pa, change by an integral mul- 
tiple of 2r, say 2k. Hence arctan (Y2/Y1), which is also everywhere con- 
tinuous, changes by @-+ 2kr. Since the derivative of arctan (Y2/Yi1) = 
W(Y¥1, Y2)/(Y1? + Y?) is positive, arctan (Y/Y) must actually increase 
and & is 0 or positive. 

By a suitable choice of A, Az in (37), we can find a pair of principal 
solutions, uniquely determined except for a constant factor, such that the 
second vanishes for æ—0. We shall assume this to be the pair Y;, Yo. 

We employ the transformation defined by the equations 


(39) arctan (¥./Y1) = ($/2r)x -+ arctan (P2/P:) = (¢6/2r)z + ke, 

or the equivalent 

(397) Y/Y. = tan [(¢/27) + kz. 

Using reasoning similar to that previously employed (§ 4), we see that this 


defines a proper periodic B transfogmation. 
Rewriting (39) in the equivalent forms 


(40) ¥2/(¥s2 + Ys) = sin [($/2n) + kz, 
Y,/ (Y? + Y7)” = cos [$/2x) + Jz, 
we note that as z increases from 0 to 27, [(D/8r) -+ &|% increases from 0 to 
2ke + @ and will consequently take on at least 24 + 1 values for which Y, 
vanishes, namely 0, 7, 27,°°:, Ber. If 0<6< a, there will be no other 
value for which FY, vanishes, but if m < D < 2r, there will be one other such 
value, namely (2k + 1)r. Since the intervals 0 = x S 2r and OS 2S 2r 
correspond in a one-to-one manner and continuously by virtue of (39), Y: 
has the same number of zeros in the interval (0, 27) whether we regard x or & 
as the independent variable. Furthermore any solution which vanishes at 0 


* Assuming all inverse tangents suitably defined at points where the denominator 
vanishes. 
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is a constant multiple of Y,. It follows that if a solution (fot identically 
zero) which vanishes for == 0 has n zeros (including 0) in the interval 
(0,27), then if n is odd, 2k + 1—g and ¢ lies between 0 and x, while if 
n is even, 2k -+2 =n and lies between + and 27. Thus this numbef of 
zeros determines the value of k and also the half plane in which ¢ lies. 

From (36) we have Y? -+ Y? = P} + P}. Hence the A transforma- 
tion 
(41) y= (FP +Y) g ° 
is proper and periodic. Together with (39) it carries the solutions, Y4, Y», 
into the canonical forms [note (40) | 


(42) cos [(p/8r) + K]T and sin [(¢/2r) + k]z. 
The corresponding canonical form for the equation is 
(43) J” + L(6/2n) + k]? = 0. 


Thus if the roots of the characteristic equation are complex, the only 
invariants are (a) the angle (but not the absolute value) of the roots, (b) the 
number of zeros in the interval (0,27) of a solution which vanishes at 6. 


Y. Impossibility of further Reduction. The proper periodic À trans- 
formation, y == eP(zx):¥, c a real constant, P nowhere zero, divides the 
roots of the characteristic equation by e?7¢, but does not change the character 
of the roots nor their ratio nor their angle, if they are complex. Clearly also 
it does not change the zeros of a solution and it carries a principal solution 
into a principal solution. 

Again the proper periodic B transformation, == (7), ¢’ nowhere zero, 
since x -+ 27 = p(T ++ 2), leaves unchanged the characteristic equation and 
the number of zeros of any solution in an interval of length 27. It also 
transforms a principal solution into a principal solution. 

Examining the canonical forms and invariants as listed in the Summary, 
$ 8, it appears at once from the above that the classes I (i), I (ii), IT a, 
IIb (4), IL b(i1), III are actually distinct, in that no equation of one class 
may be transformed into one of another class by proper periodic A and P 
transformation and that the numbers g, k and œ are true invariants. 

In II b (ii) we assumed F, a principal solution and wrote Y, in the fori. 
Y, = £Y, + e8*P,(2). Noting that for the proper periodic B transformatio: 
(z) —zx+ P(%), P periodic (see end of §1), we see that such a trans- 
formation will not change the form of Y.. Clearly a proper periodic A 
transformation will not do so either. And neither of these will change the 
sign of W(Y;, Y2), provided that for the B transformation ¢’ > 0. Hence 
here also there is no possibility of further reduction. 
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To sum*up: Under proper periodic transformations of types A and B 
where for type B ¢’ < 0 there is no possibility of reducing the canonical forms 
found * to a smaller number and the quantities listed as invariants are 
actflally such. Two equations of different classes or of the same class with 
different invariants cannot be transformed the one into the other: two equa- 
tions of the same class with the same invariants may be transformed the one 
into the other. 


8. Further Restriction of the Transformations employed. In the two 
cases treated below we used a transformation z = 7 + a to bring a zero of a 
principal solution to the origin or from the origin to some other point. If 
we restrict ourselves to those transformations which carry the interval (0, 2r) 
into the same interval, it is still possible to reduce the equation to simple 
canonical forms, but we shall be obliged to distinguish further cases. 

If the roots of the characteristic equation are equal and the principal 
solution vanishes at 0, we may use the transformation and the canonical forms 
suggested in the footnote on p. 605. If we employ only transformations carry- 
ing (0,7) into (0,2), it is clear that Y,(0) —0 and Y,(0) 0 are 
distinct cases, since our proper periodic transformations carry a principal 
solution into a principal solution. 

If the roots of the characteristic equation are real and unequal and a 
principal solution has at least one zero, we must now distinguish four cases. 
Remembering that we assumed p> = p, and consequently œ = 0, thus definitely 
fixing pz and its associated principal solution, Y2, we have: 

(A) If Y.(0)=0, our work above holds and we have the canonical 
forms given. s 

(B) . If Y,(0) — 0, we may interchange Y, and Y, in (A). This is 
the same as changing the sign of « in our forms. 

(C) Let a and b respectively be the smallest zeros of Y, and Y, in the 
interval (0, 2r). Then if 0< a < b we may in equation (21) on the right 
change 7 to &@—-a/2k and let the values c—a and Z= m/2k correspond. 
The transformation thus defined carries the interval (a,a + 2r) into 
(m/2k, Rx + r/2k) and by suitably choosing Y, on the left_—we may of 
course replace Y, by any constant multiple of itself,—the values z == 0 and 
z= 0 will correspond. We will thus obtain the canonical forms of (A) with 
x replaced by T— r/2k. 

(D) Finally if 0 < b < a, we may interchange Y, and Y, in (C) thus 
changing the sign of g. 








* We may of course choose other forms. 
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9. Summary. We conclude this paper by giving a sufamary of the 
different classes of equations considered together with the invariants * and 
the canonical forms for the solutions gnd equations of each class. Any linear 
differential equation of the second order whose coefficients are continuo in 
(0, 2r) and periodic with period 27 may be reduced to one of these forms by 
transformations of the types 

(A) y—=A(x)ÿ, (B) s= ġ(7), 
satisfying the conditions for being “ proper ” and periodic (§ 1) and carrying 
(0, 2r) into (0,27). A necessary and sufficient condition that two equations 


be reducible the one to the other by transformations of the types given above 
is that they belong to the same.class and possess the same invariants. 


I. Roots of characteristic equation real and distinct, pi, pe Assume 
pe > pr Let 2a = (1/8) log (p2/p1). 
(i) Neither principal solution vanishes 0 = g < 2z. 
Invariant: p2/p1. 
Canonical form of solutions: e*#, e-%, 
Canonical form of equation: y” — ay =Q. 
(ii) A principal solution vanishes & times in the interval 0 = x < 2z. 
Invariants: p2/pi. The integer k. 
The vanishing or not vanishing of a principal solution at 0, 
"classified as follows : 
(A) ¥2(0) = 0: 
Canonical form of solutions: 
exp (+ ax) sin (k/2)z- exp [(Ra?/k?) sin? (k/8)z] 
exp (— a) cos (k/2)x" exp [ (20?/k?) cos? (k/2)x1. 
Canonical form of equation: Equation (24). 
(B) Y,(0) = 0. 
Canonical forms same as for (A) with — « in place of a. 
(C) Let a and b be the smallest zeros of Y, and Y, respectively in 
the interval (0,27) and 0 < a < b. 
Canonical forms same as for (A) with + replaced by æ—7/2k. 
(D) 0 L<b <a. 
Canonical forms same as for (C) with — a in place of «. 


IT. Roots of characteristic equation real and equal. 


a. Every solution a principal solution. Any solution vanishes exactly 
k times, k s4 0, in the interval 0 = x < 2r. 


* The quantities named are essentially the only invariants. Of course any com- 
binations or functions of them would also be invariants. 
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Invariant: k. 
Canonical form of solutions: sin (&/2)z, cos (k/2)x. 
Canonical form of equation: y” + (k?/4)y— 0. 
b. There exists one and only one principal solution, Y. 
(i) Y, does not vanish, 0 = x < 2r. 
Invariants: None. 
Canonical form of solutions: 1, 2. 
Canonical form of equation: y” = 0. 
(ii) Y, vanishes k times in the interval 0 = x < 2r. 
Invariants: & Sign of W(¥:,¥2), where F, is any other 
solution written in the form F, = sY, + e®*P(z), see § 5. 
Vanishing or not vanishing of Y, at 0. 
(A) ¥,(0) 0. 
Canonical form of solutions: 
cos (k/2)a, x cos (k/2)z + uwsin(k/R8)zx, 
where u = 1, if W(V1, Y2) > 0; 
p <0 and —p > 2/k, (e. g.p =— 3) 
if W(¥,, Ye) < 0. 
Canonical form of equation: 
4y” [1 + uk + cos kr] + 4ky’ sin ke 
+ [3 + pk? — k? cos ker]y = 0. 
(B) 7:(0) —0. Canonical form of solutions: 
sin (k/8)x, x sin (k/R)r—ucos (k/8)zx. 
Canonical form of equation: 
4y” [1 + pk — cos kx} — 4ky’ sin kr 
+ y[3k? + uk? + k? cos kx] = 0. 


III. Roots of characteristic equation complex, p(cos¢@ + 1 sin ¢). 


The solution vanishing at 0 vanishes n times in the interval 0 = g < 2r. 


If n is even, let 2k + 2 = n and take ¢ so that r < à < 2z. 
If n is odd, let 24 + 1 =n and take ¢ so that 0 < ẹ < 7. 
Invariants: ¢, determined as above. n (or k determined from it). 
Canonical form of solutions: 

cos [(4/2r) + klz, sin [(¢/2n) + K]a. 


Canonical form of equation: 


Y” + [(8/2r) + k]’y = 0. 


UNIVERSITY OF VERMONT, 
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Periodie Orbits of Three Finite Masses about the 
Equilateral Triangle Points. ? 
By H. E. BUCHANAN. 


Introduction. Since the announcement of the straight line and equi- 
lateral triangle solutions of the three body problem by Lagrange, many 
periodic orbits near these positions have been found. Most of these hav: 
been limited to the case in which one of the bodies is infinitesimal. The 
equilateral triangle configuration has received much less attention than the 
straight line cases probably because of the greater difficulty of the Algebra 
encountered. A special case of the problem of this paper was discussed by 
Professor Thomas Buck in his dissertation,“ one of the bodies being infini- 
tesimal. Professor Daniel Buchanan ł has discussed the asymptotic orbiis 
for an infinitesimal body near the equilateral triangle positions. The paper 
of Professor Buck has been valuable to the author as a check, and his results 
appear here as a special case. 


The Equation of Variation. Let the units of mass and distance be 
chosen so that the gravitational constant and the distances between the masses 
are equal to unity. When the axes are rotating uniformly in the £, y plane, 
the positions in the triangle solutions are given by equations 57, page 310, 
Moulton’s Celestial Mechanics. ‘The square of the angular velocity is 
o? == Mı + M -+ ms We make the transformation— 


(1) & = eee) + Ti’, ni == 9 + Yi’, bi ee Zi", (1 = 1, À; 3). 
Then the differential equations which define the variations become 


Pal dy! ae da — Sm, LAY mb) 
pe ee Gg DU ee) a TS 
Zar,” Rá 8 7 AO) 5, #7 4" 00) 
ous + Qu dai = (ni +y) — Sm; ep oe) , 
1 ij 


d'z 3 (z: ——— 2;’) > ; : 
2a du n Vs te = 1, 2,8,1 £4). 
at? 2m: ra; (4 9% Of ) 


* Periodic Orbits, Publication No. 161, Carnegie Institution. 
+ Transactions of the Cambridge Philosophical Society, Vol. 22 (1919). 
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Expansioh of the Right Members. From this point on we omit the 
superscripts on & and ni and wherever these symbols occur it will be 
understood that they refer to the equilateral triangle positions. 

*We expand the right members as power series in a’, yi’ and 2’. The 
x-axis is taken parallel to the line joining m, and ma Then &—&, can 
never vanish. Hence the regions of convergence will be determined by * 


(yi? + mi Ys’ — my + (zx os 

(z + & — xj’ — é)” 
x,’ — ZX; : : A 
e ER == Í i 
é — &; < 1, (4 yR; 3, 1%) 


Inside this region we may expand the right members as power series in 
xi’, yi’ and z;” in the form 


Xi + Xai -4 a 
Yii + Foi +: “Ty 
Zi -+ Doi + > 
where each Xj; Yj; Z;4 is a homogeneous function of degree j in x4’ yy zi’. 


Further X;; and Ÿ;; are functions of 2,’ and Z;; is 24’ times a function 
of gg? 








The Parameters e and è Applying the transformation 


P = ELi, Y = Yi, Z = er, t= (1 + 8)r, we find 

(Px; /dr?) — 2o (1 + 8) (dyg/dr) = (1 +8) {Xu + eX tH: 

(2) (@ys/de*) 4 20(1 +8) (dzi/dr) = (1 +8) {Fu + Pate 7) 
(d?z;,/dr*) = (1 =e 8)? {Zu + Loi S DE “hs 

(i = 1, 2,3). 

These equations are valid for the physical problem as long as the con- 

vergence of the right members is assured. We generalize the problem by 

replacing e’ by e where e may take all values in the vicinity of zero. We 

shall have a solution of the physical problem only when «== €. The Method 


will be to find all periodic solutions of these when e= 8 — 0 and discuss the 
‘analytic continuation of these when € increases to g. 


* Cf. H. E. Buchanan, “ Periodic Orbits,” American Journal of Mathematics, Vol. 
45, No. 2 (1923), where a similar problem is treated. 
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The Center of Gravity Integrals. Since the origin is at the center of 
mass, we have j g 
Mita ~} Moko gt Male = 0, 
Mai + Moye + Msÿs = 0, 
M124 + Mes + Mara == 0. 
By means of these we eliminate the 22, Y2, 22 enone so that hereafter + has 
only the values 1 and 3. 
It is evident that 
022/02, = 0y2/0: = 022/02; = —— M/M, 
022/02, == 0ÿ2/ 043 = 022/02, = — M/M. 
The Linear Terms of the Differential Equations. We choose our axes so 


that the z-axis is parallel to the line joining m, and mz and m, is in the 
negative direction from ma. It follows that 


é — =], és — & = Le, é — é = — lf, 
m2 —— yı = 0, HET ST N == N3 Tm me = 3%/2. 


In equation (2) put e=-3—0. There results 


(3) { (d?a,/dr*) —-2w(dyi/dr) = Artı + Aziz + Brita + Baigs, 
(&y:/dr) ~~ 20(dx;,/dr) = Cit, + Caits + Di: + Diy, 


(4) dz:/dr° = Est: + E its, (1 a T 3), 
where e 


Ay = 3w° EEE (9ma/4), Asi — 9m3/4, Ais = Drs = 0, 
As == bu” /4, Ba ES Oa = (3 à 3% /4) ma, Ba == Oe —— (3 | 32/4) ms, 
Bi T Cis Te a (3 ° 8%/2) m1, Bzg =— Css = (3 ; 3% /2) my ous (3 ° 3% /4)u?, 
D; = 9m;/4, Ds; TERO s (9m3/4), Dzs =i 9w?/4), Ey irae Ess — — 4, 
Es, = Eig = 0, 
Equations (3) and (4) are mutually independent. The solutions of 
(4) are 
2 M, COS or + M sin wr, 


Za = Mar cos wr + Mss sin wr. 


We consider the solutions of the zy-equations in subsequent paragraphs. 
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The Chatacteristic Equation. Let us substitute in (3) 
ə 


Tı = Ki", ya = Lae 
e 


there results a set of equations linear and homogeneous in K; and L;. In 
order that there be any solution different from K: = L; = 0 we must have 


























9m 9m 3V3 m 3V3 m 
S N = 
à 36° 3V3 m 3V3 m , 3V3 0? 
0 > À — 4 ? 9 » — eo — 9 + Z 
—_ 3V3 ms 3V3 m; 2 fm IMa 
4, à 4 ; 4 d 4 
3 V/ 3m, 3 V3 m, 3 V3 w A 9o? 
ma egg | Mee ge 
= 0, 


The Roots + w and — 1w.—Lagrange * has proved that there are elliptic 
orbits in which the bodies all remain at the vertices of an equilateral triangle. 
These ought to appear here as oscillations near the circular triangle solutions. 
Therefore we expect equation (5) to have A= Æ w as roots. Substituting 
A = + w we find 


— 4u? + 9m5/4,  —9ms/4,  —2uw®— (3-3%/4)ms, (3: 3%/4) ms 
0, —Yw?/4, (3° 3%/2) my, — 2w? — (3: 3%/2)m, + (3 -3% /4)o? 
Ru? — (83 -3%/4) ms, (3+3%/4) ms, -— o° — 9m; /4, 9m,/4: 


(3-3%/2)my, w? — (3-3%/2)m, + (3-3%/4)o?, 0, (—13w?/4). 


Adding the second column plus 2: times the sum of the third and fourth to 
the first column and then adding ——2% times the second row to the first row 
and expanding we find that this determinant vanishes. Hence À — 10 is a 
root. À similar computation shows that À = — w is also a root. 


The Roots 0, 0. In a paper on Periodic Orbits near the Straight line 
solutions the author ł found À — 0 to be a double root of the characteristic 
equation. The physical situation being similar here it is natural to expect 


* Tisserand, Héchanique Céleste, Vol. 1, Chap. 8; Moulton, Celestial Mechanics, 
p. 217. 
American Journal of Mathematics, April, 1928. 
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that À — 0 will be a double root. Direct substitution of 0 for” À gives, after 
considerable computation, 


(2%w*/16) —4, —9ms/4, 0, (3:3%/4)ms 
0, —3m/2, 0, (—3-3%/2)m, 
0, (3-3%/4) ms, 0, 9ms/4 
1—3%, (—3/2)m, +30°/4, —1, (—3-3%w?/4). 


This is obviously equal to 
o __a.n% 1 
(— 27/4) wt ig ala a i 0 
(3-°3%/4)ms, 9me/4, | 


Hence A = 0 is a root. 

To show that À — 0 is a double root we differentiate (5) with respect 
to A and then set À— 0. Discarding the common factor 2e we have the sum 
of four third order determinants. One of these vanishes identically and the 
sum of the others reduces to 


(81:3%/8)mimaw? + (81: 34/16) mew? (Mm; — w°) 
= (81 : 32/16) mo? (— W -+ Ne + Im) 
which vanishes. Hence À — 0 is a double root. 
The Conditions on the Masses. From the above discussion it follows that 


àt + wd? must be a factor of equation (5). Expanding and dividing by 
À + wA? there is found j 


À$ + w°)? + (27/4) (MiMe + Male + MaMy) — 0 
whence 
(6) A == {— of + [wt — 27 (mm, + mums + mm) ]*}/2. 


There are three cases which arise. They are expressed by the following 
conditions on the masses: 
I. w*— 27 (MM —— MMe —— MoMa) > 0, 
II. wt =o 27 (MiM + LA Tits + MoMa) — 0, 
TITI. w* = 27 (mime + MMz + M2Ms) Z 0. 


In case I the characteristic exponents are 


10 


(7) 


8) 
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; i ww, — iw, 0, 0, w, — iv, ip, — ip 
where y= {o° — [ot — 27(m ym, + MMs + mem) }*}4/2%, 
and p= {u2 + [ot — 27 (mma + mms -+ moms) 14% /2%. 


It follows that 
p >r. 


In case II the characteristic exponents are 

w, —10, 0, 0, 0/24, 10/28, — 1w/2 2, —1w/2*. 
In case IIT the exponents are 

ww, — ww, 0, 0, a —ß, — a + B, a +18, —a— if. 


The Solutions of the cy Equations, Case I. With the characteristic 
exponents given above, the solutions of equations (3) are 


Tı == Kae + Kie" + Kis + Kur + Kise? + Kiet + Kire? + Kae? 
Ts = Kg16®7 EL Kerr + Kss + Kasr + Kase? + Kaget? + Karet F K33e" 
Yı == Lier + Dye? + Lig + Lier + Lase? 4- Dye? + Lire + Liget 
Ys es Lig eT + Lgo FT + Lise + Ligat + Laser +. Dogg tT -+ Lasetrr + Lager. 
There must be only eight arbitrary constants. Hence we choose 


Ki; j=1 -> - 8 arbitrarily. Then Ką; and Li;, J= 1,2, 5,6,7,8 are 
determined in terms of K,; by any three of the equations, 


[A? — wo? + (93/4) ]Hi3 — (9m2/4) Ka; — [Rod + (3 -3%/4) ms] Ly; 
+ (3-3/4) m,L5; = 0, 
[A? — (3802/4) ] Kay + (3 -8%/2) mL; — [20d — (3 - 3%/2) my 
+ (3° 84/4) 07] L,; = 0, 
[2o — (3 + 34/4) m3] Kı; + (3: 3%/4) MK; + [A — (93/4) ] Li; 
+ (9m3/4) Ls; = 0, 
(3° 3%/2)m,K,; + [2e — (3 3%/2)m, + (3-3#/4)o°] Kay 
+ [A? — (90?/4) ]Le; = 0. 
To determine Kss, Kss, Lis, Dis, Los and Lg, we substitute in equations (3) 


Tı = Ka + Kasr, Yi = Lag —- L:4T, 
Te = Kss -+ Kear, Ya = Les + Lagar. 
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There results, since the equations must be identities in re À 


AnKa -+ Às1K 34 + Bols + Barlas eae 0, 


O 
As3K 34 + B:sLis + BasLas sire 0, 
(9) BK -+ Bs Kae + Dis + Darba m 0, 
Br3K14 ae B53K 34 -+ DssLgs rer 0, 


BK + Agilas — Agiles = oK — By Ky, 
; As K 33 By Dy T Ba, Las = — RoLa — AK 3, 
6 ) AgsK 33 aje BisLis + Bagby = — Roly, 
B33K 33 T 3A 33L33 = RoK as ici Bi3K13. 


Solving the first, second and fourth equations of (9) for Kgs, Dis, and Ls, 
in terms of K,, there results 


m m Im m 
Ku = "Ur, Lag = — meL : Kus 
(10) 
M- — mMm 
Las = ae Kas 


These values satisfy the third equation identically. Substituting these in 
equations (9°) and solving the last three equations for Kss, Li, and Ess 
we have 


Fès -= Ma 4mow 
Ka = Ré M K 18 T 3(3)% m? Eis 
a 
SMa + m 8 (ma? + M? + moms 
11 EE ee BESSA a br E ee E aE a 
( ) Lis (3) % Ms Kas y Mg? Kis 
Mi — Me 4 (Rmam: + mw? — 2m,*) 
Liss (3)% Ms Ki3— 9 Mz% Kus 


These values satisfy the first equation of (9’) identically. 
The last three equations of (8) yield the following for K,;, Lis and Ls; 
in terms of Kı; 7 — 1, 2, 5, 6, 7, 8. 


Kaj = (2%m,/8D) [ (ma — mı) dA? — 2 - 3Éw(ma + M2)A]K15, 
Lng = (8: 8%m/2D) {— A8 + X [— (1302/4) + (9ma/4)] 
(12) + (3° 3%/2)w(m,— ms)} Eas 
Lay = (Eas/D)[ —20r* (A? + o?) + (3: 8%/8) aX? 
(2A? + 2w? + 9m,) + (27: 3%/4)mimso |, 


è 
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6 
where . 


D = X + Mo? — (9ms/4) ] + (27/8 MT Rmime + mms — (2/3) mgw? | 
° + (273% /4) omy med. 


The Generating Solutions. The generating solutions must be periodic. 
Hence we have the following sub-cases of case I to consider. 


Case I. (a) p,w and y incommensurable, 


(1) Li == Kise ~- Kise”, Yi — Lyset? + Lise", 21 = 0, 
(2) @ = Kue? + Kie, yi = Lire? + Lige 7, gi = 0, 
(3) Li == Kiet mb Kie T, Yi = Liet + Laser, 


Zi = Mis COS wr + Miz sin or. 


(b) p and vy commensurable with each other but not with w. 


(4) ti = Kise + Kise tt + Kire? + Kise Pr, } Z; = 0 
Yi = Lise? -p Dieet? + Lirett + Liset, ? l 


(c) p and » commensurable but y incommensurable with them. 


(5) t= Kiet + Kye? + Kye? + Kiger, | 
Yi = Lye? + Lie ®t ao Laireifr + Luge 7, 3 


zı = Mi cos wr <- My, sin or. 
e 


(d) » and œ commensurable but p incommensurable with them. 


(6) Ly = Rize" + Kiet + Kise"? + Kiige | 
Yi == Laser + Lie? -H Diget +. Lise ™ cé 
zı = Mis COS or + Mis Sin or. 


(e) p, w and y all commensurable. 
(7) Cy = Kue” ~t- Kerr + Kise -+ Kise- Ki,eT + Kage, 
Yi = Laet -t. Lise ur -t. Liget -4 Lige tT + Laret? + Liget, 
Ra = Mii COS wT +. Mai SIN wr. 


Transformation to the Normal Form. It will be convenient to make a 
transformation of variables of the form 
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8 8 8 cS) 
Ti = >, ju, dzi/dt R >, zu}, Tg == > djl}, 8 ə 
j=1 j=1 j=l 
8 @ 8 
Ats/ di = > Aaji Yi = À Qsju;, dy1/di = D Ag; tej, 9 
=1 =1 jz1 


8 8 
Y = > Grill, dYs/ dt == F, Agi Uy. 
j=l g=1 


It is desired to determine the ai; so that the differential equations (2) 
take the form i 
w = (1 + dot, + (1 + 8)eP: (uy, z), 


U = — (1 + joins + (1 + 8) eP2 (uy, 24), 
Ua’ = (1 + 8)us + (1 + 8) Po (uy, zi), 

Us = (1 + 6)ePi(u;, 24), 
ts’ = (1 + 8) mus + (1 + 8) Ps (us, 2), 
Us’ = — (1 + 8) mts + (1 + 8) ePo (uj, zi), 
Uy’ = (1 + 8) pitty + (1 + 8) eP: (uj, zi), 
Ug’ = — (1 + 8) pig + (1 + S)ePalus, 2), 


(18) 


where the P; are power series in u; beginning with terms of the second 
degree. To determine the a;; integrate equations (13) after all the terms 
of the right members have been dropped except the linear ones. The result is 


W = Kett or, Uy == Kie tar, Ua = Kas + (1 -+ 8) Kyat, 
Ua = LEN Us = K pe HD er, Ue == Kie nT, 


Uy = Kire HOAT, Us == K ge HOAT, 


Adding these eight equations we get the value of x, obtained from the linear 
terms of equation (2). The values of 21’, Za, 23’, yi and yi’ are obtained 
from +, by multiplying the Kı; by certain constants given in equations (12). 
We may choose all the Kı; equal to unity. This gives the following forni 
for the transformation: 
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Tı = + Ug + Ug F Ua F Us + Us F Ur + Us, 

i Li = wt (Uy — Us) + Ua + nus — Us) + pt( tz — Us), 

Ta == gtl + Agotle + Ass F sala -F Asstts -F azole + arr + asss, 

Lg’ = wt CAUA = Agga ) -H Agally + vi( AgsUs s= agota) =} pt (aart s= Aggtts ) 
Yı = Gras + Agolle + Aggllg + Gras + Asstls + Aselle F Asriy + Ares, 

Yr’ = wi (asri — Aggll,) + assa + vi (ässtls — asee) -| pr (asr — Asats) 
Ys == Aqyty + Azolle -F aratia F- Arata F Gris + Arets + arruir F Aretes 

Ya = w (Gris — Arta) + Arata + (Gros — arete) -+ pi (arru = Argila, 


Orbits with Period 2w/v. We choose to investigate Case I, (a), (1). 
In the normal variables the generating solution is 
Us == Kee", ve Kye", uj—0, (j—1, 2, 3, 4, 7, 8), 
Z; == Q. 


We shall prove that these orbits do not exist outside the æy-plane. 
Let the initial conditions be 


Us == hg + as, Ug = ke + Oe, Uy = Qj, ] = 1, 2, 3, 4, 7, 8, 
24 = Ji as = his į == 1, 8 at r = 0. 
Jt is evident that if g; = h, = 0, t — 1, 8, the orbits, if they exist at all, 


must lie wholly in the zy-plane. 
The conditions that the solutions be periodic are 


(15) u; (m/v) — u; (0) = 0," zi(2r/v) — z: (0) = 0, 
2s’ (Qua /v) — z (0) =0. 


We integrate equations (13) as power series in the initial constants, 
e and ê. The linear terms of the 2; equations are independent of the % 
equations. Integrating the linear terms of the z; equations and imposing 
the initial conditions, 
Z19 == 91 COS or + (hy /w) SiN wT, 2/19 = — og, SiN wr + h, CO8 wr, 


Zso == 93 COS wt ++ (hg /w) siNwr, 2/39 = — wgs Sin wr -+ hz COS wr. 


Then the periodicity conditions for the z; equations are: 


& 
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0 = g,[cos (2rw/v) —1] + (h/a) sin (2rw/v) + EQ: (a, 91; hh, s 8), 

= — g,w Sin (2rw/v) + hileos (2rw/v) —1] + Qi (aj, ge, hi, €, 8), 
0 = ga[cos (2rw/v) — 1] + (ha/w) sin (2mw/v) + Qalan go hne), © 
0 = — gs sin (2ro/v) + As[cos (2ro/v) — 1] + Qs’ (aj, gi, hi, €, 8). 


In the first three of these equations the determinant of the linear terms in 
gı» ln, hs does not vanish. ‘There is a term independènt of gı, hı, ha Hence * 
we may solve uniquely for g,, hı, and A in terms of a;, gs, «, 8. Substitute 
these solutions in the last equation. Since all the terms of the right members 
of the z; equations of equation (2) carry either z, or z as a factor, it follows 
that after the values of gı, fx, ha have been substituted, the fourth equation 
will carry gs as a factor. Removing this factor leaves a term independent of 
Qi, cand §. ‘Therefore solution for gz in terms of &:, e, 8 vanishing with these 
parameters is impossible and the orbits do not exist outside the æy-plane. 


Suppression of the u, and ts Equations. The periodicity equations now 
become 


U[(Rr/v)]—u;(0) —0,  (j=1,: >>, 8). 


These are not independent. They are related by the integral of areas and the 
energy integral. 


po 


Fi = 3 mi (2g — Gir) — a= 0, 
1 


8 D (a)? + (Oey + h=. 


os 
1 


F, 


| 


These variables are related to the u; equations by the following trans- 
formations: 
Li == é; COS wl — 7; SIN wt, 
Yı = € sin of + 7 COS of, 
éi == EO Hb edi, qi = i + Yi, Zi = ei, 
t == (1 + 6)r, and equations (14). 
Now let 
Uj = €; + $j, (7 = a 2, 3, 4, T, 8), Us = (ks +- dg) eit) ver -+ Sss 
Ug == (ke —— Ag) e~ (148) ver + Sg- 


* Moulton, Periodic Orbits, Chap. I, page 1. 
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It follows that the s;==0 for r—0. Since c, and h can be expressed in 
terms of the initial constants, we may consider F, and F, as functions of s; 
and a; vanishing with s; whatever valugs a; may have. Therefore they may 
be solved for s, and sg as power series in s;, (7 = 1, 2, 3, 5, 7, 8), provided the 


Jacobian 
OF, /0s4, OF 1/086 


J = 
OF',/0s,, 0F,/ôse 


#0, 


for zero values of the arguments. 


The elements of J are found by direct computation to be 


OF, /085 = — Rio — myoK ss + maw 3% Las, 
OF, /084 == — 2,0 — Mol g4 + Mau I Las 
OF, /084 = 2w {é — (M1/M2) é + [és — (Ma/Mo) É]Ks4 
+ In — (mı/ma)na] Lis + [ns — (Ms/mM2)na] Los}. 


The values of Ks, and Ls, are given in equations (10). When these are 
substituted @F',/ds, vanishes, which makes it unnecessary to compute 9F,/êse. 
Supplying the values of Ko, Le, and Ly, in 0F,/0s, we find 


oF, 3M; — W Ma — Mo Ma + Mo 
Ms i Ms (3)%m +3 Mo 
Now if we choose ms = ma SS my, then 3M3 — w? is negative or zero, my — mz 


is positive or zero. Since & and m are negative it follows that one factor 


of J does not vanish. . 
Substituting the values of Kss and Lss from (12) in 0F.,/0s, we find 


OF, L6A® -+ 1607A* + 81 (mime + mms + moms) A? 
(16) ee 


When 2? is taken from (6) this reduces to 


OF; a7 {— w? +. [et — 27 (MiMe + 1M, + M2Ms) | A (M Mo ~d- Me Meg - Mss 
OS, = 16D 


which cannot vanish. Therefore we may suppress the u, and we equations. 

Existence of Orbits with Period Rx/v. With the initial conditions 
Up = Oj (7 = 1, 8, 3, 4, 7, 8), Us = K; + @;, Us = Ke -+ de, at t= 0, we 
may integrate equations (13) as power series in the initial constants, e and 8 
in the form: 


wren B d 
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Ub, — qet td wT “+ eP;(a;, €, 5), ` 
u = ae" wir + eP: (aj, €, 8), 
Us = dg -+ aar 8 eP: (as, €, ô), A 


Us = Qa + Palaj, €, à), 

us = (Ks + as) er + ePs(aj, € à), 
Us = (Ke + ag) et)" 7 + Peas, e 8), 
Uz = ae HONT + eP: (ay, €, 8) 

Ug = age" (1+) lr 1. eP (az, €, 8). 


The periodicity conditions are now 
uj (2ar/v) —uj(0), (J= 1, 2, 8, 5, 7, 8), 


since the u, and us equations have been suppressed. There are six equations 
and ten parameters. Therefore we may choose ds, @s, & and e arbitrarily 
and solve for ai, dz, @3, Gr, @ and à in terms of the arbitrarily chosen ones. 
The solutions will vanish with these parameters. This solution is uniquely 
possible since the determinant of the linear terms is 


Ky (e T/M 1} {e-wut27/n) t} {eP T/D. 1} {e-peC27/n) 1} (2r/v) of: 0 


and since a, = a; == Us = Q == dg = 8 = 0 is not a solution. This proves the 
existence of an unigue set of periodic orbits in the zy-plane with period 
2r /v. We could have used the period 2K7r/v just as well and found an unique 
set of that period. Hence all these orbits are re-entrant after one revolution. 


Orbits of Period 2x/p. Following the method of the last two paragraphs 
we may establish the existence of plane orbits of period —2a/p. The 
steps are: 


1, The initial conditions are u; = a; j==1-" "6, ur = kr + a, 
Us == ka -+ ag at r= 0, 


2. The orbits exist only in the zy-plane. The proof is exactly the same 
as the preceding case. 


3. The u, and us equations of the periodicity conditions may be sup- 
pressed. The only difference being in @F',/0sg which may be found from 
df ,/0s,, equation (16), by replacing À? by — p? from equation (6). There 
results 


OF ,/0s, = 27M /D[w? + (wt — 27) *], where M = mime + Mms + Mama. 


Hence the u, and us equations may be suppressed. 


. 9 ” " » * > 
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4. The rémaining periodicity equations may be solved and an unique 
set of orbits of period 2r/p re-entrant after one revolution is established. 


Conclusion. Thus we have established the existence of two types of 
periodic orbits, both of which lie in the plane of motion of the finite bodies. 
Since the linear terms of the z-equations give only the period 2r/w one expects 
that there will exist no periodic orbits in space except those of period r/o. 
The orbits discussed exist sf the condition on the masses 


ot m 27 (mime a Neits —+- MaMs) > 0 


is satisfied. The discussion of the construction of the solutions and the 
further geometrical properties of the orbits whose existence is proved as well 
as the other sub-cases is reserved for a later paper. 


TULANE UNIVERSITY, 
JUNE, 1927. 


f Plane Involutions of Order t> 2. 


By F. R. SHARPE. : 


A plane involution of order t, Zz, is defined as the 
of a plane (x), by the methéds of algebraic projective 
é points in such a way that a general point occurs in 
astelnuovo * has proved that any J; of this kind is 
can therefore be put into (1,1) correspondence with 
:) by a transformation which can be expressed by equa- 


Zi = fi (Tr; Lo, Ta) (i = 1, à, 3,) 


nogeneous polynomials in 2, Zə, Zg having no common 
‘tional determinant which does not vanish identically. 
rhich can be changed to the same form by a Cremona 
(x) or (2) plane or of both planes, are considered to 
1 the functions fi(z) in (1) are reduced to a minimum 
transformation is said to be reduced to an irreducible 
, to the net of lines in (2) 


2 + Act. + Gsts == 0 


ive net of curves 
Gif; + Gf2 + ds} == Í, 


‘termine a point P on (z), the corresponding curves of 
able points, the group of I; corresponding to P. The 
said to map the plane (x) on a t-fold plane (z). The 
ations of order ¢ is to determine the irreducible normal 
; (3) with £ variable intersections. To define a group 
two equations are necessary. From the solutions by 


| va € analogous problem of determining a line of a (1,7) 
33(y), (1) being the analogue of the planes through a point, 
wo other ways of defining groups of points in the plane, (a) 


tovo, Mathematische Annalen, Vol. 44 (1894). 
imer, Berlin Abhandlungen (1866). 
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by the intersec#ions of two projective nets of curves,* (b) by the intersection 
of the curves ‘of a pencil with the algebraically corresponding curves of a 
linear system. The type (a) is analogous to the bisecants of a cubie curve 
and «b) to the lines meeting a fixed line Z and a fixed curve Con-2 meeting 
l in 2n—23 points. If the linear system in (b) is of dimension r> 2 t+ 
then I; belongs to a family of 7;, n being arbitrary. In the case of both (a) 
and (b) the corresponding Ips can be reduced to the normal form (1) but 
are more easily discovered when in the form (a) or (b). It is now clear that 
the problem of plane involutions is closely connected with the theory of linear 
systems of plane curves. It will be shown that if the pencil of curves in (b) 
is of genus p then a finite number of irreducible normal forms of I: exist 
for each pS (¢—1)(¢—2)/2. The actual determination of forms of I; 
requires a knowledge of the linear systems of curves of least -77-7 -* ~--~- 
pÆ=t(t—1)/2. A fairly complete determination is made 

less complete one for t = 4. The mapping of the plane (x) o 

r > 2 is shown to give valuable information concerning poss! 


2. Properties of linear systems of curves f (G. Castelnt 
a system of curves of dimension r and order d 


(4) È afi(a) =0 


determined by the basic points, a k-fold basis point bein 
k(k + 1)/2 conditions so that 


(5) r— [d(d-+-3)]/2 + D k(k t 1)/2 2 0 =s, the s 
The genus r= (d—1)(d—2)/2— 5 k(k—1)/8 


and the grade (number of variable intersections) n == d? — 3 


(6) r= n— r+ 1 -+s. 
The virtual dimension of = — r i. 
For a regular system we=r and s=0. 
It is known that sSr—r+l. 


* A. M. Howe, T. R. Holleroft, American Journal of Mathemati 

If r—2 the involution is reducible to a single type not et 
meter n. 

$G. Castelnuovo, Torino Memorie, Ser. 2, Vol. 42 (1891); G. 
Matematico, Ser. 2, Vol. 15 (1887), pp. 277-312; Ser. 2, Vol. 16 (1: 
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Given two linear systems |C, |, | C2 |, their sum | C, |*-+ | C2| is the 
system of order d, + d, with a k -+ kz fold point at a point which is Kes, kee 
fold for | C, |, | Cz |, respectively. If a curve of | C, | meets a curve of | C+ | 
in ¢ variable points, [C:, C2] = t, then | C, | + | C2 | is of grade nı + ne 4 2t, 
of genus 7, -+ m + t— i and virtual dimension sri + ore + #. 


3. pre of linear series of points on a fixed curve C of genus p and 
order m* (L. Berzolari). The system of adjoiat curves of order m—3 
having a & — 1 fold point at a k-fold point of C is of dimension g—1 and 
cuts on C groups of 2p—2 variable points the canonical G71 e A Gh’ 
included in the LL is special and ieee ery cee (A. 
Clebsch} with r > n— p. For a non-special Ga”, r—n—#p. The residual 
Gep-2-n is of dimension r + p— 1— n by the Riemann-Roch theorem. The 
curves of a linear system of grade n and dimension r cut on a curve of the 
system a Ga"! If n > 2p—2 then r= n— p-+ 1, if nS2p—2 the 
Gat can be cut by the adjoint curves of order m — 3 and r>n—-p+1 
(C. Segre) $ subject to n = (r + 1) (r + p)/r for curves of general moduli. 


4. Types of plane involutions I; Type (b). For a given pencil of 
curves | C | of genus p, s= p. Hence if we consider the ¢ variable inter- 
sections of a curve of C with the curves of a second system | C | + || there 
.are two cases, (1) C of grade p with [C, C] =t — p, (2) | C | of grade 0 
with [C, C] =#. If the system | C|-+|C| represents 


(7) (0,0, + 202) C + a303 + i + Ora Crus = 0 


e 
the involution J; is determined by 


(8) 200, = 2102 == ( 
(b:%8 -}- c1) 4- (bats + Ca) O, ~ (bars + Ca) Cs 
nu ee. + (b,,125 + Crat) Oran = 0 


where b; and c; are of arbitrary orders n— 1, n in 2, 2 Solving for 
Zy : Zz : Za, we find for J; in the normal form (1) 


(9) Z == Cy, z= CU, % =, 


rhere u and v are linear in 0,0, C.C, Ca, © © +, Cri: with coefficients of arbi- 
3, Berzolari, Pascal Repertorium, Vol. 2, p. 312 (1910). 

+ A. Clebsch, Geometric, Vol. 3, p. 37. 

tC. Segre, Rendiconti di Circolo Matematico Palermo, Vol. I. 
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trary orders n— 1, n respectively in Cı, Cə The form (9) therefore deter- | 
mines for r > 2 a family of Jj. | 


«Type (a). If two projective nets of curves belong to linear systems of 
grade M, ne, genus Pr, Po, virtual dimensions f}, 72, then | O, | + | C2 | is of 
grade nı -+ na + Ré, genus pı + Pe + ¢—1 and virtual dimension rit- 72+ t. 
The net defining the involution must therefore have nı -+ n: + t additional ` 
simple basis points and has therefore superabundance 


(m +n H t) — 2 — (n+ re + t) =p + po 


The case of a net of lines and a net of general curves of order ¢ always exists 
and the net defining the involution is of genus t(t— 1)/2 and superabund- 
ance ({—1)(t— 2)/2. 


Type (1). In order that a given linear system of curves of grade N, 
genus p, dimension r > 2 determine an J;, it must be possible to determine 
N — t additional simple basis points so that through them passes a net of 
curves of the system. For a superabundant net, the curves of the net cut 
on a curve of the net a G’: which must be included in the canonical G27, : 
For curves of general moduli therefore t = (p + 2)/2 that is 


pS 2t— 2. l 


5. The mapping of an I; on Say). For Type (b) we may take for 
TDR 
(10) Yı == C10, Yo = 0.6, Ya = Ca, Ya = OF where Ca == 0, 


C, = 0 are curves of the system | C|"+ [CO]. If [C]+]C] is of grade 
N then (10) represents a surface Fy, of order N, having l= y; = y» = 0 
for N—t-fold line, @ being the image of J. The plane sections of Fy? 
through ? are C, the images of the curves of the pencil a,0, + tC; = 0. 
Hence 

(11) ps (t— 1) (t— 2) /2. 


The surface Fy’ may have other multiple curves or points necessary for its 
rationality. The adjoint surfaces of order N — 3 meet F in l and the other 
multiple curves or points and in variable curves. The image of the variable 
curves is the system of adjoint curves of order d — 3 of the system | C | -+ | G| 
and the residue of (N-—3)(|C|-+|G|) consists of the image curves of I 
and the other multiple curves and points of Fy*. The involution J; on Fy? 
is cut by the lines of the rational congruence defined by the image of the net 


(12) 010 u + CoCo + csv = 0. 


er oe 


LR. a 2 ~~, 


ET ut 


-7 F 


enr AN 
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The involution may also be mapped in $,(y) on an Fy" by the equations, 
(13) nS C0, Ye = CC, Ya == Cas °° 5 Yra = Crus. 


e 
The pencil of 8;:(y)@iÿ2 + @2y¥2== 0 passes through a fixed Cys in the 
Sr-o) Yı = Yo = 0 and meets Fy in residual curves C:. Two V,,s of the 
net corresponding to eu -+ c2.C2u + csv — 0 meet in a group of J; on Fy’. 
The representation on Fy? is a special case found by projecting from § (+y) 
into S3(y). For Type (1) we may take 


(14) Yi == 0.0, Yo = C:0, Ya = C:0, Ya == Cu, 


where © may be 1 of Cı = 0, C.=-0, Cs = 0 belong to a linear system of 
dimension > 2 with possibly fewer simple basis points. In the case Č = 1, 
Fy has a multiple V — {-fold curve. In the case C541, C,==0 belongs to 
a linear system including the net a,C; + a.0, + a;C; = 0 with a residual C. 
In this case Fy? has an N — ¢-fold point (0, 0,0, 1) whose image is a funda- 
mental curve of |C | -++ | |. 

Type (a) may be reduced to the form (1) and treated similarly. If the 
two nets belong to the same linear system of dimension 3 we may take y, == Ca, 
(è== 1 to 4). In this case N =? and the involution J; on F; is cut by the 
bisecants of a cubic curve. 


6. The known I, (M. Noether).* For subsequent use the known types 
of I, are derived by the methods developed in the preceding articles. 


Type (b). p==0, am + ar = 0 ł 
(at -+ BoB.) 5 + Qaza? a et," + 53e -+ y Pa i —— 0. 


The involution defined by 
Zy == Tu, Zo = BoU, Zg == V 
is easily seen to be defined by the net of curves 
On : A™2 (4n — 6) B 
the point A being (0,0,1) and the 4n — 6 simple basis points B given by 
u = v=). 


Type (b). p==1, a0: + aC; — 0 cubics C, : 8AB 
(a0: at. aC) Cy -|- a,C's : 84? == Q. 


* M. Noether, Erlangen Medico Berichte (1878). 
f M. Noether, Mathematische Annalen, Vol. 3 (1871), p. 161. 
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The involution ‘is defined by the net of curves Cs : 84°2B the points B bei 
given by Cı = 0, Cs : 8A? = 0. 


lype (a). tı + Gite + Agr, = 08 
a,0, + a202 + aC = 0 (conics). 


The I, is therefore defined by the net of cubics C, : 74. There is a spec 
case of the first Type (b) for n==2 


9 
(ait: + lola) T1 + lata? — lgt? == 0. 


The points A and the two points B are collinear. In the case of J, there 
an involutorial transformation of the (#) plane which interchanges the 
points of a group. These transformations in the order in which the 4 ty 
are given, are known as the Jonquiéres, Bertini, Geiser, and the harmo: 
homology.* 


Y. Families of Is. Type (b), »=0, gives as in the preceding case 
Cn : A3 (6n —12)B. 


Type (b). p==1 with the pencil C; : 84B.f 

We proceed to determine the different linear systems (7) which inclt 
Ce : 8AB with a fixed component C and meet Cs : 8AB in three varia 
points. If B is a basis point of (7), C must meet O, : 84B in three varia 
points. Hence C is reducible to a line and (7) is C,: 9A. If B is not 
basis point of (7) either (7) is Cs : 6A so that Ë — 1 or else C meets O; : | 
in 2 variable points. From the discugsion of I, it is seen that G is O, : 
Cs : TA or C,: 8A*. For the pencil C, : 84%B% we readily find for ( 
Co : 8A°B?, Cio : 8A*B, or C15: 8A5B£. 

The corresponding families can readily be formed by remembering tk 
from (9) ¢,Ciu + cou + csv is linear in the curves of (1) with coefficie 
of order n in the curves of (2). Hence we find the following: 


°K. DoehImann, Geometrische Transformationen, Vol. 2, p. 170. 
tG. H. Halphen, Bulletin de la Société Mathématique, Vol. 19 (1882), pp. 162-1 


o — 


HARPE: The Problem of Plane Involutions of Order 15 2? * 633 


Pencil 
) C; : 643B 
Ca: 94 

) 0: ABC 
) C3: TABC 
) C: 8AB 
Co : 84? B° 
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Families of Involutions of Order 3. e. s 


Innear System 


Gs: 
Cx 
Cr 
Ce : 
Cy: 
Os: 
Cie 
Cis 


6A 

9A 
AYB 
7A°B 
8A? 
8A*B? 


: 8A*B3 
: 8A°5B* 


® Family 


Can : 6A"3B™! (6n —6)C 
Can : 9A” (6n —2)B 

Cona : AIT BIOI (Gn — 4) D 
Can : 7ArBT1C0r2 (Gn —8)D 
Can : 847B%3 (6n — 12)C 
Cen: BAPB™I (3n — 4) C 


"IC. each case the smallest possible n gives the linear system from which the 
mily was derived and corresponds to the net of plane sections of Fy? through 
point on J, the simple basis points being the images of this point. For the 
milies, the images of points on C2, and Fy? but not on } are simple basis 


ints. The corresponding #’y*’s are 


: 1, 1,8, l meeting l 
17, 1,8, meeting | 


If, 1,5, L8 concurrent 


K- (1) Fy: r= 3, I not on Fs 
(2) Fri r=% 
(3) F; : r=4: 

£-: (4) F,:r=5: 
(5) Fysta 


8. Application 


tO Ta 


L8, 1,8, 1,3 concurrent. 


With the *pencil C; : 8AB and t= 4 we first 
- _ educe from Is, by freeing one point, the linear systems 


Ca: 54, Ca: 84, Ca: A°6B, Ce: YA’. 


{NG B is to be a basis point of (1) then Cs : 8AB must meet C in 4 variable 
ints. Hence Č = C; : 2A. If B is not a basis point of (1) Cs: 8AB 
-O6-ust meet C in 3 variable points, that is, from J; 


06- C=0;: 6A, Ci: AYB, Ce: YA*B, or Cy: 84°. 
ence including the pencils Ce : 8A?B? and Cy, : 8A*B* we have the fol- 


J6-wing : 
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a * Families of Involutions of Order 4, I, 
Pencil Linear System Family 

(19 C,:544B Oa: 5A * Osn: BA”4B™ (8n — 8)C 
(2) C; : 8AB C, : 84 Caner : BABI (8n —4)C 
(3) C3: ABBRC C, : A°6B Cana : AGB RCI (8n — 6) D 
(4) Ca: TA2B Casta Can : TA"2B*2 (8n — 18)C 
(5) Ca: 2A7B Cet DATE Canse : PA™TYB™ (8n — 2)C 
(6) C3: 6GARBC Ci: 6A?2B Can : 6A"2 B10"? (8n — 10)D 
(7) Ca: AYBC Cre AUD Cany : AIIB? (8n — 8)D 
(8) C: 7ABC O,: TA'B? Can : TA™B1C#3 (8n —14)D 
(9) C: 84B Cis: 84° Can : 8A"™B*-* (8n — 20)C 
(10) Ce : 84°B° Co : 8ASB Can : 8A*™B™1 (2n — 5)C 


(11) Cu: 8A*B* Css : 8A*BS 
Cie BAR 
Cie : 8ASBS 
Co : 8ATBS 


The corresponding surfaces Fy* for (6) of I, and (10), (11) of I, have 
complex singular points which will be discussed elsewhere. It can be seen 
from the method here developed that if we know the linear systems for I; 
genus p we can deduce the linear systems for the families of I; genus p. 


9. Single types of Iz, not belonging to a family. 
(1) C4: 134.* From either 


Zat, H Botte + Zst = 0, 2104 + 2202 + Z203 = 0 (cubic curves) 


or C4 : 11A2B, the two points B being properly chosen. The transformation 
yi = Ci, (i=lto 4), Ci = 0 being a C4 : 114, maps the plane on an F? 
with a double space cubic. The I, corresponds to cutting F5 by the lines 
through a point on the double curve. 


(2) C7: A®9B’C ¢ the points A9B being on a cubic, the image of the 
singular point of the F$ determined by the transformation, y: = O; : A9B, 
Ci (1—1, 2, 3), where Ci —0 is a C, : A?9B, ya = Ci : AS9B?. The I, 
corresponds to cutting F4 by lines through a point on the surface. 


* F. S. Macaulay, Proceedings of the London Mathematical Society, Vol. 26 (1895), 
p. 514. 


T M. Noether, Mathematische Annalen, Vol. 33 (1889), p. 546. 
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(3) C7: AS8B'RODRE * the points A8B2C being on aecubic the image 
the singular point of the F,’ determined by the transformation y::= 
: ASB?2C : Ci where Ci=Q is a Ca : A°’8BD, Ya = Cy : ASSB*?2CD. 
e À, corresponds to cutting Fs? by lines through a point on the double 
ic of the surface. 


(4) Cə: 7A*3B°C2D,* the points 7A3B being on a cubic the image of 

singular point of the F’;? determined by the transformation y: — 
: YA3B-Ci, where Ci = 0 is a Cy: TA*BBC? ya — Co : YAS3B?C. The 
-orresponds to cutting F5 by lines through a point on the double conic. 


10. Conclusion. The families of involutions J, determined from pen- 

; of genus 2 and 3 are being investigated by Franklin G. Williams of Cor- 
Tirer Rabanne pseomloted a knowledge of the linear systems 
> also being determined would enable 

not included in families. I wish to 

ork of D. Montesano“ on Quintic 

line or no double curve, but in al’ 

that the surfaces are rational. Mans 


CORRECTIONS, VOLUME 49. 





H. M. Gruman, Irreducible Continuous Curves. 
Page 191, line 16, oe ae 7 
Page 196, line 2, change “ 


CORRECTI( 


